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The behavwr of sand in one- d).mensmnal compresslon 15 mvesnc'atz—d with
both theoretlcal and experunental studies. The phenomenologu:a[ asm'»"ts af
one-d:.mensmna. behavmr are dlscussed such as stress-strain charactaris-

tics, energy absqrptlon capac1t3 » and coefficient of earth pressure at rest.

The analytlcal study deals w1th the stress-strain relations of an id==2iized
granular medium composed of elastic, equx-radn spheres in a face—ca—tered
‘cubic array. A new solution is derived for the behavior of the arrar wien
subjected to a monotonmally increasing axial compressxve stress for =e co=-

dition of zero radial strain.

An experimental device is described which is capable of measuring the
radial stresses developed in high-pressure, one-dimensional tests. Sleaszre-
ments of botu the coefficient of earth pressure at rest and the stress—=traim.
properties are presented for four sandsAtested to an axial stress of 5,220 p=i.
Correlations are presented wﬁich compare the actual behavior of = m:u:ded,,
unlform, quartz sand in one-dimensional and tr1ax1al compressxon. wir» the

behavxor uggested by the theoretical analysis.
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- constant of mtegration

radxus of the clrcular area of contact between two spheres compressed by
a normal force, N.
radms of contact between spheres 1n a face-centered cubic array subJected

to a hydrostauc state of stress.

radius of the adhered pornon of the c1rcular area of contact between two

spheres mxtially compressed by a normal force and subsequently subJected

to a tangential force in the plane of contact.

d; » or the normal (Hertz) cornphance for two spheres in contact,

g—:] » Or the normal (Hertz) compliance for spheres‘ in a face-centered

o
cubic array subjected to a hydrostatic state of stress,

a shear strength parameter for a granular medium which is determined oy

the structural arrangement (relative density)

constant of proporticnality in a theoretical relatronshlp between the

oonstrained tangent modulus and the applied axial stress fer a face-

centered cubic array in ore-dimensioral compression.

“constant of proporticnality in an empirical relationship which relates the

constrained tangent modulus and the axial stress for sand in one-’
dimensional compression.

. .. Deg
uniformity coeificient, 5

10 .
: €y~ €
relative density, exnax — .

max “min ‘ ‘ '

the soil grain diameter of which 10 per cent of .the'soil weight is finer.
the soil grain diameter of which 60 per cent of the soil weight 1s finer.v
enexgy input during loading in one-di mensvonal mpreSsion; |
energy given up by the medmm during unload'ng in one- d'mensmnal

compression,






R

: \\ void rano

~ a face-centered cubic array subJected to one-dimensional compression

Coxiii o

e0 v = initial void ratio S B
L = " maximum void retio_lw
emin = " minimum v'oria ratio |
| £ = coefficrent of static friction e
g = acceleration of gravity
H = height of consolidometer rmg j |
114 = ..first stress invariant
| ]1 = first strain invariant )
,_:_K&_*__-_-.-__ _ coefficient of earth. pressure at rest. ’_‘ S
_ 1. Kyt
KZ = ——k-l-m-
3 =  a shear strength parameter of a grannlar medium which is deternxined
by the structural arrangement (relative density). | |
X - 2-v
1 T
M, = constrained tangent modulus -
N = normal force between two sgheres at the point of oontact |
NO = nurmal contact force between spheres ina face-centered cubic array
) subjected to a hydrostatic state of stress -
N1 = normal contact force between spheres ina face centered cubic array
: - which is perpendicular to the axis about which an axial symrnetric load
is applied A ‘ _ o
:Nz , = normal contact forcc between spheres in a face centered Cl.lblc array
" subjected to gne-dimensional compression A
Nij ‘ = rormal ccatact forces between spheres which are in the plane determmed -'
'bytheiandjaxes. | v | : C
_¥ ‘ _horizontal force applied to a vertical faoe of a symmetrical cube from






Pz z

Q"
a
9,
R
R
R

» R

1° 72

L}

perpendicular to Nij and T

’..force apphed to a face of a syrnmetrlcal cube from a face centered

cubic array, the plane of the face is normal to a. unit vector in the i

o direcuon and the force 1s dzrected in the j chrection. - ol
force apphed to a face of a symmetrlcal cube from a face centered

) cubic array subjected to hydrostatic compression.

axlal force or vertlcal force applied along the z aus on the face of a )

: -symmet:ncal cube from a face-centered cubic array subjected to one-

dxmensmnal compressxon.

total vertical force apphed to a honzontal plane at a depth z, ina

‘ consohdauon nng.

a dlstnbuted flexxble load over the contact area between two spheres

the pressure at the center of the area of contact between two spheres .

radius' ofa sphere '

radius of a consolidation ring

radii of two different'spheres'in contact

'distance from the center of the contact area between two spheres
tangential compliance, %%. , between two spheres in contact

tangential force between two spheres in contact

~ tangential force between spheres in a face-centered cubic array.

subjected to a hydrostatic state of stress’

tangential force between spheres in a face-centered cubic array

) subjected to one-dimensional compression.

tangential contact forces between spheres which are in the plane

determined by the i and j axes. ’

tangentla.l contact forces between spheres which are mutually

ij

) slope of the log constraine"‘ modulus-log vertical stress relationslup

for sand in one- dxmens'onal compressxon

xiv'






‘total volume of soil’sample @

‘dilalational Wéve"vel'ocityf' - o Sl

volume of soil solids ~ -

~ volume of voids "~

= veriical,,déflection of a pdmt 1oad on an infinite éiastié half- space -

displacements in the direction of the axis of two spheres in contact . .

cartesian coordinates .

173

distances along the Z axis ‘ - o -

Vp. =
Vy -~ =
w =
Wy Wy %
XY, Z =
'z B
Azl, z, =
a =
Y =
) =
€A =
€ =
€y =
ezz =
* -
€2z -
B =
v =
‘ll'v =
P =
g . =

relative approach of the centers of two spheres compressed by & _
normal face | o

the ahgle between the‘ axis of contact between two sp'heres. aﬁd a radius
draWn to a point on the surface of one of the spheres véfy close to the
‘point of contact, . ; |

unit weight of soil

relative tangential displacement between the centers of two spheres in

‘contact.

base of Napiérian lpgarfthrns, unit strain

strain in any direction as a result of a hydrostatic state of stress,

-strain in a horizontal direction

strain in the z 'directiqn"

maadmum strain in the z direction during loading

shear modulus g

Poisson’s ratio

constant (3.1416)

distance from the center of the area of contact between two spheres
to another point on the contaét_ area

normal components of stress
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| CHAPTER 1
-. ... 7 . INTRODUCTION -

. l l Stato-nent of Problem

The design of underground structures to 'res1st the effects of nuclear detonanons
requlres a xnowledge of the free- ﬁeld forces and ground monons transrmtted through
the soil to the structure. An evaluation of the interaction of the structure ancé surround-
ing sorl in response to the free-field input is then required. The ‘sohxtion of both the
free-field wave propagation problems and soil-structure interaction problems requires’
a knowledge of the stress- strain properties of soil subjected to various states of stress.

At present, however, a systematic description of the stress-strain behavior of

even a dry granular material is not available for static or dynamic loads. The c3: ., .exity

of the stress-strain relations fo‘_r soil is a consequence of iis particulate nature. The
. stiffness of a granular material is dependent upon the shape,‘ size distribution, and
packing arrangement of the particles; the stiffness is also a non-linear function of the
applied state of stress.

The dependence of the stress-strain relation on the applied state of 'stress can be -
illustrated by considering various states of stress on the cylindrical sampie of soil
shown in Fig. 1.1. Curve 1 shows an axial stres.s-'vstrain curve for a sample of soil
compressed hydrostatically with ¢ a=% The concave upward streSs- strain relation-
ship is exhibited because the resistance to volume cha_nge increases as the‘ soil becomes
denser. Curve 3 illustrates an axia, stress-strain curve for a sample under constant
radial stress which is deformed by increasing the axial stress, The resultiné stress-
strain curve is concave downward indicating that the primary resistance 00 deformation
isa shearing' resistance rather than a resistance to volume change._v' Curve 2is a

one-dimensional compression curve obtained_ by increasing the axia) stress under the







' cOnditions of zero radial strain. ln tlus situatlon, the lateral stresses are not

B :controlled and are stattcally mdetermmate. The concave upward stress-strain curve |

' shows that the resistance to deformatxon in one-dimensional compression is prlmanly
a resxstance to a change in volume. These examples illustrate the complex, non—lmear
behavxor of soil and pomt out the d1fflcult1es in obtamng a generalized stress strain
relatlonshxp. ' | | |

A useful approximatlon to many of the problems in protective constructlon can

__be obtained by assuming « one~dimensional _wave propagation, The strata are assumed o

to be latera.ny confined such that the only displacement that can occur is m the direction

cf stress wave propagation. It appears worthwhile, therefore, to mvesttgate the stress-
strain behavior and energy absorption mechamsms of soil in one-dlmensional compressm_n.
The study should prove of value in providing parameters to ‘be used in'one-dlmensional
wave 'propagation studies; In addition, stress-strain characteristics in one-dimensional

) Vcompression may be compared with the behavlor-und_er o'ther states of stress leading to

a more general understanding of the stress-strain relationships of soil.

l 2 Ot_uecnves of Stugl

The objectlve of this mvest1gat10n was to study analytically and experlmentally
the behavior of granular matenals in one- dxmenswnal oompresslon. An expenmental
study was conducted w1th the purpose of measuring the stress- stram properties and
energy absorptlon characteristlcs of four sands at vanous relatlve densmes. The tests
were conducted thh axial stresses up to 3290 psiina spec1al one-dlmensmnal
compressxon dev1ce. the apparatus allowed the radlal stresses necessary to maintain

“the condition of zero radial strain to be measured ~The lateral stress measurements

enabled the_ coefficient of earth pressure at re st to be determined as a function of_ the

type of sand, relatiye d‘en“sity,' and stress history.






An analyncal study of a granular medmm of equi- radii Spheres was conducted
" _vm con3unCtion wnth the one dunensxonal tests. The 1dealxzed granular medmm was
. analyzed in one- dimensional compressxon, hydrostatic compressmn. and at failure m‘ _ '
: 'tnaxial compressxon. The objective of the theoretical analysxs was to 1nd1cate the
| 51gnxf1cant experimental measurements whlch should be made. to suggest wrrelations

between the phenomenon exhlbited by granular materials subjected to various states of -

‘stress, and to contribute to the general understandmg of the behavior of granular

matertals. :

1.3 Scope
| In the following chapter a survey of the'existin'g literature on the theories of
grannlar media is presented. Previous experimental work on high pressure.one-
dimensional tests is reviewed and earlier measur_ements of the coefficient of earth
pressure at rest are discussed. ‘
| Chapter 3 deals with the analysis of a face-centered cubic array of uniform
spheres. The basm frarnework of the analy31s is given and a new solution for the
behavnor of a face- centered cubic array in one- dlmensional compressmn is presented.
~The solution giyes theoretical relationships for the coefficient of earth pressure at rest,
the axial stress-strain relationship, and the energy absorbed in hysteresis. Existing
solutions for a face- centered cubic array in hydrostatic compression and in triaxial
compression are compared with the one- dimensmnal solution obtained in this study.
: The comparison has established relatiouships among the apparent angle of internal
~ friction, ’the coefficient of earthv pressure at rest, and the COefficient ot friction between
spheres; a correlation betiveen the hydrostatic and one-dimensional si.ess-strain

relationships has al so been developed.
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In Chapter 4 the <pec1al one-dtmensxona.l compressxon dev1ee is descnbed and “
consxderatmns whtch affected the de31gn are dlscussed Special attention is gwen to
the oomponents of the apparatus wh1ch enable a measurement of the rad1a1 stresses
o bullt up in one-dlmensxonal compressxon. - . ‘. _

In Chapter Sa descnpuon is glven of the four sands tested The method of -
sample preparation and the testmg procedure are discussed A detalled explanatton
of the pretest caltbranon procedure necessary for measuring the radlal stresses is

T T Talso given‘." Finany," the results-of one-d_imensional Vcompression tests on four sands
at various relative densities are vpresented.v _

The test results are summarized and interpreted in Chapter 6. Relatiouships
are presented which show the effect of initial relative density on the .constrained tangent
modulus, the coefficient of earth pressure at rest, and the energy absorption capacity
of the four sands studied. The coefficient of earth pressure is correlated with the angle
of int-'- wl frtctton measured in triaxial tests and the effect of stress history on the
coefficient of earth pressure at rest is evaluated. Correlatxons are also presenred
‘which qualitatively and quantitatively compare the actual behavior of a rounded,
uniform .quartz sand in ohe-dimensional and triaxial compression with the behavior v

| suggested by the theory presented in Chapter 3. .
In the final chapter, the summary and conclusions are presented Future

research whicn appears warranted a: 1 result of this study 1s also suggested






CHAPTER 2
SUMMARY OF PREVIOUS WORK
2 1 General o ': ‘ ._ .. 1. B : - '; “ “;‘T”
The purpose of thlS chapter is to present the background for the theory of | ;ranular
media used in this study and to rev1ew some of the sxgmﬁcant experimental work on the
one-dirnensional cc.npressi_on characteristics of sands._ ‘All of the work which has con-
tributed to the understanding of the stress- strain relationships in soils 1s not included;

only those investigations which seemed pertinent to this study are reviewed.

2.2 Theories of Granular Media

. The idea o: using arrays of .spheres to model ~the_ behavior of sands is not new.

| In fact, ‘Reynolds (1885) considered e mediurn of smooth, rigid particles in formulating
his concept of "diletancy". Jenkin (1931) consi_dered rigid circular disks to exemine the
pressure distribution on the bottom and vertical sides of a container filled with such disks.
It was concluded that the center of pressure was mdetermmate and could be considerably
higher than one-third the height of the wall above the base. An analysis of a uniform
array of rigid spheres is cited by Kdgler and Scheidig (1928) as a method for qualitatively
determining the stress distribution beneath footings on sand. More recently, studies have
been conducted on regular and imperfect stackings of rigid cylinders by Trollope (1957),
Trollope and Morgan (1959), and Laszlo (1962) to investigate arching and stabihty in
embankments and stress systems in slopes of granu.lar materials. Regular stackings of
rigid spheres have also been analyzed by Idel (1960) and Wittke (1962) in an effort to V
evaluate the effects of porosity, structural arrangement, and the coefficient of friction
between spheres on the apparent angle of in*ernal friction. An eva.luation of the
differences of .he angle of mternal friction in ordinary tnaxial compression and in plane

strain for a given array is also given by Wittke. .






Arrays of ngxd spheres as descnbed above are not satisfa tory for the analysxs |

. .of vibranon and wave propagation problems which reqmre stress- strain relauonshxps
for the mechum These problems have been handled by the analys1s of regular arrays of
"equt- radil elastic. spheres. The obJect of this type of analysxs is to relate the overall

' _stress- strain behavior of the medium to the elastic prOpertxes of the spheres. The

‘ _origln for these theoﬁatical studies dates back to the work of Hertz (188l). Hertz
deriveda mathernaticalrelationshipv.which -relates'the normal}foroe compressing two

Spheres of equal radms with the relative approach of the sphere centers in terms of the

 radius and elasuc constants of the spheres. The radius of the contact area and the
distribunon of stress over the oontact area are also given as a function of the radius
and elasuc constants of the spheres.

One of the first attemptsito use an.elastic array of spheres along with ‘the Hertz
theory to predict the behavior of snil was 'given by lida (1938). lida predipted that the
compressional'wave velocity should be propoxrtional to the 1 /6 power of the confining
pressure on a granular rnaterial and lndependent of the grain size. Vibration tests _
were conducted on sands by lida which confirmed the 1/6 power relatxonslup, but
mdicated a slxght increase in velocxty w1th grain sxze., The Hertz theory was also the
basis for the theories developed by Gassman (1953) and Brandt (1955) for studymg the
propagation of seismic waves through both»dry and saturated ‘granular ma’terials'.' ‘

| ‘the shearing forces at the points of contact were neglected .i?l the studies on '
' ela_stic spheres mentioned above; Cattaneo' (l938) and Mindlin (1949) have developed a;
contact theory f'or' spheres subjected to. both no'nn.al_ and shearln'g forces at a point of
contact These SOlutions have rnade possible theories of grauular 'nedia which take |
account of both the shearing and normal forces at the poxnts of contact Therefore.
the stress- strain relanons for the medmm are also a funcnon of the coefflcient of -

fnction between spheres as well as the elastic constants of the spheres. lf the :
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sheanng forces are accounted for it is found that energy ls lost 1n a load cycle as a

o result of tangennal Sllp at the contacts. Professor R D Mindlm and h1s students at

Columbra Umversrty have formulated theorles for the mcremental stress- straln

' relattonshlps of regular arrays of spheres which ta.ke mto account the shearing forces
at the contacts. The development of these theories are gwen by Mmdlm et al (1951),
Mmdlm and Deresxewxcz (1953), Mtndhn (1954), Duffy and Mindlin (1957), Dereswwlcz
(1957), and Thurston and Deresiewicz (1959) A very comprehensive review of previous

studies of the mechamcs of granular media 1s gtven by Deresiewicz (1958).

2.3 Experimental Results

Many investigators have studied sand in one-di_menSioxial compression in the low
pressure ranges, but the available experimental data for high pressure one-dimensional
tests on sand is rather scarce. V'I‘ests have been conducted on sands in oneedimensional
compreSSion for the purpose of measuring the One-dlmenslonal stress- strain properties
and the coefficient of earth pressure at rest. Some of the previous attempts to measure

the coefﬁcient of earth pressure at rest are reuie\ued herein, and the stress- strain

. measurements pertinent to this study are discussed. '

Coefficient of Earth Pressure at Rest Measurements. The term earth pressure

- at rest" was introduced by Donath (189 l) who made the ﬁrst attempts to measure its

value. The ratio of the horizontal and verncal effecttve stresses correspondmg to the

condition’ of zeTo lateral stram is termed the coefﬁclent of earth pressure‘at rest by

most soxl mechamcs mvesngators, and is represented by the symbol K .
Expenments were conducted by Terzaght (1920) whlch yielded a K value of

0. 42 for three different sands at porosittes from 42 percent to 44 percent The sand

was prepared in'a ngtd frame, . covered with a ngxd slab and subjected to vertica.l

pressure ina testmg machme. , "I‘he lateral pressure was vtransmitted toa steel tape






_restmg ag'amst a rlgxd wall through a ptece of paper. The coefﬁc1ent of frlctlon between B

o 'the tape and paper was known by callbration and tne lanera.l pressure in the sand was

,calculated from the force reqmred to overcome the fricnon of the tape The coefncxen'

of earth pressure at rest was m&sured on a sand by Kjellman (1936) m an apparatus

which enabled the three prmcipal stresses to be varied ona cube of sozl ’I‘he metal

» surfaces enclosmg the cubical specimen were dlvided into small sectwns separated by

gaps which enabled normal stresses and normal strains to be controlled on faces which

were free from shear stresses. The significant obserVauon from KJellman S tests was

_that the value of K was found to mcrease wlth wcreasmg over-consolidatmn ratio for

a sand and that it ap,,roached a value of 1.5 when the sand was practlcally unloaded

The lateral earth pressure meter designed by Bayliss (1948) was used to rnake

measurements of the coefficient of earth pressure at rest at Princeton University and

is described ia detail by Tschebotarioff (1951). On the basis of these measurements.
Tscbebotarioff claimed that the value of K  for sands was very close to 0.50 which was
somewhat contradictory to the results of previous inves:igations. Because of the varia-
tion of pressure from the top to the bottom of the earth pressure meter, and the dish
shaped pattern of 'settlemer-twhich resulted at the top of the sample, it is probable that
Tschebotanoff’s results are in error.

More recently, an apparatus has been used by Kjellman and Jacobson (1955)

'whmh contained a cylindncal sample of soil 50 cm in diameter by 100 cm high: The

granular soil was enclosed by a series of steel rings separated by small gaps which

allowed axial strain to occur without significant shear due to friction. The lateral

- deformations resulting from the elastic extension of the rings were measured and the

lateral stresses calculated from these measurements, Tests conducted on pebbles

and Macadam indicated that I( was nearly constant during loading and ranged between

~ the values of 0.38 and 0.48 for the materials tested. The value of KO increased during






unloadmg for all materxals and approachedT\;lue of approximately 1. 5 as the samples' .'
| . were almost completely unloaded o . o = '
| 3 A very complete descnption of the test requirements for the measurement of
the coeff1c1ent of earth pressure at rest is given by Bishop (1958) BlShOp ooncludes :
_ that the only two pieces of expertmental apparatus, in addmon to the tnaxxal apparatus, |
which are suttable for. K measurernents are the devices used by K]ellman (1936) and
Kjellman and ]acobson (1955) Two methods of conductmg triaxiai tests with zero

lateral strain are discussed by BlShOp, these were origmally published by BlShOp (1950) '
o and Bishop and Henkel (1957) Btshop gives results obtamed by Fraser (1957) from K

tests conducted on sand in a tnaxial apparatus to an axial stress of 310 psi. These-
results giire a constant Ko value of 0 41 during loading for a dry Brasted sand which has
a porosity of 40 percent. The value of K, increases and eventually becomes greater

- than unity during unloading. Bishop (1958) also presents data which show good agree-
ment hetween the sem.i;empiricalb relationship, Ko = 1 - sin ¢, suggested by ]alty (1944) |
and 'available test results on ‘sands' and clays. Valuable discussions to Bishop's paper
are also given by Rowe 1(~l958), Schmid and Tschebotarioff' ‘(1958), Jakobson (1958), and
Simons (1958). - | '

The coefficient of earth preSSure at rest has also been determined for Vsands in

a triaxial apparatus at the Norwegian Geotechnical Institute‘.v Results are presented by
Bjerrum, Kringstad and Kummeneje (1961) whieh indicate that the value'of K o increases.
as the initial porosity mcreases The values ranged from 0. 25- for dense sand to 0. 65
for very loose sand A similar variation in K thh porosity is also reported by Chi-in
(1958). |

One-Dimensional Stress-Strain Measurements. A fairly complete study of the

factors which influence the compress'ibility of sand in one-dimensional compression
below an axial stress of 10 kg/cmz' is given by Schultze and Moussa (1961). 'I‘wenty:
five different sands are .investigated for the purpose of studying the effect of grain

.






shape; grain size distribut'ion, initial relative density, -and the addition’ of a small ‘
,'_amount of cohesive soﬂ on the one- dlmensional stress stram charactenstics
Results of hxgh pressure tests on sands in one- dxmensxonal compression are

A -

glven by Terzagln and Peck (1948), these tests were e conducted by Urul (1945) in

conjunctlon with another study Data are given for a loose sand and a dense sand

compressed to 100 kg/cm and 2000 kg/c~m2 respectwely These data show that
crushmg of the grams begms around 100 kg/cm2 and that even up to considerable
| pressures the vozd ratio for the loose sand is greater than the void ratio of the dense -
~ sand before loadmg. Tests were also conducted up to 100 kg/cm2 for two samples of
sand, one‘w1th 10 percent mica and the other with 20 percent mica. The experimental
"~ results demonstrated that the compressibilityA increases greatly' with increasing
| percentages of mica. | |

The results of a single high pressure one-dimen_sional test on sand is given by
Jaky (1948). The test was conducted up to a maximum pressure of 200 kg/c,m2 and a
mathematical formnlation of the test results were then used to compute geostatic

pressures to a depth of 1300 meters. .

