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ENCE 3610
Soil Mechanics

Lecture 10
Elastic Solutions to Soil Deflections and 

Stresses



Using Theory of Elasticity for 
Estimating Stresses and Deflections
• Since it concerns both stress 

and strain/deflection, theory 
of elasticity can be used to 
estimate deflections in the 
elastic region
– In this presentation, we will 

emphasize stresses, will 
consider deflections in more 
detail later

• Soils are highly nonlinear; 
thus, the strains must be 
restricted to small ones
– Will not consider strain-

softening effects, which means 
that the shear modulus/modulus 
of elasticity varies with the 
proximity to the load

• Theory of elasticity is applied 
to a semi-infinite solid (the 
soil) and the stresses vary 
(decrease) as one gets further 
from the load source

• For distributed loads, either a 
flexible or rigid foundation 
can be assumed, depending 
upon the situation at hand
– Most solutions here—and those 

commonly used—assume a 
flexible foundation



Implementation of Theory of Elasticty

• Boussinesq Theory
– Based on theory of elasticity
– Homogeneous, isotropic material 

Semi-infinite solid
– Original equations describe loading 

at a point; can be applied to various 
foundation shapes

– Can be used to determine both 
deflections and stresses

– Many of these solutions assume 
values of Poisson’s Ratio for 
simplicity

• In all cases, our main focus will be 
on vertical stresses, although 
horizontal and shear stresses can be 
computed using this and other 
theories

• Westergaard Theory
– Similar to Boussinesq, but no 

lateral deformations of the soil are 
assumed

– Used with soils of alternating 
layers of materials

– Used extensively in airfield 
pavement design

• Newmark’s Method
– Adaptation of Boussinesq Theory 

for structures that do not have a 
simple shape

• 2:1 Method
– Empirical method commonly used 

to estimate structure induced 
stresses (FHWA)



Shapes and Solution Methods

• Shapes
– Shapes that will be 

considered here
• Point Loads
• Line Loads (Flamant)
• Strip Loads (Flamant)
• Rectangular Loads
• Circular Loads

– Chart and analytical 
solutions can be combined 
because of superposition

– Newmark’s Method can 
handle foundations of any 
shape

• Solution Methods
– Equations 

• For simple cases, can be 
very useful

• For more complex cases, 
generally not practical

• Mistakes are common in 
literature and on the 
internet

– Charts (traditionally the 
most extensively used, but 
have accuracy issues)

– Computer program (needs 
check for verification)

– Newmark’s Graphical 
Method



Boussinesq Point Loads



Boussinesq Point Load Stresses

The most important stresses are the vertical 
stresses, and be calculated thus:

If we introduce the concept of the influence 
coefficient K:

then we can rewrite the above equation 
thus:



Influence 
Coefficients for 
Point Loads



Boussinesq Point Load Displacements

We don’t use these very often because of the 
singularity issue.



Boussinesq Point Load Illustration
● Given

● Point Load  45 kN,
● Point 3 m directly below the point 

load
● Find

● Additional Vertical Created by Point 
Load overburden effective ( /
stresses not considered)

● Solution
● z  3 m  r  0 m= , =
● r z  0/ =
● K  3 2= ( /(( 1 0 3 2 5 2   π))/( +( / )^ )^( / ) =

0 4775 from table  also from . ( ,
calculations)

● σz  0 4775 45 3 2   2 387 kPa= ( . )( )/( ^ ) = .

● In the real world point 
loads do not exist  ;
however  , if the footprint of 
the load is small  relative “ ”
to its surroundings  then ,
footing loads can be 
analysed as point  loads“ ”

● An example of this is given 
on the website  but will ,
discuss this shortly



Flamant Line Load Stresses



Flamant Strip Load Stresses 
(Verruijt)



Flamant Strip Load Stresses 
(Tsytovich)



Influence Coefficients 

● We have seen the application of 
influence coefficients to point 
loads, where it is necessary to 
divide the point load by an “area” 
for the coefficient to be 
dimensionless

● Applies more easily to distributed 
loads such as strip, square, 
rectangular and circular loads 
where the pressure on the 
foundation is distributed across 
the area

● For distributed loads, the influence 
coefficient is the ratio between the 
uniform/reference pressure on the 
foundation and the stress (normal 
or shear) at any point, and can be 
defined as follows:
○ I = K’c = /p = 𝞼 /q = /p = /q𝞼 𝞽 𝞽