A series of hxgh pressure tests conducred at the Massachusetts Inst;tute of

PR >ha ek AN g

Technology were reported by Roberts and DeSouza (1958) and Roberts (1959). The tests

were carried to pressures as high as 20, 000 psi in one-dimensional compression on
sampl s 1.13 and 2.75 inches in diameter and 0.35 to 0.75 inches In initial height.
Two different sands' and a ground quartz were tested at various initial void ratios, B
From these tests it was concluded that at sufflciently high pre ssures sand may be more
COmpressmle than clay. The high compressibility of the sand is due to crushing and
fracturing of individual grains; the most important factor which inﬂuences the pressure
at which breakdown occurs for a given sand is the initial voxd ratio. An angular sand

is aLso shown to be more compressmle than a well rounded sand.

10






A fau'ly oomplete treatment of the behavxor of sands 1n one-dlmensmnal

7-_c0mpressxon is gwen by Whltman (1962), summanes are glven of both hlgh pressure -
.and low pressure work of other mvestigators A very mterestmg study oonducted by

‘ Roberts (1961) on the one- dtmenswnal energy absorptxon charactenstlcs of Ottawa

sand is summanzed by Whitman, The 81gmficant aspect of thls study is the evaluatlon

- of energy absorptlon in cycles of loadmg which do not mclude any permanent deformauon.

11




———




L CHAPTER&/ |

THEORETICAL APPROACH F OR PREDICﬁNG THE STRESS STRAIN BEH.AVIOR

OF AN IDEALIZED GRANULAR MBDIUM :

3 1 General

The stress-strain relations for a granular medxum cannot be described by two - -

’independent elastic constants as in the case of elastic, 1sotrop1c, homogeneous materials

because the stress-strain relations are extremely dependent upon the stress level, the

state of stress. and the displace'ment conditions at the boundaries of the medium. This

complex behavxor of a granular medium is- due pnrnanly to 1ts particulate nature. An

" analytical treatment which assumes any form of continuum equations to descnbe the

stress strain relatxons of a granular medium circumvents the real problem inthe ﬁrst

step, because in reality all thai remains is a ma:l'emaucal exerclee after the continuum _

‘equations are assumed.

A mechanics approach for predicting the stress-strain relations of a regular

- stacking of equi-radii spheres is presented in this chapter which accounts for the

particulate nature of the medium. The basic elements which must be considered in -

‘such an analysis are:

10

The equihbnum of each particle and the medium as a whole

2. The relauonsiup between the forces at points of contact and the average

3

A.4

stresses in the medium 4 . o

The geometrlcally adxmssil conditions on the aeformations of the particles
(l.e., a set of oompatibihty equations) ‘

'l‘he relationship between the normal forces and normal displacements and .

the relanonshlp between the shearmg forces and tangential displacements

at each contact point ona particle.

5. The boundary conditions on the medmm

12






_ The resulung dlfferenttal equatlons whlch descnbe the stress stram behavxor of even a
) regular array of equi radil spheres by the above approach are- extremely complex and
| ,closed -form solutmns can be obtained for only a few cases. Because some of the tract- |
_ able problems are important cases, e. g. the hydrostatlc. one- dxmensxonal and tnaxlal
: states of stress, thlS approach has a.great deal of merit in that 1t contrlbutes to the
understanding of the behavlor of granul_ar materials, It is recognized that the analytlcal
model selectedis an oversimplification of a real sand, but it isa useful tool in correlat-
ing some of the stress-deformation and strength prope'rties of. sand. The'model still

. mamtams a particulate natm:e, however, which is the most 1rnportant charactenstic

whtch distinguishes the behavior of sand from other matenals.
The basic framework of this mechanics approach is not ongmal, it is presented
. as backgrou_nd for a solution describing the behavior of a granular medium in one-

dimensional compression which is originally developed by the writer in this thesis.

3.2 The Duffy- Mmdlin Theory of Granular Media

Basic Theoxry. The theory developed here follows that formulated by Duffy and

Mindlm (1957), Deresiewicz (1958), and Thurston and Deresiewicz (1959) -The granular
medmm is restricted to a face- centered array of equi-radii spheres as shown in Fig.
‘3.1. This array has the maximum density for a uniform material ard should simulate
the behavior of a dense, uniform, well- rounded sand.

Consider the behavxor of .two spheres pressed together by a normal force. v |
According to Hertz (1881), if two elastlc spheres, each having radius R, shear
modulus ¢, and Poisson’ s rat).o v, are mutually ¢ \mpressed by a normal force N, the

resulting surface of contact is a plane bounded by a circle of radius a, where
' - /3 . S
a - [Aogin RN] o | @3.1)

The rate of change of the relative approach of the sphere centers, a, with respect to

T






© the nérmal forée N, is. =~ | o o
' a = -V C
C = dN -—m _v .A . g . . (3-2,) .

: ivhere .C 1s deflned as the no'rmalvcompliance Two spheres in norma.l contact are -
shown in Fig 3. 2; Fig 3 3 shows the dlstributxon of the normal stress across the area .
of contact. A complete .denvatlon of the Hertz comphance and the assumpnons and
llmltatmns of the Hertz theory in regard to this study are g1ven in Appendix A.v B

Suppose now that the two hke Spheres, mmally compre ssed by a constant

-normal force N are sub]ected toa taugential force T whxch acts in the plane of contact

and whose magmtude increases monotomcally from zero to a gwen value Because of

- symmetry, the: distnbution of normal pressure remains unchanged. If it is’ assumed that
there is no shp on the contact, then, because of symmetry, the dlsplacement of the
contact surface in its plane is thatof a ngld body. The solution of the appropriate -
boundary-value problem, due to Cattaneo (1938) and Mindlih (1949), ‘yields the tangential
component of stress, 7, on the contact surface and the tangential displacement, 6, of
polnts in one sphere remote from the contact with respect to similarly situated points in
the other sphere, 'l'he tangential stres.svis parallel to the applied force T, axially

| 'symmetric ln magnitude, and increases to infihity on the hounding curve of the contact
area (Fig. 3.3). Itis reasonable to. suppose that slip is initiated at the edge of the
contact because it is there that the shearing ._stress is infinite in the absence of 'sup,
Since this tangential stress.’ ls symmetric without slip, theslip is assumed to progress
radially inward, covermg an annular area. On this annulus it is assumed, as a first
approximatxon, that the tangentxal component of stress is in the du:ecuon 01 the applied
force and is related to the normal (Hertz) component of stress, o) in accordance with

Coulomb's Law of sliding friction. Hence,

Tt =fo o T @.3)

The term “slip" is reserved to denote the relative dlsplacement of contiguous points
on a portion of the contact surface. The term "sliding” is reserved to denote relative
displacement of the entire area of contact.. . - ] - . C

14
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‘ T

Here pis the dlstance from the center of the contact cu'cle.. The dxstnbuuon of
T w1th shp is also shown in F1g 3.3. Both Cattaneo and Mmdlm predxcted the relanon ‘

b°tween the radius ot the adhered pornon and the applied tangennal force as

w 18 .
b=a(1'm-) - ' : (3.4)
where b is as shown in Fig. 3 3 and where the tangentlal compliance at the contact is
gwen by :
ds -1/3 _ -
S+ §F = g 0@ 69

Eqﬁation (3. 5) holds only for 'the case of an inci:ea'sing T with a coristant N at the
contact. In the problems considered in this chépier, T and N are both increasing so the
tang’ential compliances appropriate for this problem are (Mindlin and Deresiewicz 1953)

' -1/3
_2- dN - . T < dN <
S = — ey [de ¢ de)(l fN) ],'0_ _Tﬁ:—.l/f @3.6)
or

e _ 2-v dN=> | -
S = e’ aT — 1/f | 3.7

Consider a face-centered eubic array of ﬁniform spheresvas shown in Fig. 3.1,
‘where each sphere is in contact with 12 other spheres. A typical element of this packing
is shown in Fig. 3.4. va the coordinate system shown iﬁ Fig. 3.4 is trarslated to the
eentef of any Sphere, Fig. 3.5, the 12 contact points 'wouldv have the following cbordiqate:

in terms of the radius of the sphere.

15
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: There are two shearmg forces and one normal force at each contact point as

_ shown on F1g 3 S In 1ndex notation it is oonvenient to idennfy the various components |

of normal forces by—the symbol; - ? where the" subscripts correspond to the planes in
which t_he components lie. “The two tangennal force components at each contact are

v . e j‘a_nd Tkk

reSpectively. At all contacts where the normal has direction cosines of unlike sign the

chosen to lie in and 'normal to the co-ordinate planes, and are identified by T,

force oomponents are furthe1 distmgmshed by primes. Thus the components at the

oontact points lth.rough 12 a.re' o o

LN, T T Ny T, T,
2N, T T, s Ny Ty oW,
4 ‘_~N§z- _Tyi T;cx L. N)tz sz'. . Tyy
5 Ny Ty 0 Ta 4. N, T, Ty

.vThe equllib {um equations of a representative cube (Fig 3 4) may now be . .
»'considered I an increment in stress is added to an 1mtia1 state or stress, the foroes -
on the faoes of. the cube w111 be increased by corresponding increments dP iy The
" _ unknown mcrements of force at the contacts between the spheres w1thin the cube whxcb

"result from the force increments dP i can be determmed If the stress mcrernent m







| the mechum 1s.homogeneous, then the contact forces w111 be equal at contacts havmg .

—

f correspOnding posmons on the su.rfaces of the spheres The contact forces dlametrlcally

' opposed on each sphere are equal thus only 18 of 36 contact forces on each sphere are
"'y mdependent. Not only must the cube asa whole remam in ethbrium under the actlon '
.' : of the mcrements in apphed force, dPlJ’ but each sphere and each portlon of a sphere

A w1t.hm the cube must also remam in equxllbrlum. Since the portfons of spheres in the
cube are_actedon both by applied forces and by contact forces, the equanons of equih-.j
brium relate the increments in _app.liedv forcesto the increments inv contact forces. By
Writiug equilibrium- equations for various octants of spheres in the cube as shown in

F1g 3. 6 1t may be shown, (Duffy and Mtndhn, 1957), that there are nine mdepeudent -

equanons of equilibrium. These equanons are the followmg:

1. 4T, + 22 (@N, + dey -dT,_+ dey) = d_ +dR_+dP
2. 44T, + 22 @N, +dN - dey +dT, z)' = dP +dP +dP.
3. 4dT, + W2(N +dN,, -dT +dT,) = dP +dP,, +dB
4 4T, + W2 AN, +dN - T, +dT, ) = dP_+ dP, +dP (.8)
5. 44T, + 2/2(@N, +dN - AT, +dT ) = 4P +dP - dP
6. 44T, + V2 (dN;,z +dN_ - dT;, 2t dT ) = 4B, +dP - dp,
7. 44T, - 22 (@N, + AN - AT} +dT, ) =-dB +dP_+dP,
| © 8. 4T - 22 (AN +dNp - AT +dTp ) = "dP ARy + AR
9. 44T, - zf 2 (@Ny, + AN - ATy + dT'zx) =-dP,, +dP, +dP

The nine equihbnum equattons given above are not sufftclent to uniquely
descrtbe the behavior of the medium since the problem is statically mdeterminate.
. A set of oompatibility conditions was formulated (Duffy and Mindlin, 1957) by giving
consideratfon to the admissible‘displacem"ents of the medium which result from the
_ vincremental ,Stresses. : ;l'he- components of relative displacements of the centers of

' spheres are designated by ddij, dd;5 Ay to correspond, respectively, to the
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‘orces dN i’ dT. j (Fxg 3 7) It is requ1red that the displacements of the center :
>f the spheres be single valued . e.; the vector dxstance around the closed path through
the center of the soheres must vamsh both before and after the medxum is stratned »
Hence the sum of the relattve dtsplacements of the center of these spheres around the
closed path fnust vanish Express1ons for tlns oondmon for all possxble paths connect- '

ing the center of a sphere in the medmm ylelds 9 independent equattons of companblllty '

as follows: - o ‘
| ;_1_.”» Vads, = éda;z} da_ + }da;",_ +ds_

2. Vs, = dayz - dag, - d6, - Aoy
S £ “da -t-"‘da;;"-i-"ds;z“-i- o T T
4 Yads = -da) + da,, + do,. + db. .

5. Y = do, - dal, - 48, - ds 5.9
6. Vs = da, - da . + db,. + d5. .
. v2ds gy = O+ dag, + d8l 4 d5 )

§_ szayy = de,, - da;z‘-_ ds,, - dsl,

: wf2d6;,y = -da+ da + db +

yz Xy dé

The compatibility equations can be written in terms of force increments by .

using the compliances

da,. = C,.dN. da', = o dN'

ij ij  ij ij j -
dé;; = ;AT T SinTi] (3.10)
By = SudTy d6 4y = STy

where the above subscripts identify the contact. Thus Eq. (3.9) together with Eq. (3.8)
yield 18 independent equations containing the applied forces‘ dpij’ and 18 independent

components of the tmknown contact forces, dNii' dTij’. and 'dik.

18 equations are difficult to solve because the equations include the compliances and the.

Unfortunately, these

compliances are functions of the contact forces. Consequently, a solution to these
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equations can be obtamed only for a few 51mp1e cases.

The mcremental extenswnal and sheanng su:ams 1n the array, expressed 1n
terms of the comphances, are

d-eii IR (daij""ds_') + daj-!-ds )

oy CRUE
dvy = 3R @ay - daj) -

leemse the applied force increments P.. ij in Flg 3. 4 are related to the stress incre-

ments for a face-centered array by

| T N dp; = 8Rdo, | | 6.1

-

Application to a Hydrostatic State of Stress.

One problem of interest which can
be solved is that of a face-centered array subjected to a hydrostatie state of stress.

Under this state of stress’symmetry dictates the conditions that all normal forces at
the contacts are equal and all shearing forces are-equal. If it is designated that
total force on the face of a differential element

normal contact force '

o
N
Tb tangenrial contact force
R .= radii of .pheres
the equilibrium Egs. (3.8) reduce to

- 4dT_+ 4/2dN_ = dP, @.13)
4dT - 42N = dP
Adding Eqgs. (3 13) and conmdering the mmal condition of zero stress ylelds the
expected condition for the tangent1al force

.
>

To=dTo=0‘

19






‘ Henc¢:, ‘the et;txilibrii;in -equa{tién l.)vec‘:omesv R

X

AN =2-ap, . . ey

~~ _Ife is the hydrostatic strain in any direction, Eq. (3.11) ylelds

.d_‘o;‘.'fﬁd.“o% S - o (3.15)

where da  is the normal deformation due to dN6 and is related tb'dNo by the normal

compliance Co" and

From the Hertz theory : _ o .
: ' ‘ : 1-v , ' -
Co. = Tp'a_; . | - 3.17)

where a o is the radius of contact defined by :
| 3 -vNRr] 3

3, = |—g—
By combining Eqs. (3.15), (3.16), (3.17) and (3.18), the incremental strain may be

expressed as.
s 2/3 -1/3

de = 172 [ﬂ-‘-l'hhfi] [30.] w, 619

Integrating Eq. (3. 19) and considering zero initial conditions resulis in

€ = [ﬂl—-ﬁ?f_z-] | v002'/3 , N - | (3-.20)
It should be noted that Eq. (3.20) states that the first stress invariant, I, is - |
,- proporiionél to the three halves power of the first strain invariant Jl’ |
It is of interest to éompare the results of this théory with some limited .-
experimental results available in the l'iterature.‘ Kjellman (1§36) carried out some
tests 6n dry sand silbje'ctedb to_hydrostati¢ bre_ssure and méasurevd‘the stfains '
asAsoéviated w1th the pressure. Table 3 1 gives the variation of the first stréss and

strain invariants taken from his experimental results. A plot of these data is shown

20
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Ain Fig. 3 8 Also shown 1s a plot of the exponennal relatxonship mdicated by the theoryA -
'discussed Wthh is fitted to the experlmental curve at the 6 kg/cm2 stress level ~--The
Ubehavmr of the sand is not as suff as- the theory mdicates in the lower pressure regions. :

, _whereas it becomes stiffer than the theory predtcts in the hxgher pressure regions.» The‘

“ companson does pomt out, however, that tbe results of the theory associated with the ‘
face- centered-array of spheres correlate qualitatlvely with the behavmr of dense sand

- subjectpd to a hydrostanc state of. stress.

3.3 One-Dimensional Theory of Granular Medxa

Monotonically Increasmg Load The theory of Duffy and \'hndlm developed in

- Section 3.1 will now be extended to solve the stress-strain behavior of an .array of

spheres subjected to one-dtmenszonal compression, ' One-dimensional compressxon is
defined as that state of stress result'ing from the 'application of a load in the vertical or
z dlrection wt 'n the lateral strains in the x and y directions are zero, |

The radial symmetry of the one-dimensional problem greatly sunphfles Egs.
(3.8) and (3.9). The representative cube now becomes as shown in Fig, 3.9, and the
forces on a sphere reduce to those shown on Fig. 3.10. From symmetry the following
sxmphflcations can be made for the forces and dlsplacements°

N _=N_=N
Xy xy 1

N = Nyz = NzxvzvN'lzx_é Na

T = Tx = Tyy = Tyy = Tz = Tpp = 0 G20
Txy =,T;‘y =0 -

ny = P = Pox = Png: PYz : PZY = 0

Py = Pyy‘= Py ‘ '
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Furthermore, the associated cbmpliafnces now become

='=C.
Coy = Gy = G

e a2 =C =

yZ yz= zZX ZX 2

Syz yz = Tzx

=.C

(3.23) —

Using the above simplifications and considering symmetry reduces the: equili-

brium Eqs. (3.8) to

2

dN, + de = Tszz -

dN'l + dN, - dT, = ——dP

2 2

In a similar fashion the i:ompatibility Egs. (3.9) reduce to

da, - dqz +ds,
where'the 4co‘mplian‘ce Eqs. (3.10) now become

- da '=‘C1dN1

=0

Substituting Eqs. (3.26) into Eq. (3.25) yields

. CldN1 - Csz2+ 82

dT

2= 0

3.24)
- (3.29)
(3.26)

@.2)






- Equanons 3. 24) and (3 27) are sufﬁcxent to describe the behavxor of a granular

’- medlum subjected to given vertlcal and lateral forces P and P.. I, however, only

“H’

 : the vertical force xs known and the lateral force must also be determined, a further ’

' 'condmon is necessary. ThlS condiuon results from tbe reIauonslnp between the contact :

dlsplacements and lateral stram.

' Due to symmetry the 1atera1 strain eHAdetermmed from Egs. (3. 11) reduces to

'da

. 1 . ' S >_
- . dGH = ﬁ- : N | . ' (3. 28)
or : _ L < o | 1
e C ) , } C dN B S .
— ' ———-— e d -—T—-r—---v—wu T T - - 13.29) —

Thus the behavior of a face-centered array of spheres subjected to a vertical
foxce Pzz and restricted to syminetricai lateral deformatio_is can be obtained from a

solution to the follewing equations:

dNp + AT, "2 P

. zz ) -
dN. + dN, - d'r' --‘[z-dp 0 (3.30)

1+ ANy - dTy-F=apy =0 G
Cy S, |
= N, - dN2+-¢-— dT, = 0

2 2
2Rde

dN, = H

1= 7

For the case of interest here, namely one-dimensicnal compression, €y is
required to vanish for all loadings. For this particular state of stress and zero initial

conditions, one obtains N1 = 0 and Egs. (3.30) reduce to

2

) 2 ,, | e
sz + de po ’ - @ 3,1a)

, V2 o - a1
dN, - dT, —z-dP =0 o (3:31b)
2 - @l
N, - T, 4Ty = 0 . o eale






where the expfession. for a—-— is obtained froiri; Eqs, (3.6)‘and (3,7)'33;

| E;_ -k, HT-"'(I f J’i"')(l fN"') N (?.32a) B

It should be noted that Eqs. (3 31) are slmultaneous dlfferentlal equanons and
.are aon-linear because of the complianoes in the third equation. -

The verucal strains e 2z associated with the behavior of this medium can be

obtamed from Eqs.. (3 ll) as’

de, ﬁ(dazmsz) 3.3
" The companbxhty Eq (3 31c) states that |

da, = dé 2
Hence for the one-dimensional case Eq. (3.32) reduces to’
' de £,dN :
2 2Ny .
de,, = R~ TR | 8.34)

For the solution of Eqs (3.31), consider first the oompatioiluy Eq. (3. 31c)
Substituting Eqs, (3 32) into Eq (3.31c) and rearranging y1elds

dr, -kt 'r2 1/3 A
-N-—-f-i-—T-(l T : T 3.39)

" Introducing the new variable

. Z =f - (3.368) .
o . 3 | .
sz sz T







k,/i o L \
-'ouei.ob'ta’,ius: . | _ :
QNZZ + 3 N2 Z dZ - f,sz -.ufrz |
| dT | L
-m-z- -f- 23- 3N2 22 a‘-‘ﬂza . . (3.36b)
By usmg Eqs (3 36), Eq. (3 35) can be transformed into the form
3ZdZ  _ sz - ,
Z°+K, 2 o :
where - o »
1-k f o B
K, = =173 : o ' (3.38)
.2 kl = .
Integrating both sides results in
In N,-lnA=-3/21n (2% +K,)
or
N2 ‘ 9 = "3/2 ‘

wheré A is a constant of integration.-

From Eq. (3.36a), Eq. (3.39) becomes -

- -3/2
N2 Tz 2/3 i . : .