● For purely flexible foundations, the 
influence coefficient is always less 
than unity

● Influence coefficients for the strip 
load (Tsytovich notation):



Flamant Strip Load Stresses 
(Tsytovich)



Strip Load Example

∙Given
∙ Strip load, b = 5 m wide, 

uniform pressure of p = 
100 kPa

∙Find
∙ Stresses in z, y and yz 

directions at a point y = 2.5 
m away from the centre of 
the strip load and z = 5 m 
down from the surface

∙Solution
∙ y/b = 0.5

∙ z/b = 1

∙ Solution
∙ Angles (from formulae)

∙ ’ = 0β

∙  = 0.785 radiansα

∙  = 0.393 radiansβ
∙ Influence Coefficients

∙σz = Kzp

∙σy = Kyp

∙σyz = Kyzp



Strip Load Example

∙ Solution
∙ Influence Coefficients (from 

table, computed they are 
basically the same)

∙Kz = 0.41

∙Ky = 0.09

∙Kyz = 0.16

∙ Stresses

∙σz = 41 kPa

∙σy = 9 kPa

∙σyz = 16 kPa

∙ Solution
∙ Principal Influence Coefficients 

and Stresses (from formulae on 
slides)

∙K1 = 0.48

∙K3 = 0.025

∙σ1 = 48 kPa

∙σ3 = 2.5 kPa



Chart for 
Strip and 
Square 
Loads



Stresses Under Squares and 
Rectangles
∙ Traditionally Engineers have 

used the “Fadum Charts,” after 
the man who came up with 
them

∙ The Fadum Charts are flexible 
(you can interchange B and L) 
but are hard to read, especially 
as the foundation approaches a 
continuous one

∙ The following are taken from 
Tsytovich (1976) who constructs 
a table

∙ In both cases the stresses are 
under the corner of the 
foundation 

∙ Definitions
∙ B = shorter side of rectangle

∙ L = longer side of rectangle

∙ In the case of squares, B = 
L

∙ K’c = influence coefficient at 
at the point Z below the 
corner

∙  = L/Bα  = aspect ratio of 
foundation = unity for 
squares

∙  = Z/Bβ  = ratio of depth 
under the corner to the 
width of the foundation = 0 
at the surface



Diagram for Corner Stresses



Table for Values of K’c



Table for Values of K’c



Equations for the Tables



Border Between Two Equations



Example of Rectangular Chart 
Solution
∙ Given

∙ Uniformly loaded rectangle, B = 4 
m, L = 8 m, load 150 kPa

∙ Find
∙ Soil stress 8 m below corner

∙ Solution
∙ α = L/B = 8/4 = 2

∙ β = Z/B = 8/4 = 2

∙ From charts (equations same,) K’c 
= 0.1202, thus the stress is 
(0.1202)(150) = 18.03 kPa 

∙ Obviously only being able 
to compute the stresses 
below the corner limits the 
direct application of the 
method

∙ We can, however, use 
superposition to obtain 
results for points not under 
a corner, even if they are not 
under the foundation at all

∙ Superposition is available 
because this is an elastic, 
path-independent method



Using Superposition with Boussinesq 
Charts



Verrujt Newmark Example

• Given
– Buildings as shown to the 

right
– Yellow building has 

uniform load of 5 kPa
– Brown building has a 

uniform load of 15 kPa

• Find
– Vertical stress 8m below 

point A



Verruijt Newmark Example

• Solution
– Since there are two different loads, best way is to analyze two loads separately and 

add them together using superposition

– Notation is per previous chart

– In both cases, it was simpler to compute a “large” area and then subtract a void 
from that area

– Influence coefficients were from the equations, can also be obtained from the 
tables



Boussinesq Circular Stresses (Analytic 
Solution) 



Circular Tank Example

• Given
– Circular Tank, 25 metres 

diameter
– Soil, 18 kN/m3 unit weight, 

water table very deep
– Weight of tank 6100 metric 

tons = 59,800 kN

• Find
– Vertical stress induced by tank 

10 metres below the centre of 
the tank

– Effective stress induced by the 
overburden

– Combined stress

• Solution
– Bearing Pressure = 59,800 

kN/491 m2 = 122 kPa
– Effective stress due to 

overburden = (10 m)(18 
kN/m3) = 180 kPa

– Stress induced at 10 m = 92.3 
kPa (see below)

– Combined stress with effective 
stress = 180+92.3 = 272.3 kPa



Circular Stresses Other Than Directly 
Under the Centre

I = K’c
𝚫𝞼v = Iq0 = K’c q0



Example of Circular Loads and 
Substitution of Point Loads
● Given

○ Problem shown at right
● Find

○ Vertical stress from load at a 
point 10’ below the centre of the 
middle load 2 using three 
methods:
■ Assuming all three loads 

are point loads
■ Assuming all three loads 

are circular loads
■ Assuming the centre load 

2 is a circle load (which 
allows us to use the 
equation of Verruijt) and 
loads 1 and 3 point loads 
(which does the same 
thing)



Example of Circular Loads and 
Substitution of Point Loads

● Point Load Method
○ 𝞼z = 3Pz3/(2 R𝞹 5) (Verruijt)
○ P = (3)(7.069) = 21.206 tons 

(for all columns)
○ R = (42 + 152)0.5 = 15.524’ (for 

columns 1 and 3)
○ R = 4’ (for column 2)
○ 𝞼z = 0.001 tsf (columns 1 and 

3)
○ 𝞼z = 0.633 tsf (column 2)

○ 𝞼z = 0.634 tsf (summation by 
superposition)

● Point Loads for Columns 1 and 3, 
Circle Load for Column 2
○ Stresses the same for 

Columns 1 and 3 = 0.001 tsf

● Circle Load for Column 2
○ 𝞼z = p(1 - (z/b)3) = q0(1 - 

(z/b)3) (Verruijt, directly under 
column)

○ q0 = 3 tsf
○ z = 4’
○ a = 3/2 = 1.5’
○ b = (42 + 1.52) = 4.272’
○ 𝞼z = (3)(1 - (4/4.272)3) = 

0.537 tsf
○ 𝞼z = 0.539 tsf (by 

superposition)



Example of Circular Loads and 
Substitution of Point Loads

Point Load Method, 𝞼z = 0.634 tsf
Point Loads for Columns 1 and 3, Circle Load for Column 2, 𝞼z = 0.539 tsf  



Elastic Settlement

■ Based on theory of elasticity
■ Load applied at a point or over 

an area on a semi-infinite half 
space

■ Can estimate both deflections 
and stresses

■ Theory of Boussinesq most 
commonly used; will discuss 
stresses later

■ Especially useful in computing 
the settlement of structures on 
firmer material, such as 
intermediate geomaterials and 
rock, but can also be used for 
soils for preliminary and initial 
settlements



Definitions of Soil, Rock and 
Intermediate Geomaterials (IGM)



Elastic Settlements

Where
∙ Se = elastic settlement
∙ ω = geometry and rigidity 

coefficient (see table at right)
∙ p = uniform pressure on 

foundation
∙ B or b = width of foundation
∙ L or l = length of foundation
∙ ν = Poisson’s Ratio
∙ E = Young’s modulus of 

material
∙ Left side of table good for 

semi-infinite half space; right 
side good for a soil where a 
hard layer exists at a depth of 
h below the base of the 
foundation



Example of Elastic Settlement in Rock

• Given
– Same circular foundation 

as before, only now seated 
on rock, RMR = 50 (see 
SFH Eq. 5-29)

– Es = 145,000 psi = 
1,000,000 kPa

– Poisson’s Ratio = 0.33

• Find
– Deflection at centre

• Solution
– From previous table,  = ω

1.0  (Same result can be 
found in SFH Table 8-13, 
Cd = 1.0) for flexible 
foundation

– Result is computed below

– Using Verruijt Equation 
28.15 (online) will yield 
the same result



Equivalent Thickness Method to 
Estimate Elastic Soil Deflections
● It is possible to use elastic theory to 

estimate the deflections of soil for 
complex foundations shapes

● Some definitions:
○ Coefficient of Volume 

Compressibility mv = /E𝞫
○ E = modulus of Elasticity
○ 𝞫=1-(2𝞶2/(1- ))𝞶
○  𝞶 = Poisson’s Ratio
○ We will explain these in more 

detail when we get to 
consolidation

○ heq = equivalent height of soil 
being compressed under a point

○ s = settlement at a point on the 
surface

○ p =  uniform pressure on a given 
foundation

○ b = width (small dimension) of 
foundation

● The settlement of the soil at a 
point can be estimated by the 
equation
                 s=heqpmv