Equation 3. 40) is the general solution to Eq, (3. 31c) and a- amcular solution .
may be obtained by evaluating the consta.nt of integration.

Because the initial conditions, Pz = N2 ’l‘2 =0, are obvious one’ is inclined to
evaluate A from these donditions. Although this is a true boundary oondxtion,

singularity point occurs at the origin. The equation is, however, well behaved at
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other pomts and the followmg techmque wxll be used to evaluate A - -
Imagme a small hydrostatlc state of stress mmally holdmg the spheres in.
: contact before the one dunensmnal state is imposed “This hydrostatxc stress produced_-_ .
-no uut1a1 tangennal force at the oontacts but it does cause a nornal foroe of N2 N "
: From eq. (3 40) : o -
: N, = A(fz/ 3 + Kz)-a/z' |
: or solvmg for A, the constant of integration

N,

I _5_: kx Hza I R )

Substttutmg A ;.no Eq. (3. 40) yields after some rearrangmg and takmg mto ?

account Eq. (3.38). | o o o -

. (L 0 - _ :

w | (k[ ] ) | om
A plot of a famlly of curves representing Eq. (3 42) with vanous values of the

iix_itial hydrostatic stress N is given in Fig, 3. 11, The paths of loadmg are indicated by

arrows on the curves. For convenience the coefficient of fnctton f was taken as 0 3 and

Poisson's ratio v as 0 2

If an mmal hydrostatlc stress is 1mposed the value of N2 can be detcrmined at

which shdmg begms. For this condition Eq. (3.42) YIGIdS -
l.° (No)2/3 " 1 -l-l =0 V ‘
Rewriting and taking account of (3. 32b) yields’

N I

[l- vf$2'-v2]
2(1_-v) ‘

S







The reader w1ll recall that the problem was to defme the relatlon between N2 and
' T2 for a g-ranular medlum in one»dmxensxonal compression which was loaded from an

| unstressed condltion. It was noted that the solutwn contamed a singularity at the zero |
l',stress and it was necessary to provxde an imual hydrostatxc stress N to hold the spheres
in contact when loading. If N is now allowed to approach zero we obtaln the solutlon |
.de81red On investtgatlng Flg. 3 ll or Eq. (3 42) it is clear that lf onevdlmensxonal
loadmg commences from a completely unstressed condmon (N = 0). the relation between

N2 and '1‘2 ls that of a straight line with a slope of 1 /f Thus, the relatxonship between |

N2 and T, for a face_- centered array subjected to onedunensxonal compression is

_'I‘2 =_..,sz - TR e - - R

This means that sliding (differentiated from slip in Section 3. 1) at the contacts
occurs immediately on initiation of loading. 'I‘his is extremely lmportant in‘that the |
theory developed to date along the lines of Mindlin et al does not allow sliding at the
- contacts, It will be shown herein»that the stress-strain relationships in the one-
dimensional granular medium can be described mathematlcally even though sliding occurs
throughout the application of a monotonlcally increasing load.

~ From compatibility, even in t.he case of slidmg, the geometrical relationship .
’ »stlll holds for the dlsplacements at the contacts, i.e,

dcl2 - d&z = 0“ o : (3.44)

| .It rnust be emphasized, however, that the tangential d'isplacement 82 is no
longer related to the tangential contact foxce Tz by the tangential compliance 82 because
of sllding at t.he contacte. The tangentlal displacement is now made up.of two effects,

a sliding effect and a contnbutlon due to slip. On the other hand, the normal forces

and dlsplacements are still connected by the compllances.

| Furtherrnore, because Eq. (3.44) is a geometrlcal relationship, it also holds

, 'for total displacements in the problem at hand; hence, . : .
- V o a, = 82 o CL - (3.45)
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o _Theiverticallst;raini Eq. '(3;33.) is also 'p'urely‘ geometrical and can be wr.itten as’

- da, GudN, | - oo
. o 2 7272 o o S

The eqmlibnum Egs. (3 31a) and (3 31b) wmch were ongmally wrltten in

C terms of dlfferennal stresses, also hold for total stresses. Hence.

V2

R .4 R N2 + T | T zz o , B } , (3;472!)

It has’ already been determmed that N2 and T2 are related by the coeff1c1ent of friction

throughout the entire loodmg, ie. o
sz'- T,=0 O (3.470)
_ _The behavior of the granular medium subjected to one-dimensional compression
can now be described by Eqs. (3.44, (3.54), (3.26), and (3.47).

Equations (3. 47) may be combined to 'eliminate T, resultingin

N, (1+) = 3-/32_ Pro ' S (3.48a)
N, (1-f) = %2- Py . ~ (3.48b)

In t.heoreti_eal soﬁ mechanics a quatttity of major ipterest_'in one~dimensional
con!pression iskK o"’ the ratiobetween ‘the horizontal ahd vertical }s'tresses at rest. .'From
Eqs'; 3. 48) this ratio is clearly .'
- M1 -t

K =5— =356 (3.49)
o szz 2217+f_ S

Some indication ef the variation of K, with the coefficient of friction f is shown in
 Table 3.2. |
The strains resultmg from one- dimensmnal compressxon may now be investi-

' gated The substttution of Eq. (3 2) into Eq. (3 46) ylelds
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o . [3@-wrN1 o |
de,, =Q’mﬂ‘ [""‘g‘;——z] o dN, e S - 3.50)

' Comtiiniﬁg Egs. -(3'.-30) a'md‘(&. 48a) and nd;in'g'from Fig. 3.9.that

&

- Tz .
‘-azz .. -qzsR - -, D o | - (3.51)

gives

. 1 1-v) V2 ' -
de,y = 3 [’(FTD)F?S-] [3/,8 o'zz] o, @5
' Integratioh of Eq. (3.52) yields . - ' ' .
| B 23 23 .
¢ = (1-v) ;35\/ 21 2% /~ v (3.53)
zz B (141 zz ' '

An interesting result of Eq. (3.53) is that the stress-strain behavior is inde-
pendent of the radii of the particles. A comparison of thev siress- strain curves for
hydrostatic and one-dimensional cbmpreésion shows that the curves are similar in
shape; but turn up at different rates. The ratio of the one-dimensional sfrain to the

‘ hydroétatic strain at the same level of stress, - is a ratio of Egs, (3.' 53) to (3. 20),

which reduces to
€ ' : :
zZ 2
= ' v (3.54)
o | |

Values of f of 0.1 and 0. 2 give values for ezz/e o of 1.88 and 1,77, respectively. This
indicates that the hydrostatic and one-dimensional stress-strain curves are related as

shown in Fig. 3.12.

Unloading Cycle. When the medium is loaded the tangential forcec tend to

resist the sliding motion. During unloading the tangential forces tend to resist the
slidiugvrrioive'ment which is now in the opposite direction, Hence, thé tangential forces

reverse their direction on unloading. The cases of loading and unloading are. illustrated
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N schemancally in Flg 3 13 The normal and tangentlal forces are stlll related by the
coefﬁcient of fncuon, only now the direction of the tangential force is changed

_The new equ111br1um equatxons become

N, - T, =-’%2- P _
- B (3.55)
Ny, + T, =»{Zg* Py
-'wbere_ - | | |
| -£VN2 - T, =,.0' . - (3.56)

" Cov'nsider the medium to be loaded from 0 to @7 , Fig. 3.14, accordingto
Egs. (3. 53). If equilibrium Egs. (3.55) ‘become valid at the instant € 7z begins to
decrease from e‘z z' then 0. will decrease instantaneoqsly from_(r‘zz to scme value
o!_. Atthe end of loading. N'z and afz ,, are related by

2z
. _ N (4D
ot =N, ‘,,7{37 o e
. whereas the st:ees o'zz is relafed to the contact forces by Eqgs. (3.54) and Eq. (3. 51)
by .
. N2 (1-9) ‘ . o o
0., = —TZR . : (3.58)

The relation between a;z and o;‘z at the instant when € 2z just begins to decrease is

(3..59)

ozz = zz (1+f)

because the value of N2 has essentially the same value while, the shea’i'ing Stlfess has

changed directions. Combining Eqs. (3.55), (3.51), (3.46) and (3.2) yields for unloading

1-v) V27 :
de,, = 1/2 Sﬂ‘ilw-r [3/8 ozz] o, 660
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- ' The entire stress- stram history for one cycle of loading in one-dlmen.sional
cornpresswn is shown in Flg 3 14 in terms of o" and o The denvations above
‘are based upon the assumpnon that the tangential contact forces 1mmedtately reverse
dlrections when unloading begins. T_hls_assumptlon is not quite true, however, because
each sphere must exhibit a small elasuc tangential displacement‘before the tangential )

forces can ehange du‘ectton ThlS effect, however, is small with respect to the tangen-

tial dlsplacernent due to slidmg and was neglected in the analysis, Because of the above
assumption, the stress- strain curve reflects a verncal drop in stress from A to B with-
out any change in strain. If the small elastic tangenttal displacement due to slip were
acCounted for, the stress-strain curve .would follow a smooth‘ relationship such as the
dotted line suggested in Fig. 3.14. |

. The stress-strain behauior shown in Fig. 3. 14 exhibits an energy loss after a
cycle of loading and unloading but has no residual strain. Hence, this medium can

absorb &nergy without any permanent displacernents.

Energy Absorption. The amount of energy absorbed by the medium on loading

and subsequent unloadtng can now be determmed

The enexgy E 1 requtred to load up to an apphed verttcal stress of 0 and the

stram of e‘ ‘is.

E = f ?zzdgzz
o R - (3.62)
. s o
E, =_'§'(ﬂl+f)n'€.;z
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The energy taken out of the medium E2 dunng unloadmg back to zero from a -

?,'stress of 0 and strain e‘ is ) L

E, =-3"¥«'f>€‘zzy; LA T bt
". Thus, the éhgigy"ioée.ié - ' R U . | 4 - , }.
o BE=E-BEy=gfn. . G

B “The ratio'of the energy 10ss to the energy input is:'. -
E-"%®%. - .. e
:'Thus. a very significant property of the ‘one-dime'nsional stress- strain curve‘is thatv the.

per cent of energy absorbed due to loading andunloading is always constant for a
material and depends only on the coefficient of friction at the contacts. Hence, the ratio”
of the area between the loading and_unloadmgvcurve-s to the area under the loading curve
is a constant given by Eq. .(3; 65). The per cent energy absorbed for various coefficients .
- of friction is given in ‘Table 3.2, | a ' o
The relauonship between normal and tangential coatact forces detennmes the
relationship between the recoverable and dissipated energxes. : The work done by the
normal forces dunng deformation f N,d is stored in the form of recoverable strain '
| energy. On the other hand, the work done by the tangential forces f Ty, isa non-
' reooverable energy and is dissipated as heat into the medium 'As seen from Table 3.2
this energy loss during one cycle can be quite sigmficant. In fact, with a coefficxent of

friction of 0.15, the dissxpated energy is 26 l% of the energy put into the system.

3. 4 Equivalent Discrete Mass Model for One Dimensional Static and Dynamic Behavior -

| In recent years, an increasmg effort has been devoted to studymg the static and

' dynamic behavior of soﬂs using discrete mass-spring models. These modeis have taken '
many shapes with various components from models such as the standard Vongt and

Maxwell models. 'I'hese model studies have been particularly usefui in wave
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‘ propaganon stud1es, such as the work of Smxth and Newmark (1998) 'I'he dynalmc .
equanons of monon can be mtegrated numerlcally w1th a digztal computer usmg the
' B- method (Newmark 1959) it is a falrly straxghtforward approach to modtty soﬂ

" parameters or sprmg suffnesses as the need anses

As rmght be expected from such an approach, there are certam asp:cts of the
sonl behav1or whlch escape the mass- sprmg model Part of this 1naccuracy is due to
‘the dxscreteness of the system and part can be attrlbuted to choice of the model 1tself.

A study of the problems associated with the choice of various models for mvesngatmg

the propagauon of stress waves in a one- dlmensmnal medium has been carried out by

Murtha (1961).

- In spite of the inherent difficulties associated with the use of models, there are

some cases where the model is the only hope for obtaining even an approximate solution.

Therefore, the writer would 'ike to suggest a one-dimensional model which seems to ~
exhibit the behavior expected of dry cohesionless sand, and is based upon the theory
presented in Section 3.2 - |
Ifa pressure'on 'the surface of the earth extends over a large area, it may be"
reasonable to consider the soil completely confined. | If this condition is satisfied, and
~ the soil composltion is similar to sand, the one-dimensional behavior discussed herein

may very well be a good approximation to the in-situ soil behavior.

Horizontal Model. Figure 3. 15 gives a model representation of the granular
system described in Section 3. 2. This model yields the same stress-strain curve as
the Spheres for a static load as the load mcreases or decreases. The model oonsists
of non-linear spring elements and Coulomb damping elements which dissipate energy

by the same mechanism as the spheres. The reason that the model depicts horizontal
| behavior is that there are no initial stresses in the model before the load is applied.
Such an assumption mlght be reasonable for a vertical column if the wexgxt of the soil

'is negligible compared to the applied stresses.
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Verncal Model ‘The vertlcal model 1s shghtly more complex than the horizontal

one in that the wexght of t.he matenal produces initial stresses in the model Smce the
‘stress- straln curve t‘or the materlal is non-hnear, the suffness lS a funcnon of the

: stress, and consequently, a tuncnon of the helght of overburden The overburden

pressure mcreases lmearly thh depth and it can’ therefore be 1ncorporated in the

equanons of motion. - | ' _ .
A verucal model whlch mcludes the initial stresses due to the overburden of the

matenal is given in Flg. 3. 16. It includes a change in stlffness assoclated with the |

v‘increased initial stress and follows the stress-strain behavior consistent with the

analysis of the granular medium in Section 3. 2.

3.5 Theoretical Relationship Between the Angle of Internal Friction, Coefficient of Earth

Pressure at Rest, and the Coefficient of Friction Between Spheres for a Face-Centered

Cubic AnaLof Uniform Spheres

'I'he relationship between the principal stresses at failure for a face-centered
cubic array has been investigated by Thurston and Deresiewicz (1959). The analysis
- applles to an array as shown in Fig. 3.9 which is initially under an isotropic confining
pressure, O , and subsequently subjected to a umaxlal stress difference, - as shown
in Fig. 3.17. When - approaches the ultimate value, failure planes are formed by a
series of shearing displacements of individual layers of spheres, The failure is initiated
in layers containing planes in which the density of sphere centers is greatest, i.e., the
(111) planes or octahedral planes w'icn. respect to the co-ordinate axis in Fig, 3.9, Itis
also mteresnng to note that Smith (1961) reports exactly the same phenomena for yielding
in steel crystals wluch have a crystal arrangement such that the atoms have exactly the
same location as the centers of the spheres in Fxg 3.9. A single relative shearing
displacement of parallel (111) layers would translate sphere A, Fig. 3.9, from the
hollow between spheres B, C, and E to the hollow betweenhspheres B, C, and D. The

translation of sphere A would be a distance of R v4/3 in the Dli] direction. The






i

expressnon gtven by Thurston and Deresxewmz for the maxrnum stress dtfference that -

" can be mamtamed without fallure between octahedral layers of spheres is. o

"’zz. _ Jexst

e — = — S (3.66) -
- % V6~ 4f '
Since the major principal stress, G 18 given by | |
6= 0, + 0 e

2z o

and the minor principal stress, 04 isequal to 0, then equation 3.66 may be written
as o e e e e i s e s

" %17% _ Je+st

93 V6 - af

(3.68)

If Eq. 3.68 is examined for the limiting condition of f« 0, then it is found that a stress
difference equal to the confining stress can be rnaintained in this array even if the spheres
are frictionless. The Writer was initially disturbed by th'is result -and analyzed several

" simple geometri_cal a.rrangementsof frictionless spheres. It was found by the method of
virtual displacements that the stress.difference that could be maintained with a given
confining stress was a function of the structural arrangement of the frictionless spheres.
At the point of failure, the principal stresses, and the ktnemattcally p0551ble virtual |
dlsplacements in the prtncipal directions are such that the change in potentlal energy is :
zero. Because the structural arrangement controls the dtsplace'nents which are lunema- i
tically possrble. ‘then it follows that the structure also controls the pn_nc1pal _stress ratio v
at failure in a fricnonless array of spheres. For a given structural arrangement the ‘
stress dtfference at fatlure is governed by the boundary dtsplacement cordittons, such
as the boundary restrtctlons in plane strain. The change in kmematlcally possxble |
vdtsplacements imposed by the condttton of plane strain accounts for the increased

' apparent angle of mternal fnctlon observed tor g—ranular materlals sbeared in plane

strain.’

,3_5- .
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'l'he ratio of the prlnc1pal stresses at fallure for a dry granular materla.l is ’
deﬂned by | /’ '; / o :

_,1» -1+ sinéd. . S : o
3 » .._____l-sm.‘bd. e _Y | @, 69);

3 where ¢ ls the angle of internal fnctlon of the materxal The elirmnauon of 0 and &
fromequatlon3 68and3 69y1elds S ST

' siné = 8+ V6 (3.70)
| - 3V6 - -
' Eq. (3. 70) ls more meamngful if lt is wntten inthe form
sin¢ = g4 — f ‘ 3.71)
- 3 3V6 B ,

3

" Eq, (3.71) clearly shows thatpart of the angle of intennal frAic'tionn is due to friction and
the remaindet: ls dué to the st’fuctural arrangement. Eqs. (3.70) and (3. 68) are cort'ect
only for a faoe-cenoered array of uniform spheres but the rc'aticnships suggest that the
following relatxon should apply to any granular mednnn |

sing = KgrGyf @)

- Wwhere K3 is a portion of sin ¢ due only to structure (rel'ztwe density) and C is a constant

| determined by the structural arrangement (relanve density) which governs how efficiently
the coefflcient of friction is in increasing sin 4> It should be pointed out that the

'conclusions drawn above by the wrlter are oontradlctory to equanons pubhshed by
Bxshop (1954) and Caquot (1934). The equatlon published for triaxial stress conditions,

‘iwher,e_ 52 = 03<o by AW, Blshop was | |

e sm‘b:»—lm%- . | , v- | (3_73),
| and the equations published by Caquot (1934) and Blshop (1954) for plane strain were

_ respectlvely

| ﬂ.mntq» - t/zf» | L . S 3.73)

sing = 3/2¢
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. All of the relationships suggested by Btshop and Caquot show that q> reduces to zero when

'f reduces to zero. Thus the equations do not mclude a term which shows a component of

. the angle of i.nternal frictiOn which is a funcnon only of structure. (relauve densxty), _

: mdependent of the coefficient of friction between grams. It is therefore concluded that o

the equations given by Bishop and Caquot cannot explam the vanauon of 4» with relative

density

Studxes of the strength charactenstics of umform spheres in various pacldngs
are presented by Idel (1960) and Wittke (1962) which support the oplmon of the writer.

In fact, relationships between porosity md tan $ are presented in each study for the

- special case of the coeff1c1ent of friction between spheres equal to zero Therefore the

_studies of Idel and Wittke also point out that part of the shear strength ot a granular |
medfum is due to : structural arrangement, (relative density). and is independent of the
coefﬁcient of friction between particles. For the case of triaxial oompressmn of a v
medium of frictionless spheres in the densest packing, Idel (1960) gwes a value of 0. 38
for tan ¢ whereas the value tan ¢ calculate_d from Eq. (3.71) for f= 0 1s 0.35. The
agreement is very good and the difference is due to the fact that the densest packing

. considered in this study was a face-centered cubic array whereas the densest stacking

considered by Idel was a closed-packed hexagonal array 4 '

" The coefficient of earth pressure at rest and the angle of mternal friction for a |
tace-centered array can be related by combining Eqs. (3.49) and (3.70) to give
| | e o) [1+J6/s 3V6/8 sin¢] |

(3. 76)
° 1-vV6/8+ 3V6/8 sin ¢ ~

A plot of Eq. (3. 76) is shown in Fig. 3 18 and a relatxonship between K and sin
as suggested by Jaky (1944) is shown for comparison. The relationship given in Eq.
(3.76) suggests that K, decreases as ¢ increases; which is similar qualitatively to

Jaky's relationship but not numerically identical. The coefficient of friction f was
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' e}immated between Eqs (3 49) and 3. 70) to obtam Eq 3. 76) because, although the

coefficient of frictlon is a useful tool in relanng ¢ and K, it cannot be measured
o reliably for g:rains w1th roughness and small radii of curvature. Eq. (3’ 76) can be |

checked however, in the above form by measurmg K and ¢ for a granular matenal.
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R CHAPTER e
| THE DEVELOPMENT OF A SPECIAL HIGH PRESSURE,
ONE- DIMENSIONAL COMPRESSION APPARATUS

THAn ..

i 4.1 General _ o , _
o A device was detugned and built to mvesttgate the one- dtmensmnal behavxor of
sand in the hi.gh pressure regions. The apparatus can measure the lateral stress under
conditions of zero lateral strain. and provides one of the best means yet developed for
attaining the condttion of "zero" lateral strain. Previous invesngators have generally

assumed that the effects of small lateral strains are negligible, partrcularly when the

sample is encloséd in steel- rings. .Research by Speer (1944), which was“ rece.ntlv po{nted o

out by Fulton and Hendron (1962) shows that lateral motion significantly affects the ratio
of QH/ v The results of Speer's research is presented in graphlcal form in Flg. 4 1.
and shows that a lateral dtsplacement of 4x 10 -6 inches will cause a 10% reduction in the
| value of UH/OV. Since Spee,r's work was with a sand sample 7 5/8 i'nches in diameter,v
the above diameter change corresponds to a unit strain of approximately .5 x'lO-6 in, /in,
Ttis doubtful to the writer that Speer really achieved an accuracy of +1x 100 in. /in,
since slight electrical instabilities in the circuit would cause minor variations of at least
that magnitude in the strain gage readings. However, his work does in general point ‘out
that the ratio of O’H/O‘ is very sensitive to lateral movements, This phenomenon had '
already been observed by Terzag-hi (1934) in connection with his "Large Retaining Wall
Tests" at MIT Terzaghi concluded that an outward moveraent of the wall of . 0007 h in
the case of a well compacted dense sand was enough to fully mobllize the shear strength
or, ln other words, reduce the ratio of O'H/cr to the coefficient of active earth pressure.