● This leaves us to determine the 
equivalent height

● Equating the general equation for 
elastic settlements and solving for 
the equivalent height yields
                heq = A b𝟂
where A = (1- )𝞶 2/(1-2 ) and  is 𝞶 𝟂
given in the earlier table



Values of A and  for Equivalent 𝞫
Thickness Method

𝞫

A

𝞶



Example of Elastic Thickness Method

● We will use the same example we used earlier from Verruijt for the stresses.  The complete 
spreadsheet solution is given with the same spreadsheet

● The soil properties are as follows: E = 10,000 kPa,  = 0.25𝞶
● The four regions (see earlier chart) are as follows:

○ Yellow Foundation Positive, corners ABFG, pressure +5 kPa
○ Yellow Foundation Negative, corners ABJH, pressure – 5kPa
○ Brown Foundation Positive, corners ACEG, pressure +15 kPa
○ Brown Foundation Negative, corners ABFG, pressure – 15 kPa

● The “hand solution” for the first region is as follows:
○ We compute A and  as follows:β

■ A = (1-0.25)2/(1-(2)(0.25)) = 1.125
■  = 1-(2)(0.25)β 2/(1-0.25) = 0.833
■ You can verify these using the plot of these parameters.

○ We compute the coefficient of volume compressibility mv = 0.833/10000 = 0.0000833 1/kPa
○ We compute the value of  = l/b = 10/6 = 1.6667α
○ We compute the corner value for  (since we are dealing with corners as was the case with ω

stresses.) We can use the table for  or we can compute it using the formulae from “Analytical ω
Boussinesq Solutions for Strip, Square and Rectangular Loads,” but it is  = 0.71.ω

○ We compute the equivalent height heq = (1.125)(0.71)(6) = 4.8 m. This value will be different 
for each corner point considered.

○ The settlement for this portion of the analysis is s = (4.8)(5)(0.000083333) = 0.002 m = 1.998 
mm.



Example of Elastic Thickness Method

Yellow Foundation

Rectangle B, m L, m alpha omega (corner) heq, m Pressure p, kPa Deflection, mm

ABFG (+) 6 10 1.6667 0.71 4.80 5.00 1.998

ABJH (-) 4 10 2.5000 0.83 3.76 -5.00 -1.565

Total 0.433

Brown Foundation

Rectangle B, m L, m alpha omega (corner) heq, m Pressure p, kPa Deflection, mm

ACEG (+) 6 12 2.0000 0.77 5.17 15.00 6.462

ABFG (-) 6 10 1.6667 0.71 4.80 -15.00 -5.994

Total 0.468

Complete Total 0.901



60 Degree Loading
2:1 Method

• For continuous foundations, 
formula in diagram at top

• For rectangular loads, formula in 
center diagram at right

• Note the use of total load in 
equation

• For circular structures, it’s as easy 
to use the Boussinesq solution at 
the foundation centre:

Δσz = q*(1-(z/b)3), b = (r2 + z2)1/2 

• Note the use of the unit load 
in this form, not the total load

• Should not be used anywhere 
other than the center of the 
foundation

Strip Load

Rectangular 
or Square 
Load

𝚫p



Combined 
Effective 
Stress and 
Applied 
Stress 
Example

The p is determined here using 𝚫
Boussinesq theory, 2:1 follows



Stresses from Strip Loads 
using 2:1 Method
● Given

○ Problem as shown in previous 
slide

● Find
○ Additional Stresses due to strip 

load
● Solution

○ Formula for strip load 
stresses p=P/(B+z), where P 𝚫
is the load per unit length of 
strip load

○ Can also be written in terms of 
unit load, p=q𝚫 0/(1+z/B)

○ For z=10’, substitute as follows: 
p=1000/(1+10/5)=333 psf𝚫

○ Values for all depths at the right
○ These results are added to the 

final stress as the Boussinesq 
results are

Depth, ft. Boussinesq 
p, psf𝚫

2:1 p, psf𝚫

2.5 800 667

5 550 500

7.5 400 400

10 320 333

12.5 256 286

15 200 250

17.5 180 222

20 160 200



Questions?
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