This outward movement corresponds approximately to a lateral strain of about 12x 10

“?- /in, Thus for a truly one-dimensional test, whereby one also wishes to measure the
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'. magmtude of the lateral stresses whxch are concomitant w1th the verucal Ioad, lt is

extremely unportant to closely control the lateral dtsplacements. In fact, prelmunary

- calculations revealed that an extremely thmk walled cylinder sub;ected to an mternal

‘ pressure of 7 500 psl (wlnch is an approxxmatton to the lateral soil pressure due to a
,vertical load of 15, 000 p51) would experience a radial strain of 3.25 x 10 in, /in, if the
specimen were 7 inches in dlameter and the oontatmng cylinder were assumed to have an |
infinite external radws. Thxs strain is of the same order of magmtude as the tolerable
| strains listed by Speer and Terzaglu Thus, in order to study one-dtmensmnal com-

pre ssxon, a new expenmental apparatus had to be demgned which would restrict the

lateral deformations. The apparatus developed in this study is dxscussed in the following

secuons .

4,2 E)gp_erirnental Apparatus

General Description of the Apparatus. An experxmental apparatus designed to

' determine the stress-strain relations for soil under one-dimens:onal compressmn and to
measure the lateral stress necessary to completely restrain the sample is shown
schexnatically in Fig, 4.2, The apparatus consists essentially of a thin steel ring, which
contains a sov.l sample, surrounded by an annular space, The annular space is filled with
oll which communicates freely with hydraulic jacks. The flexible ring and oil space are

“enclosed in a thick hollow cylinder bolted to a baseplate in order to withstand the hig-h
fluld pressures. 'l'he vertical load is applied to the sarnple by the testing head shown in
Fig, 4. 2 which is mounted ln a 120, 000 b Baldwin ‘testing machine .

The principle upon whlch the device is based is relattvely s‘mple. As the Vertical
load is applled by the testing head there are lateral pressures buiit up in the sand whlch -
tend to lncrease the diameter of the thln steel ring. Any sllght increase in the diameter _
of the rlng is immediately lndicated by the stram gages mounted on the ﬂexible ring as
shown in Figs. 4.2 and 4.3a. In order to keep the lateral stralns zero, the oil pressure
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is modtfxediwuh changes in the verttcal load in such a mannex that the stram mdlcator

remams balanoed at all times- dunng the test. When the stram mdxcator remans bal-
anced there are no lateral strams and the 011 pressure is equal to Lhe lateral sorl '
pressure actmg agaxnst the 1ns1de of the container. - i -
. The apparatus oonsxsts of the followmg four basm eIements~ -
(1) A tlnn steel ring morutored with strain gages. Fxg 4.33.
) (2) A testmg head, Flg. 4.3b. :
' (3)Abaseplate, Flg 4.4a.

(4) A thick walled cylinder, Fig. 4.4b.

The three componcnt parts of the cell are drawn to full scale in Figs. 4. 6, 4.7, and 4.8.

The apparatus setup for testing in a 120, 000 Ib.- hy drauhc testing machine is shown in
Fig. 4,.9a.

~ Design of the Thin Steel Ring. The key sensing device, upcn which the measure-

ment of the eoefficient of earth pressure at rest is dependent, is the instrumented steel

h rmg. The steel ring is essentially a thin tube which has an internal diameter of 6.812
inches and an e:tternal diameter of 7.000 lnches over most of its length, except at the
upper and ldwer ends where speclal provisions are made to accommodate "O" ring seals.
Four Budd Metalﬁlm Strain Gages (Type Cé- 1161) are mounted at the mid-height of the
soil sample at 90° intervals and connected in series as shown in Fig. 4.3a. In this
arrangement, the strains sensed by the four gages are averaged since the change in
resistance balanced by the indicator is the sum of the changes in all four gages.

The strain gages are "foil" gages with a gage length of one mch and a grid width
of 0.09 inches. The bacldng of the gages is epoxy and the gages are temperature com-
pensated for steel. Tatnall G-§ adhesive was used for cementinfr the gages to the ring. .
The gages were baked on for 2 hours at 175° F and cured for an additional 2 bours at 170° F.
- The spedﬁc reasons for the choice of gages, backing. and cement are given below. "
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l 'I‘he metalfilm gages were chosen because the foﬂ grid is constructed s0 that

‘the strands parallel to the axis of the gage have a very small cross- sectional area

3 whereas the end loops transverse to the axis of the gage have a large cross-sectional

area. This type of oonstruction renders the gage practically insensxtive to strains

transverse to the axxs of the gage Transverse sensxt1v1ty is of paramount irnportance S
m this study because the purpose of the gages is to measure only the strains in a circum-
terentxal direction. Since there are axial strains in the ring arising from friction

between the s011 and the ring, it is mandatory that the effect of the axial strains on the

output of the gages be mmumzed

2, The foil gages were also desirable because the expenmental apparatus is

constructed such that the gages are required to function in oil up to pressures approaching

2000 psi. This type of gage is relatively insensitive'to ambient stresses perpendicular to

the plane of the gage

3. A gage length of one mch was selected for two reasons. Flrst, averaging
the circumferential strain over one inch reduces the probabxlity of obtaining an erroneous
readmg because of a flaw. Seoondly, the gage length of 1 inch and a grid width of . 09
inches were chosen because this proportion tends to minimize the sensitivity to transverse
strains. A study of transverse sensjtivity of bonced strain gages is’ presented by Wu
(1962) which supports this choice. One definite 'conclusion.of the study was that the
transverse sensitivity decreased from 4% to 0. X for epoxy-backed foil gages as the gage
length increased from 0. 1 inch to 1' inch. The write‘r, would like to point out, however.,
that the gages use< in the study. cited above were Baldwin gages rather than the Budd
gages used on the .thin steel ring; therefore. the. exact numerical values do not apply.

The evidence, however, does point out that transverse sensitivity can be greatly

redyced by increasing the gage length.
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4 The epoxy backmg was selected because 1t was thought that thlS backmg would
" be competent enough to perform satlsfact01 ily under the hlgh 011 pressures. A
' 5 Tatnall G- 5 adhes:.ve was used because itisa competent epoxy cement
whxch was thought to be superxor to other cements for funcnomng under oi.l pressure.
. Thls cement has the addmonal advantage that it'can tolerate strams as large as 15%
j\mthout unbondmg 'I'he cement was baked and ‘cured at around 175 F It adhesives
are not cured at temperatures well above the temperature they are used it is possible -
that a rise in temperature durmg the life of the gages w111 start a new curmg cycle which
will cause the gages to recoxd an apparent stram o
T_he dimensions of the thin steel ring were determined by three considerations:
ring friction effects, sensitivity of the ring for measuring the coefficient of earth |
pressure at rest, and accuracy in vertical strain measurement. The overall dimensions
of the ring selected are such that a soil sample approximately 7 inches in diameter by
2 inches high can be accommodated. These proportions were selected in an effort to
minimize ring friction. The theoretical basis- for the above statement is' presented in
the following analysis from Taylor (1942). “
' Consider a confining ring of radius R and height H as shovvn in Fig. 4.10. At
any arbitrary depth z below the surface loaded by the force P, the vertical force |
supported by the soil is designated as QZ. The force QZ may be expressed in terms of

the shearing stress 7, and the applied load P as:

Q =P - f 2nR7,dz S @.1)

ol
»,

The shearing stress is also related to QZ by

Tz = Sf" Ky f . *.2)

' 4'3
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. where A-'is th'e area" of the sample, K") is the rat.o of the hortzontal to verttcal stress,

, and £ is the coefﬁcxent of fnctton between the sou and the ring. -

Substttutmg Eq (4 2) intc Eq (4 1) ylelds T

=P - f 2R & - K - fdz o
o . L
Differentiating both sides of Eq. (4.3) and rearranging gives

aQp _ CERKE
Qz A

Integrating the above equation between the appropriate limits yields

Qy Hr _omk tz 'Q, -2mRK_fh
[ﬁnQ ] = o = ln H = 0
Z , - A P A
P ' o :
Rearranging Eq. (4.5) gives
. -2wRK fH -2K fH

- A T R
»QH=Pe "~ =Pe .

: (4-3)“

(4.4)

- (4.5)

(4 6)

-2KfH

where € is the base of Napierian logartthms. Equation (4. 6) 1mpltes that if e R

approaches 1, then QH = P, and the frictional effects become negltgtble. This relatlo.n-'
ship shows that the R/H ratio should be as large as possible to reduce the effect of

friction. In fact, mcreasing the R/l-l ratto by a factor of 2 has the same effect as

reducing the coefﬁctent of friction by 50%.

It is obvious that the R/H ratio may be increased by either increasing the

diameter or decreasing the height of the rmg. There are practlcal constderattons,

however. which limit both of these alternatives. 'I‘he dtameter beoomes limited by the
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CaPaCIty of loadmg .machme‘s avarlable if one destres toA attaln presstres up to 3000 p31 or
more A practrcal hmlt is also reached m reducmg the helght ot the sample smce the
helght of the sample mﬂuences the accuracy of the vertical stram measurement If the '
sample becomes too thm, Athe mcrements m verncal dtsplacement can become too small

| for the Ames d1al., to sense, especlally in the 2000 3000 psr pressure ranges where the
constramed modulus of one of the sands tested approaches 250 000 psi. A sample helght A
of 2 inches was selected for gtvurg the required vertical strain sensrtivxty and a diameter
of 7:lnches was selected hecause that is the larée'st diameter that could be used to ohtain
at least 3000 psi on the sample with a 120 000 1b. Baldwin testing machine. This combma- ‘

tlon also gwes a desirable dtameter to height ratio of 3.5.

The wall thickness of the rmg was also determmed by compromlsmg two confhctmg
considerations. The accuracy of the_ lateral pressure measurement is enhanced by makmg -
the ring thin since very Small differential pressures across the ring can be detected by
the circumferennal strain gages. The ring wall, 'however, cannot be designed too thin.
since the rmg friction could possibly cause a perrnanent set m the ring or could cause
hlgh €nough axial strains that the cxrcumferentlal gage readings would be affected by
axial strains even though they are relatively inse.nsitive to transverse strains ‘A thick-
ness of . 094 inches was selected for the design, but the overall de51gn of the apparatus

| was made so that the wall thtckness of the ring could be changed 1f the . 004 thickness
pr°"°d to be unsatlsfactory The final dimensions of the ring are ‘shown in Fig. 4.6.
. A presSt.lre differenttal across thlS rmg of .80 psi produces a calculated clrcumferentlal
Strain o f ) micromch on the out81de of the ring Smce the Baldwm straln tndicator can’
. lybe read accurately to the nearest 5 mtcromches, the nng ls accurate in measunng
the la":el':al stress to 4 psi 'I'hxs degree of accuracy was thought to be satxsfactory for
measu?l:ement of lateral pressures from 50 2000 psi, but is not accurate enough for -

, _determi.mng the lateral pressures with less than 10% error for lateral pressures below .
30 pSi_ ' ‘ -
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The dtmensxons of the rmg ‘were also’ selected S0 that when the oil in- the annular .
space 1s under pressure there 1s a net upward oil pressure on the rmg whlch holds the
nng ina posmon as shown in the assembled drawmg in Fxg. 4. 5 The purpose of tlus '
feature is to keep the nng suspended from the top so that ring fnctlon wﬂl put a tens1le -
axial stress rather than a compresswe anal stress in the rmg This arrangement also'
limits the friction because when the fnctlona.l force exceeds a certain value the rmg will
start to move downward which in turn terds to decrease the fnctlon because the ring
beglns to act ltke a ﬂoatmg nng rather than a ftxed ring. The net area over whlch the
oil pressure-acts upward 1s 2,32 square inches. Since the oil pressure is equal to the

H-lat.eral earth pressure. the pressure in ‘the oxl is gi‘ve‘n by:

p, = 0, K, - S @

where P, is the pressure in the oil, oy is the average vertical stress on the soil sample,
and Ko is the coefficient of earth pressure at rest. The fraction of the total vertical load

 infriction needed to make the ring of internal radius, R, move down is:

0 K_(2.32)in.2 (K )(2.32in. 2
. = - 5— = 0.064 K - (4.8)
. o TR (36.5)in. '

A sand with a Ko of 0.4 would_th_en move the ring downward with only 2.55% of the
Vertical load arched into the ring. This movement would in turn tend to reduce the
frictional effects by causing the ring to act like a flo - ting ring.

&libration of the Thin Steel Ring. The effect of the high oil pressure on the

 Strain 8ages could not be assumed'to be negliglble even though the gages were selected
o mi“i‘-rliz‘e vthese effects Calibration of the strain gages was accomplished with the
aoparatlls assembled as shown in Fig. 4.11. The SIgmftcant feature of this assembly is
 that the lower "0" rlng between the bottom of the steel ring and the baseplate has been
remo\,ed so that the oil .n the anaular space can communicate freely w1th the oil inside

. the Sample chamb_er. A steel plug l-mch_thtck is also mserted into the sample chamber
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to confine the 011 and a testmg head 1s lowered ﬂush w1th the top of the plug to supply a

v reacnon of sufftcient magmtude to keep the plug in place during cahbration. _

| The gages were cahbrated by increasing the 01l pressure m mcrements up to o
2, 500 psr. Smce the "0“ rmg at the bottom of the steel rmg was omitted the oil |

pressure in the annular space was equal to the pressure in the sample chamber, ‘thus

givmg zero net pressure differential across the ring. Hence any change in gage readmg
is due to the effectsof the all arOund oil pressure on the gages. This cahbration

prooedure was oonducted several times and the calibration curve obtained is shown in

_;_3._& 12. The curve was reproducible within t 4x10 ,6_ in, /in._and the pressure effect

- amouats to 7x 10'6. in. v/in per 500 psi of oil pressure. Compensation for these pressure

effects was made when the tests were conducted on sands. | -

| The ring was calibrated several tunes during the testing period and no change in

" the calibratmn curve could be detected. Smce the first calibration described above, |

;.however. a better procedure has been developed which eliminates the necessity of
removing the lo\irer A"O" ring for calibration. This is important because the cell then

'does not have to be dismantled for calibration. A steel plug with a hydraulic fitting as

- shown ih Flg. 4. 9b is employed in the improved method. The hydraulic jack is then

- connected to both the hydraulic ftttmg leading to the annular space around the ring and
the hydraulic fitting leading into the sample chamber filled with oil. Since both the

inside and outside of the ring are connected to-the sarhe pressure source, there is no

pressure differential across the ring. This procedure proved to give the same results 4

‘as the ﬁrst procedure described above with the advantage of greater effxctency

Techmque for Gettmg the Gage Wires Out of the Cell. One of the most

challenging problems in the design of the cell was devising a method of bringing the’
strain gage wires out of the cell without cutting the wires or getting an oil leak. The

" wires also had to be taken out of the cell so that the cell could be taken apart and put
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back together without reqmnng a new seal each time The final deszgn of the outlet for B
te gage wires prov1ded an outlet through a 1 /8" tapered hole in n the base plate as shown y
in Fig. 4.5. 'I'he w1res are sealed in the hole with an epoxy cement w1th a shear strength
: of 3000 psi which was an excellent dialectric material ‘The hole was tapered so that the
seal would become even-tighter at lngh pressures.‘ In the first stages of the assembly of
the cell the wires are fed through the hole in the baseplate. The wires are then sealed in -
the epoxy cement and about 6 inches of slack wire is left between the pomt where the .
wires enter the baseplate to where the wires hook obto the thin steel ring. This slack -
wire is tieces,sary in order to pre_yeut the_\y‘ires from being broken when the cell is
dismantled. The slack wire is then taped to the outside of the thin steel nng and the thick
walled cylinder is lowered around the ring and baseplate and bolted in place. The cell is
 then ready for use, This method has proven very satisfactory in the pressv-e ranges
of current testing,.but it is expected that for extremely high pressures th2 iusu' rfon will
have to be stripped from the wires where they pass through the epoxy seal or oil may leak-
through past the insulation on the wires. Thxs should be no problem, however, if an
epoxy is used which is also an excellent dialectric.

Description of the Testing Head. The load was applied to the soil sample by means

il

t
!

‘o

of a heavy, internally stiffened plston, mounted in a 120, 000-1b, hydraulzc testing machine

- as shown in Fig. 4. 3 The testing head is 6. 800 inches in diameter and 8.125 inches highv
The device consists of two rigid steel plates which are welded on two concentric steel
cylinders. Figure 4.13 also shows the manner in which a dyuamometer is incorporat '

into the device to measure the pressure over the center square inch of the loaded area.

This feature enables one to check the load on the center square inch agahlstthe average
load over ther,:ei"lt:lre area. ‘The piston and the dynamometer were desig'ned with 'app'roxi-
mately the sa'me' relative stlffness' in order tc maintain a uniform deflection of the specimen

across the face of the loading device as the sample is compressed.

48



Digitized by GOOS[Q



A The vertlcal dlsplacement of the sand durmg cclrrlbreéswn was measured by two
" "_Ames Dxals mounted at 180 to each other on the loadmg plston as. shown in Fxg 4. 14
'AThe dxals measure the relattve dtsplacement between the movmg ptston and the thick
walled cylmder desxgnated as Part Ain Flg 4, 5 This measured relative dlsplacement

s actually the sum of the vertlcal dtsplacement of the soil plus the stram in the testmg

.head from the surface of loadmg to the point where the dxals are connected, - The strains

in the head were so small compared to the strains-in the soil that they were neglected

‘and the measurement was taken to represent the vertical displacement of the soil sample.

The dials are accurate to 1/10, 000 of an inch and have a 0. 4 l_n'ch travel. When the two -
diale read differently, the average reading of the two dials was taken as the vertical ..

displaoement of the soil.
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CHAPTERS ~ . -t
EXPERIMENTAL RESULTS

S, 1 General

wooo

One-dirnensional oompression tests were oonducted on four different sands upto -

a maximum vertical stress of 3290 psi with the apparatus discussed in Chapter 4. -Axial

stress-stratn properties and the coefflclent of earth pressure at rest K were measured
on all tests. The energy absorption capacny of the sands was also measured by means of '
cyclic Ioadmg.

‘Each sand was tested ata vanety of initial void ratios m order to cover the

complete range of behavior for each sand. The four sands selected for this study were
éhosen because they are extremely dissimilar‘widl respect to grain shape and grain-size
distribution 'characteristics. .It was hoped that the sands selected wo_uld manifest a vuide
range of one-dimensional properttes so that the extreme limits of the various measured

QUantities could be defined. Descriptions of the sands are given in subsequent sections

" of this chapter.

Triaxial tests were also conducted on the four sands to document fully the
engineering descrtption of the sands and to determine if any of the properties measured
in One-dimensional compresston could be oorrelated thh tndex prOperties de.med by
well established routine tests. The t:riaxtal test procedure and results are presented in - -

Appendtx B

sz_DGScriEtionofSands | o

Minnesota Sand One sand used in this investigauon was'a uni.form, rounded

Sllica sand obtatned from the Gopher State Silica Co. in LeSeur, Minoesota. The sand is -

2 °°arse fraction obtained frorn the St. Peter Formation, a manne sand of Ordovician

age, Because of the frosted nature of the sand 1t is thought to be of eohan ongm The:

' transDm:t:ation of this sand by wind and the additional working of this sand under marine
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forces dN dT j’ dik (Flg 3 7). It is requu:ed that the displacements of the center .
of the spheres be single valued i e., the vector distance around the closed path through -
ﬁ 'the oenter of the soheres must vamsh both before and after the medmm is strained |
- Hence the sum of the reiative diSplacements of the center of these spheres around the ™

closed path must vanish Expressmns for thlS oondmon for all possible paths connect-i—:ﬂ.

' ing the center of a sphere in the medium yields 9 independent equauons of compatibxhty

"'asfollows I .
| _1_ »{2&5‘22_; ~day_ 4+ d‘m" + oy, + 96,

2. Y, = »Adayz - day - s, - ds'zx
87 Yadoy s -lag, + da, 4 ds ) w s, |
4 Y2, = -dap + do + dE, 4 dE o
S. Vs, = da - da - do,, - dsl. o 5.9
6. Y2 = da - day, + d6 . + db .
7. V2o, = dal 4+ do, + A6+ db,
g.» fzdayy = da - da - _déxy - dh;z,
: IZdB;ry = e+ da + db. + a5, S e

The compatibility equations can be written in terms of force increments by

using the oompliances

2. e CAN
g = Gy Gy = Gy

dsij = sideij‘ - dsij '= S dT1j | .’(3710)
do Kk = skk_dik . ds ick = sl'dchkk

Where the above subscripts identify the contact. Thus Eq. (3.9) together with Eq. (3.8)
' yielq 18 independent equations containing the applied forces dPJ and 18 independent
c°mp°llents of the nnknown contact forces, dN,,, i dT, ij’ and dT, , .. Unfort unately, these

18 eq“atlons are difficult to solve because the equations include the compliances and the

co . . . - . .
Mpliances are functions of the contact forces. Consequently, a solution to these

18 -
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equnt\ons can be obtamed only for a few sunple ..ases.

The mcremental extensxonal and shearmg strams the array, expressed m '
terms of the oomphances, are - '
de.. = -1-— (da +d6 -l-da +d6 )
A ii , j ij _
. ' T (3.11)

1 . e .

d'y.. = 3R (da.. - da’ij)" :
kaemse the applied force mcrements P i in Fxg. 3.4 are related to the stress incre-

ments for a faoe centered array by

dP.. = 8R2do' T S

g m oy T

Application to a Hydrostatic State of Stress.

One problem of interest which can

be solved is that of a face-centered array subjected toa hydrOStatic'state of stress.
Under tlns state of stress symmetry dictates the conditions that all normal forces at

the contacts are equal and all shearing forces are equal If itis desxgnated that

Po = total force on the face of a dlfferenual element )
N = normal contact foroe

T, = tangential contact force

R -

= radii of pheres

the equlhbrium ﬁqs (3 8) reduce o .
. 4T, + 42N, = dp, ) @. 13)_'

44T, - /2N, = dP_ |

Adding Eqgs. (3 13) and considering the initial condmon of zero stress yxelds the

ex"e‘:‘ed condition for the tangential force

’Tt) = dTo= 0

19
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Hence, the equilibrium equation becomes : R ‘ ’ L L
N ==—dp. . . @3.14)
b 42 _° } S .

it €, 1s the hydrostatlc stram in any dlrecnon, Eq (3 11) yxelds R

1

e o —dd ST G.15) .

- where da is the normal deformanon due to dN and is related to dN by the normal ’

.Proporuonal to the three halves power of the. flrst strain invariant Jl'

comphance C and

FrOnTtheHertz theory _-— - -- P
St mwm, (3.17)

where a, is the radlus of contact defmed by

3(1- v) NR 173 - o
8y = |——g—— B B )

.BY combining Egqs. (3.15), (3.16), (3.17) and (3.18), the incremental strain may be

€Xpressed : ’
as 2/3 - ]"/3 :
o

e

vh‘tesi'ating Eq. (3 19) and considermg zero lnmal congitions resulis in

23

dag = CAN, @19

s de, = 1/2[22}‘2] | [30]  do - 3.19)

& [‘Q‘Bﬁgl] .002’3, e

o It sh°"1d be noted that Eq. @. ./.0) states that the first stress invanant, Il’ is

“Itis of interest to compare the results of tlns theory with some limited’

experul'lental results available in the literature. KJPllman (1936) calrted out some

tests on dry sand subjected to hydrostatic pressure and measured the strains

ass°°13ted with the pressure. Table 3. 1 gives the vanation of the first stress and

Stram invariants taken from hxs experxmental results. A plot of these data is shown

20 .
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itx Fig. 3 8' Also showri is a plot of the expo'nentiai relationship indtcated by the theory |

dxscussed wluch is fltted to the experimental curve at the 6 kg/cm2 stress level The

behavxor of the sand is not as stxff as the theory mdicates in the lower pressure regxons

i

- whereas it becomes suffer than the theory predlcts in the mgher pressure regions, The

A companson does pomt out. however, that the results of the theory associated w1th the -

face centered array of spheres correlate qualitatively with the behavmr of dense sand

subject;ed to a hydrostattc state of stress.

3 3 One Dimensional Theory of Granular Media

Monotomcally Increasm&l.,oad The theory of Duffy and Mmdlm developed in

Sectmn 3. 1 will now be extended to solve the stress- stram behavxor of an array of

_spheres subjected to one-dxmens:onal oornpressmn. One-dimensional compression is

o3

defined as that state of stress resoltiug from the application of a load in the vertical or

z direction wh 'n the lateral strains in the x and y directions are zero.

The radial symmetry of the one-dimensional problem greatly simplifies Eqgs.

(3 8) and (3 9) The representattve cube now becomes as shown in Fig. 3.9, and the

forces on a sphere reduce to those shown on Fig. 3. 10. From symmetry the following

simplifications can be made for the forces and displacements:

N =
Xy

yz

[
-
u

TI’,X
T =
xy

P
Xz
'P,
,yy.

ﬁ.-] g{-l §Z Z

21

Nox = N2

Ty =T,

Ty ® Toz = Toz = O @3.21)
P =P = P =0
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@,_=a_=a_=a_ =a

yz - ‘yz © “ax T
L L = 6, =8, . 9“2?)
xx G;cx'= 5yy=5yy= 2z =022 = O

6 = & =0

'Furthermore, the associated complxances now become
C.. = C" 4:=, C

B Xy Xy 1 .
.. €.=C_=C._=C._=C

T yz yz zX zX 2 L _(j°23) |
Syz ‘ syz B 8zx = szx_= SZ

Using the above simplifications and consxdering symmetry reduces the equili-
 brium Egs. (3.8) to

AN, + dT, -{gg-dp . o

s 2
| V2

| (3. 24)
1 + sz - dT TdP

‘dN
In a similar fashion the compatibility Eqs. (3.9) reduce to
| da, - da2+d62 = 0  o (3. 25)
Where the compliance Eqgs. (3.10) new become

} da1

dé

Clle
da

2 = Szd'il‘2

Substituting Eqs. (3. 26) into Eq. (3. 25) yields

CldN | CZdN2+ Ssz 0 (3.27)
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Equanons (3 24) and (3. 27) are suffxclent to describe the behavxor of a granular '
_ medxum subjected to g1ven verncal and lateral forces P apd PH' If, however, only
) the verucal force is known and the lateral force must also be determined, a further .
condmon is necessary. Thls condmon results from the relationsmp between the contact
. displace'nents and lateral stram. B | -

Due 0 symmetry the lateral strain GH determined from Egs. (3.11) reduces to

da, . . S
ey = e
or. :
S— . 7o dey = —5p— o _ (3.29)

"I‘hus the behavior of a face-centered array of spheres subjected to a vertical

force P and restricted to symmetrical lateral deformations can be obtalned from a

solution to the following equanons. o B

dN, + dT, -{-Fz-d
dN, + dN, - dT, ‘/zdp o (3.30)
N 1 - 2 . T . . ’ *
Cy Sy d
o dN| - dN, + & dT, = 0,

2 2 ,

) |

N, = RdeH |

1 C; -

: : > *

For the case of interest here, 'hamely one-dimensional compression, €y is
Tequireq to vanish for all loadings. For this particulér state of stress and zero initial

cond#ﬁ°ns. one obtains N1 = 0 and Egs. (3.30) reduce to

V2 4 o B
»sz + »f’sz T - (3.318.)
‘ Y2 o S
sz - de - TdPH =0 - . (3.31b)
. SZ C
- — = ’ . 1
sz Cz de 0 ) (3 31c)
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Sz' o sz sz - T2 .-1/3 o B R
==hltagra-t a5 | (3.32a)
where | R 4 o

It should be noted that Eqgs. 3. 31) are simultaneous differential equations and
are non-lmear because of the complianoes in the third equation, o

The vertical strains € 2z associated with the behavmr of this medium canbe

‘obtained from Eqgs.. (3. ll) as =~ o0

dezz = N (da2+d6 2) . (3.33) .

The compatibility Eq. (3.31c) states that

[}

Hence for the one-dimensional case Eq..(3.32) reduées to
' T ' da, C.dN .
_ 2 272

For the solution of Eqs. (3.31), consider first the compatibility Eq. (3.3Ic).
' Substitutixig Bqé. (3.32) intd Eq. (3.31c) and rearranging yjeldé
- at, . 1kt T, B
' a'N—- f+ —E—- - S \ . " (3.35)

IntI‘Oduc!.ng the new variable

3 2 4 |
Z2et-g> | 3. 36a)
) NZ = Nf-T
2 AT
24
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s e
it o e o = ot

" one obtams . R /, o ~': _ ; _ : L
dN,z'Z_ + 3.N2 Z7dZ = 'deZ - QTz
S 4T, . . o
2 . .3 2 dz 3 agm
By using Eqs. (3.36), Eq. (3.35) can be transformed into the form
, AN, R
3ZdZ = 'Nz— S 3.37)
+K2 y : .
where - . - -
o 1k f o '
:' K, = ;—-173- ' TR , ' (3.38)
Integrating both sides results in
1n Nz InAs=-3/2 ln (z + Kz) "
°r B . .
N, o, -3 -
Cx= @k - @.39)

where A is a constant of mtegration.

From Eq. (3 36a), Eq (3 39) becames

| | | . R i 2 . _
N, 1, 2P 2 o
T = (f "N—), ’ + K , ' (3. 40)

Equation (3.40) is the general solutlon to Eq. (3. 31c) and a ; articular solutxon

may be obtained by evaluating the constant of integration.
‘ Because the initial condmons, P = N = T2 = 0, are obvious one is inclined to
evaluate A from these conditions. Although this is a true boundary condition, a

singularity pbint occurs at the origin. The equation is, | however, well behaved at

.25
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_ other pomts and the followmg techmque wul be used to evaluate A

' Imagme a small hydrostanc state of stress initially holdmg the spheres in

'A contact before the one d1mensxonal state is 1mposed -Ttns hydrostatlc stress produced
| 4no initial tangennal force at the contacts but it does cause a nomal force of N2 = N

From eq. @S. 40)

: -3/2
= /3

N, = A(r2 + l(z)
or solving for A, the constant oi mtegradon

Coa (] o L '
PR G4

Subsntutmg A iato Eq. (3 40) yields after some rearranging and takmg into

.. | 1, N'z/s 3/2
T2v= N, 1’(?‘_(—1 [(N";) f1]+1 ) (3.42)

A plot of a family of curves representing Eq. (3.42) with various values of the

' account Eq. (3.38).

initial hydrostatic stress N is given in Fig, 3.11. The paths of loadihg are indicated by
arrows on the curves. For convenience the coeff1c1ent of friction f was taken as 0. 3 and
Poisson's ratio v as 0.2. |

If an imt1a1 hydrostatic stress is imposed the value of N can be detcrmined at

which slidmg begins. For tlus condition Eq. (3. 42) yields
R T
w (N-) -1 +1 =0
1 2 -
Re\vriting and taking account of (3.32b) yields

N, - I '
N, = 373 | (3.43)

[1 ) fgz-v)]
2(1-v)
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| The rﬂr’_ wul recall that the problem was to dehne the relatlon between N2 and
T2 for a granular medmm in one- d1mensxonal compression which was loaded from an

v unstressed condmon. It was noted that the solunon contamed a singulanty at the zero -
stress .and_ it was necessary toprovide an initial hydrostatic stress N0 to hold the spheres
in contact wherx lo'adihgr 1N, is now alloWed to approach zero we obtain the solution
desired. On-'investigating Fig. 3. 11 or Eq, (3.‘ 42) it is clear that if one-dimensional
ioadisg oommencesfrcm,_a cozrxpleteijr unstreSSed conditidn_ (N0 = 0), tixe relation between
N2 and T2 is thatv of a straighi line_ w1th a slope of 1/f. Thus, the relationship berween

N, and T2 for a face-centered array subjected to onedimensienal compression is

- __ _ N L Té-_:.,ﬂ‘jz.fv

This means that sliding (differentiated from slip in Sectio_n 3.1) at the contacts
occur_s immediately on ihitiation of loading. Thi.s is extremely 1rhportant in that the
theory developed .to date alo_ng the lines cf Mindlin et al does not allo& sliding at the
contacts, It will be shown herein that the stress- strain relationships in the .o.n.e-'
diﬁensional granular.medium can be described mathematically eveh t;';ough sliding‘ occurs
threu'ghe-ut' the application of a monotonically ihcreasing load.

From compatibility, even in the c_ase of sliding, the geometrical relaticnship
still holds for the displacements at the contacts, i.e. _

| da, - ds, =0 | (3.44)

It mast be Vem_phasized, however, that the tangential displacement 6, is no
‘longer related to the tangential ‘con'tact force T2 by the tsngential compliance 82 because
of sliding at the contect's. The tangential displacement is now ma'del up of two effects,
a sliding effect and a contribution due to slip. On the other hand, the normal forces
and displacements are still connected by the compliances. L

Furthermore, because Eq. (3.44) is a geometrical relationship, it also holds

for total displacements in the problem at hand; hence, - _
' a, = 5, _ _ (3.45)
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'The vertical strain Eq. (3._33) is also purely geometrical and can be written as.
o da, ' C.dN. S
o, ey - CydNy ' -
..'-_,:_‘.dezz = ,R' " , R : o , o (3 46)

The ethbnum Eqs. (3 31a) and 3. 31b), which were origmally writtea in

terms of differential stxesses, also hold for total stresses. V.Hence,

NZ'_"T2=TPzz L B @.472)
N, - T, - 'TPH =0 @47

. Ithas already been determined that N and '1"2 are related by the coefflcxent of friction _

'throughout the entire loadmg., i.e. v
fN -T, =0 | (3.47¢)
The behavmr of the granular medlum subjected to one-dlmensional compression

can now be described by Eqgs. (3.44, (3. 54). (3.46), and (3.47).

Equatlons- (3.47) may be combmed to eliminate Tz :esulting in

NQ (1+f) = 5 Pzz .. (3.48a)
® - {2 . - . ’ )
. N2 (1-f) = -+ H' | N (3. 48b)

In theoretical soil mechanics a quantity of major interest in one-dimensional
> ’ ¢ .
compression is Ko’ the ratio between the horizontal and vertical stresses at rest. From

Egs. (3.48) this ratio is clearly '
. o P

H _ 1 1-f .
K, =’P'_"3(T47f') , | . | (3.49)

~ Some indication of the variation of Ko with the coefficient of friction f is shown in

Table 3. 2.

The strains resulting from one-dimensional compression may now be investi-

gated. The substitution of Eq. (3.2) into Eq. (3.46) yields
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. T3amRNY A
| de . = , "——g";""— | sz o (3'50)

Combinmg Eqgs. (3. 50) and 3. 483). and noﬁng from Fig, 3.9 that

| S R S
_ zz . L -
%z T &7 IR @31
[l a1 e
de,, = 3 [ e ] [3/80 ] S o (.59

Integranon of Eq. (3. 52) yxelds

[“gl v+2 §3{)1~/ 2] o (3.53‘)

"An inferéstiné result of Eq. (3.53) is that the stress-strain behavibr is inde~
pendent of the radii of the particles. A compa.rison of the stress- §train curves for .
hy&msmtic‘and pnézdiménsional compression shows that the curves ars similai'_in °
shape, i)ut turn up at differen:lt rates. The ratio of the one-;iiménsiona.l strain .to the
hydrostanc stram at the same level of stress, 0y is a ratio of Egs, (3.‘53) to (3.;020),

whichreduoesto o, o 5 ST

ezz

2 . ' 2
= : | (3.54)
o - (4D 7B | - .

.

Values of f of 0.1 and 0. 2 give values for e /e of 1,88 and l 77 respectwely This |

indicates that the hydrostatic and one-dimensxonal stress- strain curves'are related as

shown in Fig 3.12

Unloading Cycle. When the medlum is loaded the tangentlal forcec tend to

resist the slidmg motion. During unloadmg the tangential forces tend to resistgthe ‘
sliding movement which is now in the opposite direction, Hence, the tan"gentiai forces

Teverse their direction on'unloadin‘g. The cases of loading and unloading are illustrated

29
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" . ‘,/ ; v',.'./- /‘/» ) . . ) . . . R . -

schematxcally in Flg 3 13 The normal and tangent1a1 forces are snll related by the

/ / —

coefﬁcient of friction; only now the du'ection of the tangential force is changed.

- The new equllxbrmm eqaanons become

N, - TZ ='T»Pz; ,
- (3.55) .

N _ 2,

N+ Ty =7 By

N, - T,=0 o R

_aoisider the medium to be loaded from 0 to o2 Fxg. 3.14, according to .
Egs. (3.53). 1If equilibriurh'Eqs. (3.55) become valid at the instant €,, begins to

decrease fxom e‘zz’ then 0.z will decrease instantaneously from o"zz to scme value

v

0, Atthe eed ef leadmg N, and (:r‘z z 3T€ related by

T wma . |
.QZZ’sz/'_ng o o @3.57)

whereas the stress o'zz is related to the contact forces by Egs. (3.54) and Eq. (3.51)

by
| _ | N, (1-9) S
| L o'zz = —2_RT o o (3.58)

.

The relation between d‘zz and a'zz at the instant when €2 just begins to decrease is

R T2z = 9%z (1+f) | 359

because the value of Né
 cheng=d directions, Combining Eqs. (3.55), (3.51), (3.46) and (3.2) yields for unloading

1-v) V2
de__ = 1/2 % [3/3 oz;_'l do__ . (3.60)

has essentially the same value while the shearing stress has
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which by mtegranon becomes . 'fg, o o

[QTf'?rr] e

'I‘he ennre stres.s ”stram mstory for one cycle of loadmg in one dlmensional'

- joompressmn is shown in F1g 3. 14 in terms of 0* 2z and cr .4 The: denvations above |
.are based upon the assumpnon that the tangential contact forces immedlately reverse

| directions when un_lo,ading begins. Tlns assumpnon is not qmte true, however, because

each Sphere rnust exhibit a small elastic tangential displacement before the tangential

’ forces can change dlrecnon ‘This effect. however. 1s» small w1th respect to the tangen=
 tal displacement due to shdmg and was neglected in the analysxs Because of the above —
assumption, the stress-strain curve reflects a vertu:al drop in stress from A to B with-
out any change in strain, lf the small elastic tangential displacement due to slip were
accounted for, the stress-strain curve would follow a smooth relationship such as the
dotted line suggested in Fig. 3. 14. .

The stress-.strain. behavior shown 'in Fig. 3.14 exhibits an energy loss- Aafter a

cycle of loading and unloading but has no residual strain. Hence, this medium can

absorb energy without any permanent displacements.

Energy Absorption. Tke amount of energy absorbed by the medium on loading

and subsequent unloéding can now be determined.

The energy E 1 required to load up to an applied vertical stress of o; and the

strain of €* _ is .
7 ,ezz o

El = f A ozzdezz
B (3.62)
5/2

(&)
]

4 .
1 -5- (l+f) Gzz
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The energy taken out of the medmm E2 dunng unloadmg back to zero from a .

stress of a and strain e‘z is -

% (l-f)e“ . L : '(3;63)
-Thtis,'. the energy'lojst is B |
IR s
,AE = E, - E2 =. :")' fezz | R o o | (3.64)

“.’I"he ratio of the energy loss to the enefgy input is

%Efs = @.65)

--Thus, a ﬁei‘y-significa#f property of the one-dimensiohal stress-strain éprve is-that the

per cent of energy absorbed ddé—to loading and unloading is always constant for a - |
- material and depends only on the coeffic:iéht of friction at the contacts. Hence, the ratio
of the area between the loading and 'unloadi-n.g curves to the area uncer the loading curve
isa cbnstant given by Eq. (3.65). The pér cent energy absorbed for various coefficients
of friction is given in Table 3. 2. 7 | | |

The relatibnship between normal and tangential contact forces deterinines the

‘relationship between the recoverable and dissipated energies. The work done by the
normal forées duriﬁg deformation f Nzcla2 is stored in the form of recoverable strain -
energy. On the other hand, the work done by the tangential forces f Tzd 5, is a non-
reeoverable energy and is dlssipated as heat into the medium., As seen from Table 3.2

this energy loss during one cycle can be quite significant. In fact, with a coefficient of

friction of 0. 15, the dissipated energy is 26. 1% of the energy put into the system.

3.4 Equivalent Discrete Mass Model for One-Dimensional Static and Dynamic Behavior

In recent years, an increasing effort has been devoted to studying the static and
dynamic behavior of soils using discrete mass-spring models., These modeis have taken
many shapes with various components from models such as the standard Voigt and

Maxwell models, These model studxes have been pamcularly useful in wavé
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propAgauon studtes, such as the work of Smlth and Newmark (19%8) The dynamlc |
equattons of motlon can be mtegrated nurnencally w1th a dlgttal computer usmg the
‘8- method (Newmark 1959); it 1s a falrly straxghtforward approach to modify soil
parameters or sprmg snffnesses as the need arises. '

As rmght be expected from such an approach, there are certain aspects of the
soil behavxor whic,h escape the mass- sprtng model. Part of this inaccuracy is due to
the discreteness of the system and part can be attributed to choice of the model itself.
.' A study of the problems assoc1ated with the choice of vartous models for mvesngatmg
the propagation of stress waves in a one—dlmensmnal medium has been carried out by
Murtha (1961) '

In spite of the inherent difficulties assoc1ated with the use of models, there are
some cases where the model is the only hope for obtaining even an approximate solution.
le.‘;erefore, the writer would 'ike to suggest a one-dimensional model which seems to

exhibit the behavior expected of dry cohesionless sand, and is based upon the theory
presented in Section 3. 2. | |

- va a pressure on the surface of the earth extcnds over a large area, it may be
reasonable to consxderthe soil completely confined. If this condition is satisfied, and

the soil composition is similar to sand, the one-dimensional behavior discussed herein

may very welf‘be a good approximation to the in-situ soil behavior. -

Horizontal Model. Figure 3. 15 gives a model representation of the granular
system described in Section 32 ‘This model yields the same stress-strain.curve as
the spheres for a static load as the load increases or decreases. The model consists
of non-linear spring elements and Coulomb damping elements which dissipnte eitergy
by the same ntechanism as the spheres. The reason that the model depicts horizontal
behavior vis that there are no initial stresses in the model before the load.isvapplied.
Such an asvs‘umption rrtight be reasonable for a vertical column if the weight of tlte soil

is negligible compared to the applied stresses.
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, Vertical Model. The vertlcal model is slxghtly more complex than the honzontal

'one in that the wetght of the matenal produces initial stresses in the model. Stnce the
stress- stram curve for the matenal is non- llnear, the stxffness is a functxon of the
stre.ss, and consequently,- a funcnon of the height of overburden. The overbur_den
pressure increases l'inearl).v with depth and it can therefore be incorporated in the
equanons of motlon. . o | v | , |

A vertlcal model whtch includes the mmal stresses due to the overburden of the
material is gtven in Fig. 3.16. It includes a cha ange in stxffness assocxated with the

' mcreased imtlal stress and follows the stress stram behavxor consrstent with the

analysts of the granular meéedium in Section 3., 2', e ' S ' - ——

| 3.5 Theoretical Relationship Between the Angle of Internal Friction, Coefficient of Earth

Pressure at Rest, and the Coefficient of Friction Between Spheres for a Fa‘ce-‘Centered

Cubtc Arrax of Uniform Spheres.

. “The relationshrp between the prmclpal stresses at failure for a facescentered
cublqarray has been mvestxgated by Thurston and Deresiewicz 21959). The analys1s
applies tovan array as shown in Fig. 3.9 which is initially under an isotropic confining

. pressure. oo. and suhsequently 's_u'hjecte‘d toa uniarial _‘stpréss difference, O, g 25 vshown
in Evig.' 3. 1‘7. When oz';z approaches the ultimate value, failure planes are formed by a
series of shearing displacernents of individual la&ers of spheres; The failure is initiated.
in layers oontaming planes in which the dens1ty of sphere centers is g-reatest. i. €., the
(lll) planes or octahedral planes wiul respect to "the co-ordinate axis in Fig. 3.9, Itis
also interesting to note that Smtth (1961) reports exactly the sarne phenomena for yteldlng
in steel crystals which have a crystal arrangement such that the atoms have exactly the
same locatton as the centers of the spheres in Fig. 3 9 A smgle relattve shearlng
dtsplacement of parallel (111) layers would translate sphere A Fig. 3.9, from the -
hollow between spheres B, C. and E to ‘the hollow between spheres B, C, and D. The

translation of sphere A would be a distance of R V- 4/3 in the [112] direction. The )
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expression given by Thurston and Deresiewicz for the maximum stress difference that

_can be maintained without failure betwe_en oetahedral layers of spheres is

oze \f6+ 8f

% \f6 af
~ Since the major principal stress, oy is gwen by
G, =0, +0, N X 7))

"2z )
‘and the minor principal stress, o3 is equal to o o’ then equation 3. 66 may be written

as

°1 '°3'___ v 6+ 8f
O3 v 6 - 4f

(3.68)

. @
v

If Eq. 3.'68 is examined for the limiting condition of f« 0, then it is found that a stress
difference equal to the confining stress can be maintained .in this array even if the spheres
are frictionless. The Writer was initially disturbed by this resnlt and anzlyzed several
simple gedmetrical arrangemen:s of frictionless spheres. It was found by the method of

| virrual displacements that tne s;rese difference .tnat could be maintained with a given'
obnﬁning stress was a function of the structural arrangement of the frictionless spheres.

- At the pomt of failur_e, the principal stresses and the kinematically possitle virtual
Vdisplac,e_ments in the principal direetionsvare such that the change in poteu‘tial energy is
zero. Because the structural arrangemeat controls the displace:nents which are kinema-
tically possxble. then it follows that the structure also controls the principal stress ratio
at failure in a fricnonless array of spheres Fora given structural arraagement the
st_ress difference at fallure is governed by the boundary displacement corditions, snch
_ as’tne boundary restricrions inplane strain. The change in kinematically possible
displacemenre imposed bp the condition of plane strain accounts for the increased
apparent angle of mternal fnctlon observed for granular materials sheared in plane

strain,
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. The ratio of the princ1pa1 stresses at fallure for a dry granular matenal is.

deﬂnedby
o,

1 _lesing = S -
T Towe e

~where ¢ is the angle of internal fncnon of the material The elimmauon of 0 and 03~

from equation 3. 68 and 3. 69 yields - |

: . 'af+' »fs : T -

sin ¢ = ————— . - (3.70

o 3 ( A_)
Eq. (3.70) is more meaningful if it is w-ritten‘ in the form

______ L ‘m""'s"f;,}g‘ S o1

Eq 3.71) clearly shows that part of the angle of mternal friction is due to friction and

the remamder is due to the structural arrangement. Egs. (3. 70) and (3 68) are correct
| only for a face-cennered array of uniform spheres but the rc'anonships suggest that the

following rglation should apply to any granular medium

sing = Kg+Cf - (3.72)
where I(3 isa poftion of sin ¢ due only to structure (relative density) and C is a constant
determined by the structural arrancement (relative density) which governs how efficiently
the coefficient of fnction is in mcxeasing sin ¢. It should be pointed out that the
conclusions drawn above byvthe writer are contradictory to equations published by
Bishop. (1954) and Caquot (1934). The equation published for triaxial stress conditions,
where 0,=0,<0), by A. W, Bishbp was

sin¢=-im{§§fr o ' (373)

and the equations published by Caquot (1934) and Bishop (1954) for plane strain were
respectively an = m/2f o (3.73)
sin$ = 3/2f
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' VAll of the relationships suggested by Blshop and Caquot show that tb reduces to zero when |
-'f reduces to zero. Thus the equauons do not mclude a term wluch shows a component of
' the angle of internal fnction whleh is a function only of structure, (relanve densu:y), and
independent of the ‘coefficient of friction between grains. Itis therefore concluded that
the equations gw_en by Blshop and Caquot cannot explain the varianon of _¢ with relative :
density. | | | | C
| Studies‘ of the strength characteristics of.runiform spheres in:var;ioué.pacidngsv
vare presented by Idel (1960) and Wittke (1962) which support the opinion of the writer.
In fact, relationships between porositj and tan ¢ are presented in each study for the
" ‘special case of the ooefficient of friction between spheres equal ro zero. Therefore the
studies of Idel ano Wittker_al.so point out that part of the shear strength of a granular
medium is due to strnctural arrangernent, V(relative density), and is independent of the
coefﬁcient of friction betv.veen particles, For the case of triaxial oornpression ofa -
| medium of frictionless spheres in the densest pacldng Idel (1960) givee a value of 0.38
for tan ¢ whereas 'the value tan ¢ calculated from Eq. (3.71) for f=0 ie 0.35. The
agreement is very good and the difference i;-due to the fact rhat the densest packing
considered in this study was a face-eentered cubic array whereas the densest stacking
considered by Idel was a closed-packed hexagonal array.
The coefficient of earth pressure at rest and the angle of internal friction for a

face-centered array can be related by combining Eqs. (3.49) and 3.70) o g’ive

Kk =1 1+ V6/8 - 3V6/8 sin & S (3. 76)
° 1-vV6/8+3V6/8 sin ¢ | |

A plot of Eq. (3.76) is shown in Fig. 3.18 and a relationship between K and sin
as snggested by Jaky (1944) is shown for comparison. The relationship given in Eq.
(3.76) suggests that I( decreases as ¢ increases, which is similar qualitatively to

Jaky's relationship but not numerically identical. The coefficient of friction f was
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iminaied bemeen'Eqs (3 49) and (3. 70) to obbtaian;’ '(3 76)'beeause. ‘althou.gh the

efficlent of fncuon isa useful tool in relatmg ¢$ and K , it cannot be . measured
:liably for grains w1th roughness and small radii of curvature. Eq (3" 76) can be -

\ecked, however. in the above form by measuring K and ¢ for a granular matenal.

BN
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 THE DEVBLOPMENT OF A SPECIAL HIGH PRESSURE |
o ONE-DIMENSIONAL COMPRESSION APPARATUS

g4 1 General

2

A device was deslgned and built to investigate the one-dimensmnal behavmr of
| sand in the high pressure regions. The apparatus can measure the lateral stress under |
conditions of zero lateral strain, and provides one of the best means yet developed for
attaimng the condition of “"zexro" lateral strain. Previous investigators have generally

_'assumed that the etfects of small lateral s strains are negligible, partlcularly when the

sample is enclosed in steel rings. Research by Speer (1944), which was recently pomted
-out by Fulton and Hendron (1962) shows that lateral motion significantly affects the ratio
of oH/o The results of Speer's research is presented in graphical form in Fig. 4.1
and shows that a lateral displacement of 4x10 -6 inches wiil cause a 10% reduction in the
- value of OH/O' Since Speer s work was w1th a sand sample 7 5/8 inches in diameter,
the above diameter change corresponds to a unit stram of approximately .5 x 10 -6 in. /m.

It is doubtful to the writer that Speer really achieved an accuracy of + 1 x 10 -6

in /in,

since Slight electrical instabilities in the circuit would cause minor variations of at least
that magnitude in the strain gage readings. However, his work does in general point out
that the ratio of O‘H/O' is very sensitive to lateral movements. This phenomenon had
already been observed by Terzaghi (1934) in connection with hlS "Large Retainmg Wall
Tests" at MIT Terzaghi concluded that an outward movement of the wall of . 0007 hin .
the case of a well oompacted dense sand was enough to fully mobtlize the shear strength
or, in other words, reduce the ratio of OH/O' to the coeffiment of active earth pressure.
This outward movement oorresponds approximately to a lateral strain of about 12 x 10 -4

.in. /in. Thus for a truly one-dimensjonal test, whereby one also wishes to measure the
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maguitude'of thevlate:ral stresses wh-ichv are concomitant with'“the vertical lload:v it‘ is
.extremely 1mportant to closely control the- lateral dxsplacements. In fact, prelmunary |
s calculatxons revealed that an extremely thick walled cylmder subJected to an mternal
'pressure of 7 500 psi (wluch is an approxlmanon to the lateral soil pressure due to a
vertical load of 15, 000 psx) would experience a radxal stram of 3. 25 b'¢ 10 in /m. if the
specxmen were 7 1nches in diameter and the contaxmug cylinder were assumed to have an
infinite external radius. 'I'hxs strain is of the same order of magmtude as the tolerable'
strams listed by Speer and Terzaahl 'I'hus, in order to study one-dimensmnal com-

_presswn, a new expenmental apparatus had to be demgned which would restnct the v

lateral deformations. The apparatus developed in th1s study is discussed in the following

sections.

4,2 Experimental Apparatus

General Description of the Apparatus. An experimental apparatus designed to

determine the stress-strain relations for soil under one-dimensional compression and to
measure the lateral‘ stre'ss necessary to completely restrainthe sample is shown
scheruatically in Fig, 4.2. The apparatus consists essentially of a thin steel ring, which
oontains a soil sample, surrounded by an annular space. The annular space is filled with
oil which oommunicates freely with hydraulic jacks. The ﬂexible ring aud oil space are

 enclosed in a thick hollow cylinder bolted to a baseplate in order to withstand the high
fluld pressures. The vertical load is applied to the sample by the testing head shown in
Fig. 4.2 which is mounted 'in a 120, 000 1b Baldwin testing machine.

'l'he principle upon which the devioe is based is relatively simple. As the vertical
load is applied by the testing head there are lateral pressures built up in the sand which
tend to increase the diauteter of the thin steel ring. Any sligh't increase in the diameter
oftbe ring s immediately indicated by the strain gages mounted on the flexible ring as

shown in Figs. 4.2 and 4.3a. In order to keep the lateral strains zero, the oil pressure
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~ is modified with changes in the vertical load in such a manner that the strain indicator

remains balaneed at all times during the test. When the strain indicator remaias bal-
anced, there are no lateral strams and the oil pressure is equal to the lateral sml
. ptessure actmg agamst the ms1de of the container, - |
| The apparatus oonsmts of the followmg four basic’eIements.

(l) A thin steel nng momtored with strain gages, Flg. 4 Sa.
(2) A testmg head, Fig: 4.3b. ’ |
(3) A baseplate, Fig. 4. 4a. .
(4) A thick walled cyhnder, F1g 4 4b.

A detaﬁed assembly drawmg ot‘ the test cell is shown dra.wn to full scale in Fxg. 4 S

The three componcnt parts of the cell are drawn to full scale in Flgs. 4.6, 4.7, and 4.8.
The apparatus setup for testing in a 120, 000 1b.- hydraulic testing machine is shown in
Flg. 4.9a. '

Design Qf the Thin Steel ng. The key sensing device, upon which the measure-

ment of the coeffxt:lent of earth pressure at rest is dependent, is the instrumented steel
ring. The steel ring is essentially a thin tube which has an internal dtarneter of 6.812
inches and an external diameter of 7.000 inches over most of its length, except at the
upper and lower ends where special provisions are made to accoxnmodate "O" ring seals.
Four Budd Metalfiim Strain Gages. (Type C6- 1161) are mounted at the mid-height of the
soil sample at 90° intervals and connected in series as shown in Fig. 4.3a. In this
arrangement; the strains eensed by the four gages are avetaged since the change in
resistance balanced by the indicator is the sum of the changes in all fonr gages. :

, The strain gages are "foil" gages with a gage length of one inch and a grid width
of 0.09 inches. The backing of the gages is epoxy and the gages are temperature com-
pensated for steel. Tatnall G-5 adhesine was used for cementing the gages to the ring.
The gages vtere baked on for 2 hours at 175°F and cured for an additional 2 bours at 17001?
The specific reasons for the choice of gages, backing, and cement are given below:
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l The metalfllm gages were chosen because the foil grid is constructed so that

the strands parallel to the axis of the gage have 3 very small cross- sectional area
whereas the end loops transverse to the axis of the gage have a large cross-sectional
area. “This type of oonstrucnon renders« the gage pracucally insensitive to strains |
transverse to the axis of the gage Transverse sensmvity is of paramount 1mportance |
in this study because the purpose of the gages is to measure only the strains in a circum-
ferentta} direction. Since there are axial strains in the rmg ansing from friction
between the soil ancl the ring, it is mandatory that the effect of the axial strains on the
- output of the gages be mtnumzed | | o o

. 2. The foil gages were also desirable because the experimentai apparatus is
constructed such t.hat the gages are required to function in oil up to pressures approaching
2000 psi. This type of gage is relatively insensitive to ambient stresses permndtcdar to
the plane of the gage. | |

3. A gage length of one inch was selected for two reasons. First, averaging

the circumferential stram over one mch reduces the probabthty of obtaming an erroneous
reading because of a flaw. Secondly, the gage length of 1 inch and a grid width of .09 ¢
inches were chosen because this proportion tends to minimize the sensitivity to transverse
strains. A study of transverse sensmvny of bonded strain gages is presented by Wu
(1962) which supports ttus choice. One deﬁmte conclusmn of the study was that the
transverse sensmvxty decreased from 1% to 0. I% for epoxy-backed foil gages as the gage
length increased from 0. 1 inch to vl inch. The writer would like to point out, however,
that the gages user in the study cited above were Baldwin gages rather than the Budd
Y gages used on the thin steel ring; therefore, the exact numerical values do not apply.

The evidence, however, does point out that transverse sensitivity can be greatly

redyced by increasing the gage length.
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4. The epoxy backmg was selected because it was thought that this backmg would
be COmpetent enough to perform satxsfactonly under the hlgh oil pressures
5. Tatnall G S adheswe was used because it is a competent epoxy cement -
whlch was thought to be supenor to other cements for functlomng under oil pressure.
This cement has the addmonal advantage that 1t can tolerate strams as large as 15% |
w1thout unbondmg 'I'he cement was baked and cured at around 175 F. If adheswes
are not cured at temperatures well above the temperature they are used, it is possible

that a rise in temperature during the life of the gages will start a new curing cycle which

will cause the gages to recoxd an apparent strain.” - T T e s e e

The dimensions of the thin steel ring were determined by. three oonsiderati_ons:
ring friction- effects; sensitivity of the ring for measuring the coefficient of earth
pressure at rest, and a‘cchracy in vertical strain measurement. | The overall dimensions
of the ring selected are such that a soﬂ sample approxxmately 7 inches in diameter by

2 inches high can be accommodated. These proportions were selected in an effort to
minimize ring friction. “The theoretical basis for the above statement is presented in
the followmg ana1y51s from Taylor (1942). .

Consider a confming rmg of radtus R and hetght H as shown in Flg. 4 10.. At
any arbitrary depth z below the surface loaded by the force P, the vernca.l force .

&

supported by the scil is desxgnated as QZ The force QZ may be expressed in térms of

the shearing stress TZ

and the applieddoad P as:
Q=P - f 2RT,dz o ' ,(4{1)

The shearing stress is also related to QZ by

L. 2 s R @2

‘2 A o..
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‘ where A is the area of t.he sample, K is the rano of the honzontal to verucal stress,

and fis the coefﬁcxent of fncuon between thc so1l and the ring

Subsntunng Eq (4 2) mto Eq. (4 l) ylelds -

e [ Fogre 0w

R S sl A o )

Integrating the above'.equat‘ion between the épptopriate limifs yields

H | -27RK fz Q - 2nRx°fh
E e S i S 4-3)
P Y e :

Rearranging Eq (4.5) gives -
o -mR M 22K H
. = T . (4.6)
,,QH=P‘ S . |
: - o Ve e ‘ ,-2KfH
whereels the base of Napr.enan logapthms Equation (4 6) 1mphes thatlfe __R—'

_. approaches 1, then QH =P, and the ﬁncuonal effects become negllgxble This relanon-.
ship shows that the R/H ratio should be as large as possxble to reduce the effect of
friction In fact, mcreasing the R/H ratio by a factor of 2 has the same effect as
'reducing the coefﬁc1ent of friction by SO%. A

| It is obvxous that the R/H ratio may be mcreased by e1ther mcreasmg the
diameter or decreaslng the hexght of the ring. There are practxcal conmderanons,

however, which limit both of these a.mematlves.. The diameter beoomes llmfted by the
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capacxty of loadmg machmes avallable 1f one desues to attam pre ssures up to 3000 psi or
more. A practical limit is also reached in reducmg the hexght of the sample since the

height of the sample mﬂuences r.he accx_lracy of the verncal strain measurement. If the

> e ey WINPT R LSE R TR PSS e

sample becomé_s too thin, the increments in verjtical diéplacein_ent can beqbrné too small
forA the Ames diaig 't.o sensé, espécially in tﬁe 2000-3000 psi pr-essufevranges where tlie'
v conéttaingd fnpdﬁlus of one of tﬁe. sénds-tesfed approaches 250, 000 lpsi. A sample height-
of 2 inches w‘a.s selected fér gi_ving the réquired vertical stréih‘.sensitivity' and a diamete:
of 7 inches was Selectéd because that is the largest diameter ihat oéuld be used to obtain

at least 3000 p31 on the sample w1th a 120 000 1b. Baldwin testmg machme. This combina-

tion also gwes a desxrable dlameter to hexght rado of 3. 5.

~ The wall tluckness of the ring was also determined by oomprom1sm§ two confhctmg
oonsideranons. The accuracy of the lateral pressure measurement is enhanced by makmg
the ring thin since very small dxfferenual pressures across the ring can be detected by
the circumferential strain gages. The ring wall, however, cannot be designed too thin
since the ﬁng f:iction could possibly cause a permanent set in the ring or could cause
high énough axial strains that the circumferential gage readings would be affected by
axial étrains even thdugh tﬁey are relatively insensitive to transverse strains. A thick-
ness of ;094 inches was sélected for the design, but the overall design of the apparatus
' was.made so that the v;/all thicknesé of the ring oo&ld be changed if the . 094 thickness
proved to be unsatisfactory. The final diménsions of the ring are shown in Fig. 4.6. ,
A pressure differential across this fing' of . 80 psi produces a calculated circumferential
strain qf 1 micréinch on the outside of the ring. Sincg thé Baldwin strain indicator can
only be read accurately to the nearest 5 microinches, the ring is accurate in y;neasuring _
the lateral stress to 4 psi. This degree of accuracy was thought to be satisfactory for
measurement of lateral pressures from 50 - 2000 psi, but is not accurate enou'gh for

determining the lateral pressures w1th less than 10% error for lateral pressures below

50 psi.
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The dxmensxons of the rmg were also selected so. that when the oil in the annular
ace is under pressure there is a net upward 011 pressure on the ring whlch holds the
mg in a posmon as shown in the assembled drawmg in Fig. 4.5. The purpose of this..
-ature is to keep the rmg suspended frorn the top so that rmg frlctxon w111 put a tensxle
xlal stress rather than a compresswe axial stress in the nng Thls arrangement also
mits the frictxon because when ‘the frxctional force exceeds a certain value the rmg will
tart to move_downward, which in turn tends to decrease the friction because the ring _
egins to act "like a floating'ring rather than a frxed .ring. The net area over which the

il pressure acts upward is 2 32 square mches. Smce the oxl pressure is equa. to the

atera] earth pressure, the pressure in the 011 is given by:
Pb = 0, K | . ;(4.7)
vhere P, is the pressure in the oil, o, is the average vertical stress on the soil sample,

and Ko is the coefficient of earth pressure at rest. The fraction of the total vertical load

in friction needed to make the ring of internal radius, R, move down is:

o K 232in.2 (K 32n. 2 | |
) = V‘ e ) = 0. 064 KO ‘ (4'8)
o ™R "~ @36.5)in. '

A sand with a K, of 0.4 would then move the ring downward with only 2.55% of the
vertical load arched into the ring. This rnovement wou'ld'in turn tend to reduce the
frictional effects by causing the ring to act like a flo- :ing ring. |

Calibration of the Thin Steel Ring. Tbe effect of the high oil pressure on the

strain gages could not be assumed to be negligible even though the gages were selected
to minimize these effects. Calibration of the' strain gages was accomplished with the
apparatus- assembled as shows in Fig. 4.11. The signif.icant feature of this assembly is
that the lower "O" ring between tne bottom of the steel ring and the baseplate has been
removed so that the oil in the annular space can communicate freely with the oil inside

the sample chamber. A steel plug 1-inch thick is also inserted into the sample chamber
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1 .- "to confme the on and a testmg head is lowered flush with the top of the plug to supply a
. reaction of sufflc1ent rnagmtude to keep the plug in place during cahbratlon.
L The gages were cahbrated by increasmg the oxl pressure in mcrements up to.
-2 500 psi. Smce the "O" rmg at the bottom of the steel rmg was onutted the oil
: pressure in the annular space was equal to the pressure in the sample chamber, thus
’g’lvmg zero net pressure differential across the ring. Hence any change in gage reading
“is due to the effects of the all around. otl pressure on the gages. T his cahbranon
procedure vwas oonducted several times and the calibration'curve obtained is shown in
N Fig. 4.12. The curve was reproducible w1thin+ 4 x 107 -6 in, /1n and the pressure effect
.“amounts to7 x 10° -6 in. /in. per 500 psi of oil pressure. Cornpensatxon for these pressure'
' effects was made when the tests were conducted on sands.

The ring was cahbrated several times during the testing period and no change in
the calibration curve could be detected. Since the first calibration described above,
,'.however, a better procedure has been developed which eiiminates the necessity of
removiné the lower "Q" ring for calibration. This is important because the cell then
does not have to be disrhantled for calibration. A steel pltxg with a hydraulic fitting as
'shown ih Fig. 4.9b is ernployed in the improved method. The hydraulic jack is then
cornected to both the hydrauhc fitting leading to the annular space around the rmg and
the hydraulic fxtting leadmg mto the sample chamber filled w1th oil. Smce both the
inside and out51de of the ring are connected to the same pressure source, there is no
pressure d1fferent1al across the ring. This procedure proved to give the same results .

as the first procedure descnbed above with the advantage of greater efficiency.

'I‘echnique for Getting the Gage Wires Out of the Cell. One of the most
challenging problems in the design of the cell was devising a method of bringing the
strain gage wires out of the cell without cutting the wires or getting an oil leak. The

wires also had to be taken out of the cell so that the cell could be taken apart and put
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tck together ,without requiﬁnéa new seal eachtlme. ' 'I'he final design of the'outlet for

e gage wires prouided an outlet through al /8" tapered hole in'the base plate as shown

| Fig. 4.5. The wires are sealed in the hole with an epoxy cement with a shear strength

f 3000 psi which was an excellent dlalectnc material. The hole was tapered so that the

eal would become even tighter at hlgh pressures. In the first' stages of the. a'sseznbly of

2e cell the wires are fed through the hole in the baseplate ‘The wires are then sealed in

he epoxy cement and about 6 inches of slack wire is left between the pomt where the ,

nres enter the baseplate to where the wires hook onto the thin steel ring. This slack ‘

vire is necessary in order to prevent the wires-from- bemg broken when the cellis .- .
lismantled The slack wire is then taped to the outside of the thin steel ring and the thick
valled cylinder is lowered around the ring and baseplate and bolted in place. The cell is -
then ready for use. Tlus method has prouen very satisfactory in the pressue ranges |

of current te's.ting..but it is expected that for extremely high pressures the inou’ rion will o
have to be stripped frorn the-Wires where they. pass through the epoxy seal or oil may leak -
through nast the insulation on the wires. This should be no probl'em, however, if an A
epoxy is used which s also an excellent d.t.alectnc. | |

Descnption of the Tesnnﬁ Head The load was applied to the sou sample by means

ofa heavy, internally stiffencd piston, mounted ina 120 000-1b. hydrauhc testmg machine
as shown in Fig. 4.3. The testing head is 6. 800 mches in diameter and 8 125 inches hlglu
The device consists of two rigid steel plates which are welded on two concentric steel
cylinders. Figure 4,13 also shows the manner in which a dynamOmeter is i:icorporaz ! .
into the device to measure the pressure over the center square inch of the loaded area,
This feature enables one to check the load on the center square mch against the average :
load over the entire area. The piston and the dynamometer were designed with approxi- . - |

mately the same relative stiffness in order tc maintain a uniform deflection of the specimen

‘across the face of the loading device as the sample is compressed.
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: The vertlcal dxsplacernent df the sand during compressxon was measured by two
Ames Dlals mounted at 180° to each“other on the Ioadmg piston as shown in Flg 4.14.
,'Ihe dlals measure the relatwe dxsplacement between the movmg ptston and the thick
| walled cylmder des1gnated as Part Ain Flg 4 S. This measured relative dlsplacement
: is actually thevs,um of the vertlcal dlsplacement of the soil plus the straln in -.he testing
‘head from the eurface'-of loading to the polnt whefe the dials are connected The strains
' in the head were so small compared to the strams in the soxl that they were neglected

and the measurement was taken o represent the vertical dlsplaoement of the soil sample.

The dials are'accurate to 1/10, 000 of an inch and have a 0.4 inch travel. When the two

dzsplaeement of the soil.
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CHAPTER 5 .
EXPBRIMENTAL RESULTS
».l General .

" One- dimensxonal oornpression tests} were oonducted on four different sands up to
1maximum vertica.l stress of 3290 pSl w1th the apparatus discussed in Chapter 4 Axial
stress-stram propertles and the coefficient of earth pressure at rest K were measured
on a.ll tests. The energy absorption capacity of the sands was also .meavsured by means of
cyclic lovading'. o o _ L | |

Bach"sand—was testecLata.vanety of 1mnal_vmd ratlos in order to cover. the
complete range of behavior for each sand. ‘I‘he fom: sands selected for this study were
chosen because they are extremely dissimilar with respect to grain shape and grain-size
distribution charactenstics. It was hoped that the sands selected would manifest a wide
‘range of oue;dimensional properties so that the extreme limits of the various measured
‘quantities could be defined. Descriptions' of the sands are given in subsequent sections
of this chapter. | |

Triaxial tests were alsooonducted on the four sands to docuxnent fullythe
engineering description of the ‘sands and to determine if any of the properties measured
in one-dunensional compressxon could be correlated with index properties defmed by

well established routine tests. 'I'he triaxial test procedure and results are presented in

"Appendix B,

5,2 Description of Sands

Minnesota Sand. ‘One sand used in this investigation was a uniform, rounded,

silica sand obtained from the Gopher State Silica Co. in LeSeur, Minnesota. The sand is
a coarse fraction obtained from the St. Peter Formation, a marine sand of Ordovician
age, Because of the frosted nature of the sand it is thought to be of eolian origin. The -

transportation of this sand by wind and the additional working of this sand undex marine
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.' conditions account for the fact that it is rounded Tlus sand was selected primarily
because it is rounded and highly spherlcal. a spherlcity of 0.95 has been determmed for

f.this sand by a method suggested by Rittenhouse, (1943). Therefore, test results on this
“sand should provide an experlrnental check for the theory developed in Chapter 3. The

| sand is 100 per cent sxhca and 95 per cent of the material is between the No. 10 and No.

20U0. S. Bureau of Standards sieve. The effective sxze, (Dm) of the sand is 0.89 mm and

the umformlty coefficient is 1.18. A grain- size distribution curve for the anesota

Sand is shown in Fig. S.1. The specific grav1ty of the Minnesota Sand is 2. 65 and the |

_' “void. ratigs_iof_the loosest andudensest states are emax. =0, 6?5 and € nin. = 0. 455,

respectively. The procedure used for determinmg the maximum and minimum void

ratios was the method suggested by Bauer and Thornburn (1962). The loosest state was

obtained by placing the sand in a2 brass measure of known volume,' 205 cc, with a glass
funnel held about 1 inch above the free surface. The excess material was then carefully
trimmed yvitha straight edge. The det:sest state was _obtained by ﬁlling the measure
through the funnel whlle tapping the measure continuously with 2 wooden tamper and it

was also achieved by placmg the sand in the measure in 1 /2-lt‘...h layers and tapping

the sides with a mallet until the free surface was no longer settling Both methods

yielded the same results. The relationship between the initial void ratio and the angle of
internal friction was obtained ior Minnesota Sand irom the drained triaxial tests "

described in Appendix B and is shown in Fig. S, 2.

Pennsylyania Sand. A coarse, angular, silica sand obtained from the Pennsylvania

Glass Sand Oorp ,' Pittsburgh, Pennsylvania, was als_o used. The sand is obtained from
the Sharon Formation of Lower Pennsylvania age ina quarry near Geauga Lake, Ohio.

.The sand was selected primarily because it is a pure sllica sand in. rhe same size range
as the Minnesota Sand; however, it is angular in contrast to the rounded Minnesota Sand.

It was thought that these two sands would more or less define the extreme limits of the
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behavior of coarse sands m one- dlmenswnal c0mpressmn The sand is 99 per cent pure
' sihca and 93 per cent is retamed between the No 10 and No 20 U S. Bureau of Standards
' sieves. The eftectlve size is 0.92 mm and the uniformity coefftclent,, Cu’ 15'1.48. The

gram-size dlstnbunon for this material is sbown in Flg. 5.1. The specific'»gfavity of
the sand is 2.64 and the snhe;:;elty as defined by the method of Rittenhouse (1943) is

0 89 Va.lues of the void ratio for the densest and loosest states were determined by
the method descnbed prevmusly and werxe found to be 0 880 and 0 595 respectxvely
The relatlonsl.up between the angle of internal fncnon and the uutlal void ratio for |

Pennsylvania Sand is shown in Flg. 5.2.

Sangamon Rlver Sand Sangamon River sand obtained frorn the Pontiac Stone Co.,

Mahomet, mmois, was also used in th1s investigation. Figure 5.1 g'lves the grain-size
‘distnbntxon for this sand. The sand has an effective size (DIO) of 0.18 mm and a uni-
formity o,oef»ficient'.: Cu; ef 1.83. The sand may be. deseribed as sub-angular; the .
sfihet‘flcity is 0.87, and the specific gravity is 2.67. The maximum and minimum void
ratios are 0.87S and 0. 540 respectively.' The relationship between the angle of internal
- friction and the initial voic ratio fo‘r the Sangarnon Rivor Sand is shown in Fig. 5.2,

Wabash River Sand A fau‘ly well-graded sand was used in this study whlch was

obtained from the Wabash River near Attica, Indiana. The sand may be described as sub-
4angular to sub-rounded and has a sphericity of 0.85; the effecnve size, D‘lO’ is 0,26 mm )
and the. umform1ty coefficient, T o is 3.0. The grain-size distribution curve for, Wabash

| River Sand is shown in Fig. 5.1. The Wabash Riv.er; Sand has a specific gravity of 2.67

and maximum and minimum void ratios Vof 0.694 and 0.434, respectively, ._The variation

of the angle of internal friction with the initial void ratio is shown for Wabash Sand in

Fig. §.2..

5.3 Preparation of Test Specimens
The accurate control and measurement of the initial void ratio of all specimens

were of extreme importance since the relative density significantly 2ffects the stress
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deformation properties of sand Each sarnple ‘of sand used in the one dirnensional tests:
oon31sted of 2, 000 g'rams of oven-dry matenal thus the volume of the sand solids was

\Y
. oonstant for each test. Sinoe the v01d ratio, e, is by deﬁmtion s where V is the

Vs |

' volurne of the voidsand Vs is the volume'ot the soil solids, the void ratio may also be
wﬁaenas;- . ‘ . _ -

_ where V represents the total volurne of the sample. Smce V was constant, the voxd

ratio was deterrnined by controllmg the total volume, V The Sample chamber of the

devioe descnbed in Chapter 4 was cylindrically shaped so this was easily accomplished T
by controlling the height of the sample. ‘ .

Each test specimen was prepared by placing 2, 000 grams of oven-dry sand into
the sample chamber and inserting a meta! plug into the char‘nber above the sand. This
‘steel plug fits into the chamber as shown in Fig. 4.11, A vibrator was then set on the
;metal plug and the ssnd was vibrated untilv the plug settled-to the desired height.f) The
height was measured to the nearest 0. 01 inch by measuring the distance between the top
.of the steel plug and the top surface of the cell The sample was considerad adeqnately
' prepared only when the vertical height of the 'specimen was lnxeasured to be the same ai
4 points at 90° to each other around the periphery of the sarnple. This method of sarnple
preparation has proven to be rather sirnple and convenient and the test results indicate
that very good reproducibility has been achieved by the etnployment of this technique.

It was noted throughout the tests that the maximum densities that could be .

“ attained in the one-dimensional device were not as high as the maximum densities defined
. by the relative density tests described previously. The samples were then placed in
| layérs in an effort to get denser samples. but higher densities_ than those reported could
‘ot be obtained. The most probable reason for this phenomenon is thatina confined con-

dition in a heavy apparatus the particles'were not free to rearrange as in the relative
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densuy mold and due to the heavy mass of the cell (approxxmately 500 lbs ) the
amplttude of v1bratxon applted to the son would not be as large as the amphtude of

vibranon put 'into the hght mold used in the relanve densxty oests. ‘

.5.4 . Experimental Procedure

A General; The ob]ectxve of these one- drmenswnal tests was to obtam curves of L
verttcal stre SS. versus vert1ca1 strain and to obtain measurements of the lateral stresses
which are ooncornitant wrth the vertxcal stress throughout the h18tory of loadmg under

the condmons of zero lateral stram The procedures described herein were mtended

to accomphsh this ob)ecttve by utxllzmg the eqmpment described in Chapter 4 w1th a
‘ 120 000-1b hydrauhc testing machme for supplymg a measurable controlled load.

Pretest Procedure. Immediately after a sample is prepared, the zero reading is

>

obtained for the circumferential strain gages on the flexible steel ring for the conditions
of atmoSpheric pressure in the hydraulic system A calibratxon chart sltmlar to Fig.
4,12 is then eonstructed by drawmg a stra.ght line through the zero readmg with a slope
of 7 microinches pex 500 psi to obtain the relationshtp of strain mdtcator reading
_versus oil pressure for zero crrcumferentxal strain in the nng. The strain mdlcator
is then halanca-d on this calibration line throughout the test This procedure must be ..
_followed for each test because the zero readtng may chanoe from one test set~up to
another due to temperature changes affecttng the resxstance of the dummy gages and
Changes in t_he strxain lndtcator. Smce itis the slofe of the straight hne cahbratlon
that acoounts for the effect of the changes in oil pressure on the gages throughout the
, test, the magnttude of the initial zero reading has no 51gmf1cance. It is important
however that. the zero readmg before and after any one test be the same, otherwise a
zero shift has occurred during the test and the error in the calibrauon curve is exactly

equal to the magnitude of the zero shift The zero readings before and after each test

should be within § micromches. :






A seatmo load of about 5 ps1 is then applied to the sample and the stram dlals '

on the testmg head are secured in approxxmately the cor rect posxtion to give maximum' V' .

travel. The seatmg load 1s then reduced until itis a.lmost exactly zexo and the Ames

" dials on the testmg head are adJusted to zero. The equxpment is then completely ready
:for testlng |

Testlng Procedure. The sample is loaded by a vert1ca1 load applled at constant

~ strain rate while the honzontal pressure on the flexible ring is adjusted continuously by |
' hydraulic jacks in order to mamtam the condmon of zero lateral strai.n Readmgs of the

011 pressure and the Ames dial readmgs are taken srmultaneously at predetermmed in-

—tervalsofvertu:al- stress.—-Durmg— unloading;- however, the Baldwin hydraulic- testing - - - -

machine had no provisions for maintaining a constant rate of strain. ’l'here'fore the
unloading poruon of the test was conducted at a constant rate of stress. Occasional
tests were run of each sand, however, whlch were desxgnated as oonsolxdated type”
tests‘.. These samples were loaded and unloaded in stress increments as in ordi nary
consolidation tests on clair and'each increment was left on the sample until the movement
of the Ames dials became imperceptible. The horizontal pressure reading recorded in
the "consohdated" tests was the horizontal pressure at the same time the final dial
reading was recorded for each increment. |
The vertical stress on the sample was taken as the total load registered on the ‘.
testing machine divided by the area of the 'specimen. There were no corrections for
ring friction reducing the average load on the sample. An attempt to assess the
importance of ring friction in these tests is presented in Appendix C.
| The vertical strain was measured by the Ames dials mounted on the testing.
head at 180° as shown in Fig. 4.14. The two dial readings were averaged because the
.testinvg machine allowed -some tilting of the testing head. The vertical displacement
indicated by the dials was taken as the displacement of the top of the sample bec’ause
the strain between the surface of the testing head and the point where the dials were
connected was negligible. |
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S Test Results

. The vertical stress-strain data from this series of tests has been plotted for . |
he entire history of loading for each test. A plot of the horizontal stress versus the
ertical stress was also made for each test. These plots therefore show the r lationshio :
retween the three quantities measured m these tests and thus incorporate all of the
'xpenmental data for each test into two diagrams. | ’ o o

The stress-strain cutves for tests on Minnesota Sand, PennSylvatxia Sand,
jangamon River Sand, and W_'abashARiver Sand are shown in Figs. 5.3 through 5. 22,

Figs. 5.23 through 5.30, Figs. 5.31 through S.37, and in Rigs. 5,38 through S. 45,
tespectively. "\l'he relationship of horizontal stress to vertical stress for ’th.e. same tests
on Minnesota, Pennsylvania, Sangémon River, and Wabash River sands are given in

Figs. 5,46 through 5.65, Figs. 5.66 through 5,73, Fxgs. 5.74 through 3.80, and

Figs. §.81 through 5.88 respecuvely.
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'CHAPTLER‘}G - | |
INTERPRBTATION AND DISCUSSION OF EXPERIMENTAL RESULTS

_6. 1 General

The experimental data pres'en_ted in the previous chapter are summarized and

interpreted m this chapter. Generélly, the stress- strain behavior is qualitatively

similar to that obéerved by previous investigators such as Roberts and De Souza (1958).

: Due to the sample dimensions used in this test series, however, the numerical results

are belleved to be more precxse than any previous one-dimensxonel stress-strain data

published for sapds up to 3250 psi, 'However, many of the conclusions drawn below
conoerning the coefficient of earth pressure at rest are given for the first time, The
experimental data on the coefficient of earth pressure at rest also give actual numerical
support to relationships suggested by other investigators, -uch as ]aky (1944). .Summary
graphs are shown for all four éands where the eonaoiidation of data clearly shows the
effect of a signiﬁcant va.riable. A special effort is rnade throughout to correlate the
expe_rimental results on Minnesota Sand with the theoretical analysis preaented in
C‘hapter 3. N o

6.2 Axial Stress-Stram Relationshlps

3
.The one-d1mensiona1 stress- strain measurements on all four sands are presented

in Figs. 5 3, through 5.45 in which both quantities have been plotted to an arithmetiq
scale, 'l'he stress-_s_train curves in general for all tests are nonlinear curves which are
concaive upward on the loading portion of the eurye unless significant crg,shing of the soil
grains cauees the cu::fr_ature to become concave downward, The unloading cﬁrves. . |
however, are all concave upward, If the sand sémple is subjected to subsequent cycles
of load with a maximum stress well below the peak value of the fixst cycle, both the
loadlng and unloadlng curves are concave upward.
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Summary graphs are shown in FlgS. 6 1 - 6 4 which show famlhes of stress- : N
strain curves fox samples of anesota, Pennsylvama, Sangamon River, and Wabash -
Rwer sands tested at vanous mitial relatwe densities. All four graphs show the obvious
| effect of the initial relanve densxty. The denser the sand the more steeply the stress-
straln curve turns up givmg less strain for a dense sample than a loose sample at a given
| vertical stress. The initial relauve den31ty also affects the shape of the stress-strain
curves. Figure 6 l shows four tests on Minnesota Sand at four different void ratios.

The tests w1th mitial vord ratxos of 0, 54 and 0 62 mamfest stress-strain curves with a

_concave upward curvature throughout the entire range of loading. The two tests with

initial void ratios of 0. 66 and 0.77 have stress-strain curves which uutiaiiy are concave
upward but display a concave downward curvature at higher pressures. v'-lt should also be
Doted that the stress- strain curve bevgins to turn concave downward at a lower vertical
str'ess for the sample with an initial void «atio of 0,77 than for the sample with an initial

" void ratio of ,0 +66. The farnily of stre‘ss; strain curves for Pennsylvania sand shown in
Fig, 6. 2 are similar in shape because they are all initially concave upward but become
concave downward at higher ievels of vertical stress. The curves,for the Pennsyl_vania
Sand also show the trend that the higher the initial relative density, the higher ts the

: vertical Btress at which the curvature becornes concave downward The tests on
Sangamon River Sand given in Fig. 6.3 show that the densest sarnple has a stress- strain B -A
curve which is concave upward throughout the entire range of loaaing; the three looser
samples, however, display stress-strain .curves which .are initially concave upward and |
beoome concave, downward at higher stresses, Tests on Wabash River Sand presented

. InPig, 6.4 also show that increasing the initial relative density increases the slope of
the stress-strain curves. These test results are different than those for the other three
sands because tests at ali imtial relative densities have stress-strain curves which are

concave upward throughout the entire range of loading.
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_‘ 'I'he non-lmeanty of the stress— straln curves dxscussed above demonstrates‘ -
the well known phenomenon that the su.ffness of a glven sand is h1ghly dependent upon
the stress level. This stiffness in the case of one-dzmensxonal compression is usually.‘
designated as' the "conStrained modulus'l of deformation, The 'f?constrained" tangent
} nxodulus ofvdeformatlon which, 'by'ldef'mition, is the rate of change of vertical stress thh
respect to verucal strain under oondmons of Zero lateral stram, will be used hereafter
" in thxs dlscussron. Values of the constramed tangent modulus have been calculated at
‘ intervals in the vertica.l stress of 275 psi for the mmal loading of all tests. ‘The variation

of the constramed tangent modulus with vertical stress is shown for all four sands at

i various 1mna1 relative densities in Figs. 6 5 6. 8
The general trend shown in all four summary graphs is tl1at the constrained

tangent modulus increases'with pressure for a given specimen until crushing of the

grains causes the modulus to decrease thh further increase in pressure., This nheno-
menon is illustrat_ed'best by the angular Pennsylvania Sand, for which the constrained
tangent modulus initially increases with vertical stress and then decreases at higher
pressures for the entire family of curves shown in Fig. 6.6. A decrease in constrained
modulys with pressure occurs'only for the tests on loose samples of Minnesota and
Sangamon River Sands shown inFlgs 6.5 and 6.7, respectively., The denser samples

‘ ot Minnesotaand Sangamon River sands, however, manifested a monotonically increasing

_ oonstralned modulus with increasing stress up to the maximum pressure; therefore,
crushing of the grains in the dense samples was not signiﬁcant enough to cause a -
decrease in constraxned modulus. The constrained modulus-vertical stress relatlonships
for the fairl;r well graded Wabash River Sand are shown for three initial void ratios in Fig.
6.8. The constrained'xnodulus increases with increasing vertical stress until a vertical
stress of'about‘ 2000 psi; then, the moduli for. the three different curves appear to remain
oonstant un to the maxitnum vertical stress of 3290 psi. Thus significant crushing did

not occur in either the dense or loose samples of well graded Wabash River Sand because
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. the constramed tangent modulus did not decrease with additional vertical stress at any
,.'_stage of the loadmg | | ‘ ‘

In summary, the families of stress- strain curves and constralned tangent
vmodulus vertlcal stress curves for the anesota, Pennsylvania, and Sangarnon River
Sands indicate that the mitial relative densxty of the sand governs the stress level at
which crushing of the grains causes the constrained tangent modulus to beg'ln to decrease
~with addiuona.l*vertical stress. In general, as the initial relative density increases, the:
stress level at which the constrained madhlus peaks also increases, Therefore the

— -stress-level at which'significant cmshing dcct'urs“for"a given sand also increases asthe o
ininal relative density increases. This behavior can be explained in the following
manner. A sand witha higher void ratio or lower relative density is free to rearrange
as a small amount of crushing takes place at points of contact, and the strains from this
rearrangement are reflected in a decreasing constrained tangent Inodnlns. The sands
with a lower void ratio, hovvever, are not free to rearrange' to a great degree when
crnsh!.ng initiates and thus no significant strains due to rearrangement' occnr. "Even the
denser samples will show a decreasing modulus at some stage due to crushing but, in |
general, one would expect crushing to occur at a higher average stress level in a dense
sand than in a loose sand. A dense sand has more contact points per unit volume than
a loose sand and thus for the same average applied stress, the loose sand has higher
grain to grain contact stresses than a dense sand. 'I'herefore, the loose sand beglns
crushing ata lower stress than the dense sand. The explanation above is consistent

. with the experimental results presented for the Minnesota and Sangamon River sands

 which showed crnshing of the loose specimens but did not shovv crushing of the dense

 sands within the range of vertical stress applied in these tests, The trend which would
be predicted from the above explanation was definitely exhibited for the Pennsylvania

Sand which showed crushing for Specimens tested at both high and low initial void ratios.

- 60






’l‘hese'experirnental results are given in Fig’.' 6. 6 and definitely‘ show that the vertical
stress level at which mgnificant crushmg occurs increases for a given sand as the
brelauve densxty increases. The Wabash River Sand did not show sxgnificant crushing
for either the dense or loose samples withm the pressure ranges of these tests 'l‘lns
behnvio_r can be _explamed by the fect that the sand is fairly well graded which provides
many oontact p‘oints per unit of volume. Therefore the contact stresses for a given
| average stress on the’ medium are reduced. »

| The sxgmficance of relative density in determining the constrained modulus for
a given sand is defuutely indicated in Figs. 6.5-6.8. These data show that the con-
sirained modulus for a given sand at a given lev.l of vertical stress may be 8 or 9 times
higher for a dense ‘sand than for a loose sand, This is not enough evidence, however, to
draw the conclusion tlnat relative density is the unifying index property whic_h deterrnines
the stiffuess of all sands at a given level of stress, Figures 6,9 and 6, 10 show con-
| strained tangent modulus versus vertical stress curves for tests on allifour sands at
approxlmately'the same relative density. These data indicate that the constrained
modulus for the rounded Minnesota Sand -may be 9 or 10 times greater than the con-
~ strained modulus for the angular Pennsylvania Sand at appro;dmately the same reletive
density. The rounded Minnesota Sand and the Angular Pennsylvania Sand define the
upper and lower limits of the consi'rained modulus while the Sangamon and Wabash River
Sands fall closelyvtogether between the two extreme limits-. 'l‘hus the angularity of the
pnrticles is just as significant in affecting the constrained modulus as the initial
relative 'density. A rounded sand has had most of the incompetent pieces weathered
out and oon,sists entirely of rounded quartz grains that experience much less local |
crushing ;nd permanent deformation at points of contact than a more angular sand.
Therefore the rounded sands are stiffer during loading and exhibit a higher strain

recovery during unloading, Since the angularity is a function of the transportation
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.history of the 'sand,"' the constrained rnddulus ata given'relative' densitv is indirectly
related to the geologic pro,cesses‘which acted to produce the natural sand deposit. It

s probable that the Sa'ngamon River Sand and Wabash River Sand show almo&ﬁentical
| constrained tangent modulus - vertxcal stress curves in Figs. 6.9 and 6 10 because they
- are both from recent river channels and have sirmlar mmeralogical content.

’I'he effect of time on t.he one- dimensmnal stress strain relationships was not
part of tlus study. The stram rate was varied however between the limits of 0 00s
, mches per minute and 0.04 inches per mmute on the initial test series on Minnesota.
Sand. 'l‘his_‘srnall range of strain rate was‘ not enough to materially effect the constrained .~
- modulus. Values of the constrained tangent modulus in the 2, 500-3, 000 psi vertical |

stress range are shown below for different testing rates on samples of anesota Sand

with an mitlal vmd ratio of 0. 54.

e

Testing Rate, - Constrained - o :
in/min _ Modulus, psi o e
0.005 - 262,500
o0.010 262,500
R 0.020 269,500 |
- I .0040"” . 270,000

Consohdated Type Test 245, 000

The oonstramed modulus appears to increase slightly with increasmg strain

 1ate; however, in the range of constant stram rates considered this difference is only
about 8, 000 psi which is not significant. 'I‘here is a slightly greater difference, 'however, '
- between the oonsohdated type test and tests run at a constant strain rate because the
consolidated type test includes more deformation due to creep. Even this difference 3

s less than 10% and not significant compared with the changes in constrained moduli

caused by small changes in initial relative densities.
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6. 3 The Coefficient of Earth Pressure at Rest_..._' L ) =

’l‘he results of the laferal earth pressure measurements for the ftrst cycle of
loadmg on all four sands are shown in Figs S5.46 - 5 88. The lateral earth pressure
required for Zerxo lateral strain is plotted in these graphs as ordmate versus the vertical
stress as abscissa All of the curves show the same general qualitative characteristics
even though they are quantitatively different. The relationslup between the horizontal
and vertical stresses in the low pressure ranges gives a straight line through the origin

for all tests and the coefficient of earth pressure at rest, l(o, is numerically equal to

the slope of the straight line. “As the pressure increases Soiié of the e sts"show that—
the relationship between the vertical and the horizontal stress continue on'the same |
straight line up to the maximum pressure. Most of the-data indicate, 'hovvever, that as
the pressure increases there is a tendency for the coefficient of earth pressure at rest
to increase which is reﬂected in an increase in slope of the curve at higher pressures.
'I’hroug-hout most of the unloading the horizontal stresses decrease ata lower rate than
‘the vemcal stresses whxch gives a fiatter curve located above the loading curve. In
fact, near the end of unloading the hortzontal pressure exceeds the vertical pressure
which gives a coefficient of earth pressure at rest greater than 1. 0. :
Because all of the tests give a straight-line relationship between horizontal stress |

and vertical stress up to about 1000 psr, the values of the coefficient of earth pressure

at rest have been computed for all tests in this range for the purposes of comparison.
'Thus the values of the coefficient of earth pressure at rest discussed in this paragraph -
are for normally loaded sands up to 1000 psi. ‘The value of the coefficient of earth
pressure at rest is found to be dependent upon the type of sand and the imtial relative A
denslty of the sand Summary graphs of the coefficient of earth pressure at rest

versus the initial void ratic are shown for the four sands in Figs. 6. 11 - 6. 14 'l‘hese

data consxstently show that the ooefﬁcient of earth pressure at rest increases as the
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initial vo1d rauo increases for all four sands. Thts trend in the data was expected =

. because prevtous mvestlgators such as Jaky (1944) have reported that the coefﬁcxent

of earth pressure at rest is mversely proportional to the angle of mternal frxctton.

' Because the angle of mternal friction increases- as'the initial relatwe density increases,
: it follows that the ooefﬁclent of earth pressure at rest should decrease with tncreasmg
. relative densxty as observed A serles of dralned triaxial tests was oonducted on all

four of the sands at various relative densmes. The object of the triaxial testing
program was to define the relauonship between the angle of internal £nction and the .

untlal void rano. ThlS relattonship was used to establish a correlation between the

angle of internal fnctlon and the coefflcient of earth pressure at rest. The experimenta.l
relationships between the drained angle of internal friction and the inidal void ratio for
the sands are presented in Fig. 5. 2, The relationship between the angle of internal
friction and the coefficient of earth pressure at rest was obtained for Minnesota Sand by
taking a value of I(O from Fig. 6.1} corre sponding to a given initial void ratio; a value

ot‘ ¢ is then picked off Fig. 5.2 corresponding to the same initial void ratio, This
procedure is repeated for scveral va.lues of the initial void ratio and the values of the
,coefflclent of earth pressure at rest are plotted against the sine of the angle of internal
friction as shown in Fig. 6. 15. The relatxonshxps for the other sands were obtained by
the same procedure and are also shown in F1g 6.15. 'l'he experimental results for the

| Pennsylvania, Sangamon River and Wabash River sands conforrn almost exactly tq the
relationship suggested by Jaky (1944), whereas the experimental results for rounded
Minnesota Sand fit very closely the relationship obtained from the theoretical investiga-
‘tion in Chapter 3, Because the Minnesota Sand is composed of almst spherical particles
of uniform size, it 's reasonable that the Minnesota Sand should fit the theoretical .

relationship derived for a medium of uniform spheres more closely than the other

three sands, - |
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The expenmental data defuntely md1cate that the coefficxent of earth pressure

at rest for a gwen sand is mversely related to the angle of mternal fnction This

. 'relauonship may also explam the tendency Afor the coeffic1ent of earth pressure at rest

to increase w1th pressure as typically 1llustrated by the relationslnp of the horlzontal

"~ and vertical pressures durmg loadmg for a sample of Sangamon River Sand (Fig. S 77) _'

It is well known that the a.ngle of mternal friction of a glven sand decreases as the

confmmg pressure increases. 'I'hus the coefficient of earth pressure at rest should be

“expected to increase with pressure because it is inversely related to the angle of in-

‘ ternal fnctlon. The above explanation accounts for the value of K mcreasmg with

i 'pressure, but according to thls mechanism the transmon should be gradual and contm-

uous. Test results are given in Figs. 5.57 and 5.58 'for loose Minnesota Sand at void
ratios of 0. 64 and 0. 66 which show a rather sharp break in the relationship between the

lateral and vertical pressures during loading., The curves make a transition from an

 initial Straight line into another straight line with a steeper slope. An abrupt chang'e'}

of this type is thought to be caused by crushmg of the grains, This abrupt change is
mamfested by loose anesota Sand, Flg’S. 5.57 and 5 58, but dense Minnesota Sand
gives a straight-line relationslnp throughout loading as shown in Figs. 5.64 and S, 65.
Figure 6.5 shows that it is also the loose Minnesota Sand which gives a decrease in
constra.inedvtangent modulus at higher pressures due to crushing and rearrangement.
Graphs of lateral pressure versus vertical pressure for Pennsylvania Sand are
shown in Figs. 5 66 - 5.73. All of the graphs show abrupt changes in the curves during
loading, Figure 6.6 also shows that the constrained tangent modulus decreases due to
crushing for tests at all initial relative densities for Pennsylﬁania Sand.
The lateral stress ve"rsus vertical stress plots for Wabash River Sand are
given in Figs. 5. 81 - 5.88. These data indicate that the lateral stress-vertical stress
relationship for loading is almost a straight line through the origin for all tests, and no

abrupt changes in s‘IOpe”are shown. This phenomenon is cqnsistent with the idea that
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crushmg is. important mi causing an abrupt change in the OH versus 0 relationship |

_ because the constramed tangent modulus versus vertical stress graph in Fig. 6. 8

'. indicates that s1gmf1cant crushmg has not occurred w1thin the pressure ra.nges of testmg
for the Wabash River Sand. S | T

| The lateral stress rneasuremerits for Test 2 on PeMsylvania Sand are given in
Fig. 5.67 aﬁndv)ill be used here as' a specific example to illustrate the mechanism which
causes the fairly abrupt changes in the horizontal stress-vertical stress relationships.
"I'he first break in the loadmg curve given in Fig.. 5.67 occurs at a vertical stress of
approximately.v.IZOO_psi. The constrained tangent modulus versus vertical stress -
relationship for Test 2 is given in Fig. 6.6 by the curve shown for.an initial void ratio
of 0.70; lt is observed that the constrained modulus begins to decrease with pressure
at approximatel)i 1200 ‘psit 'l'his}behavior indicates that at 1200 psi some of tlie contacts
have disintegrated and have transierred enough ._load to the remaining contacts so that a
large number of 'contacts are near the point of failure. ~ Additional vertical stress causes
a sufficient number of contacts to fail which results in rearrangement and large strams
- Therefore: the oonstrained modulus decreases with additional vertical stress as
observed in Rig. 6. 6._ These contacts which are crushed were contributing to ‘the
average shearing stresses vnecessa.ry to maintain the difference between the lateral and
vertical stresses. When the rearrangement described above occurs, the value of)Ko
will have a tendency to increase because the sand grains will tend to move such that
shear stresses on them are relieved rather than increased, The value of K§ for Test 2
on Pennsylvania Sand continues to increase up to about 2600 psi where the horizontal
Stress-vertical stress curve flattens out arid ‘he value of K o begins to decrease with
'Pressure, Figure 6.6 indicates that the constrained rnodulus for Test 2 (e 0 = 0.70), is
beginniug to approach a constant value in the 2600-3000 psi range. Therefore, at a
stress of about 2600 psi the sand iias rearranged until many more new contact points
have been made which permits a larger principal effective stress ratio and thus a

lower value of Ko“ _
66




4—4-‘



The relanonship bemeen the lateral pressure Iand the' vertical pressure for |
‘unloading is shown for all tests in Flgs. S. 46 5. 88 The typical unloadmg curve for
all tests is a concave downward curve whlch is very flat at lugh pressures and increases
in curvature and s10pe as the vertical stress approaches zero. Throughout most of the
unloading portion the vertical stresses are relleved at a faster rate than the horizontal -
stresses. Thus, as unloadmg proceeds the value of the coefficient of earth pressure at
- rest mcreases. The test results show that for some sands ~the value of the coetﬁcxent
of earth pressure ranges from about 0 40 to 2.90 dunng unloadmg. Therefore,

: 'dependmg upon the stress history. the coefﬁc1ent of eart_h pressure-at restmbe very ..
close to either the acuve or passive earth pressure coefficients, The most commonly
accepted number,i at least for clays, that is utilized for expressing the stress history is
the overconsolidation ratio, which wxll hereafter be re.ferred to as the OCR. The OCR,
by definition, is he ratio of the maximum previous stress to which a so_il'has been
subjected to the present stress on the soil. The OCR is 1.0 durmg loading up to the ’
maximum pressure, but if the spec'irnen:is unloaded the OCR becomes greater than 1
and incre'ases to infinity whenthe specimen is completeiy unloaded. A typical variation
of K with OCR is illustrated in Flg. 6.16 for Tests 3 and 4 on anesota Sand This
graph clearly shows that K increases at a decreasmg rate with OCR and appears to be
approaching a horizontal asymptote. The K, value at an OCR of 37 ts almost 2.0 and
still increasing such that the curve will probably become asymptotic toa straight
hori,mntal line where K, is equal to the coefﬁcient of passive earth pressure. Curves -
of K versus OCR have been plotted for all specimens loaded to the same maximum
vertical stress for purposes of comparison. Summary graphs of K versus OCR are -
shown in Figs. 6.17 - 6 20. Each graph with the exception of Fig. 6.17, gwes a rather
narrow band w1thin which all test results for a given sand fall regardless of the initial
relative densny This band is espec:ially narrow for the Wabash River Sand (Fig. 6. 20)

“and the Sangamon River Sand (Fig. 6.19). The mﬂuence of imtial relanve densny is
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more pronounced 'fo'r the M‘innes‘ota Sand, uo\;-ever,’ since ’t—he band within which all the h
data in Fig. 6.17 fall 1s somewhat broader. The expenmental results shown for |
Pennsylvama Sand in Fig. 6 18 show a very narrow band within which five tests fall
Because the vold ratlo varies only between the narrow limits of 0. 68 and 0.74 for tests -

with the same maxlmum pressure on Pennsylvania Sand, 1t cannot be said that samples

tested over a w;d_e r_ange of imtial relative densmesv would _necessarily fall in the narrow

band 'shown in Fig. 6.18. The data presented in all the figures do indicate, however_,'
that the stress history as expressed by the 0verconsolidation ratio is more’ significant
_in determimng_the_valne of K during unloadmg than the initial. relative.density of the
sand, In fact the K versus OCR graphs for Sangamon River and Wabash River sands
in Fig. 6.19 and 6. 20 show results of six and eight tests respectively conducted at
different relative densities which indicate that the coefficient of earth pressure at rest
during u_nloading is almost a unioue function of stress history ‘and nearly independent of
the mitiai relative density. However, the summary plots for the Minnesota; Sangamon
'River, and Wabash River sands consistentlv indicate that the upper limit of the band is
given by the experimenta‘l‘results frorn the loose sands and the lower limitof the band
is given by the data from the denser specimens. ' )

: Figures 5.55 and 5. 56 show the varianon of lateral earth pressure with vertical
stress for 1 1/2 cycles of loading in tests 12 and 13 on Minnesota Sand. These curves
show that cyclic loeding can gradually ‘buxld up the coefficient of lateral earth pressure

. if the load ‘isicycledv in the range between 1650 psi and 3296 psi.” The damvfor Test 13
'in Flg. 5 56 show that the value of K at point a ls higher than at point b even though
the computed overconsolidation ratio is 1dent1cal for these two points. Thus, the value
of Ko for a glven. sand 41s not only a function of the stress hlstory as expressed by the.
‘OCR, but it elso depends on the number of preceding veycles. .
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6. 4 Energy Absorpnon |

" The energy absorptlon charactenstlcs of the four dry sands were mvesngated by
‘means of cychc loadmg. In general, the procedure was to load the speclmen to 3290 psi
and unload to zero on the first cycle. A second and sometimes a thlrd cycle of loading
| was then applied wrth a maxunum stress of about one-third the maxunum stress applied
‘ in the f1rst cycle so that the subsequent hysteresxs loops would be practlcallv recoverable.
| The deformanons in the first cycle are only about 10~ 20 percent recoverable for

tests on the Pennsylvama, Sangamon Rlver and Wabash vaer sands (Flgs. S. 23 5. 45).

~The denser samples of anesota sand, however, are as much as 75% recoverable, in

general, the recoverable strain becomes lower as the initial relatxve density of the
samples decreases. . These irrecoverable strains, however, are expected on the ﬁrst
cycle of loading because energy is absorbed as the stresses do work when rearrangement
of the grains causes a permanent decrease inb volume‘and energy is expenied in creating
© Dew surfaces as crushing of the grains takes place. When crushing of the grains occurs,
further rearrangement also takes place and both mechanisms are responsible for energy
| absorption:. The two mechamsms cannot be distinctly separated but both contribute
significantly to the area of the hysteresls loop on the first cycle.

Generally, the derormations in the second cycle are almost entirely recoverable,
but energy is st111 Jost because the loading and unloadlng paths are different. If the
'second cycle is followed by a third cycle identical to the ‘second (such as in Tests 8, 5, 6.
1, and 8 on Minnesota Sand) it is found that the third cycle tr_averses essentially the
vsame loop with very little irrecoverable strain, However, a slgniﬂcant amount of energy
is still diasipated due to the diff_erence betvveen.the paths of loading and unloading.

The energy lost in hysteresis for various tests on all four sands was evaluated
by computing the ‘areas enclosed in the loops traversed' in the first cycle which includes
conslderable permanent deformation, and in the second and third ’cycles which are
essentially recoverable. The energy absorbed is then expressed as a percentage of the
input energy. | |
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| The expenmental data on the energy absorption characteristics of the sands are
oresented in Figs. 6 21 - 6 24, Results for the anesota Sand in Fig. 6 21 show that
: the energy absorbed on the flISt cycle decreases from about 60 percent for samples at
alow relative densxty to as low as 35 percent ior relatively dense samples. ’I'he anguiar
Bennsylvama Sand whxch manifested 51gn1ficant crushmg in the first cycle of load ,
dlssipated about 95 percent of the energy 1nput for all relative densmes as shown in
Fig. 6. 22, Tests on both the Sangamon River and Wabash River sands show that the
energy absorpuon in the first cycie decreases as the initial relative density increases.
- Figures 6,23 and 6 24 give the experimental results for Sangarnon River and Wabash
River sands wlnch have energy absorption ratios in the nrst cycle of 90 to 70 percent
and 95 to 80 percent, respectively, as the relatwe density increases from the loosest
to the densest states, The amount of crushmg and rearrangement are indxrectiy in-
. cluded in the‘constrained tangent modulus because the const:rained modulus decreases
in general as the amount of permanent deformation increases. Therefore, the constiain-
ed tangent modulus at the maximum load should be inversely related to the percent energy
absorbed in the'first cycle of loading. Figure 6. 25 gives a plot of constrained tangent
modulus at 3290 ps1 versus the percent energy absorbed on the first cycle, This graph
shows that the energy absorption is definitely a function of the constrained tangent
modulus at the maximum load in the cycle; the experimental data from all four sands
fall generally along the trend given in Fig. 6.25.
The energy dissipated in the samall hysteresis loopsvon the second and third
cycles was also meas'ured l‘he ratio of energy.absorbed to input energy expressed as
a percentage is plotted against the mitial relative densu:y for the four sands in Figs.
6,21 - 6.24. Energy losses in these small hysteresis loops are considerably smaller S ’
than the first cycle for all sands tested because most of the permanent deformation has
already taken place in the first cycle of loading. It should alsa be observed that in the

Minnesota, Sangamon River, and Wabash River sands the percent eanergy absorbed is
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vrelanvely mdependent of the mmal relatlve densny because the best stratght lmes
'through the expenmental pomts have very ﬂat s10pes. _'Ihe expenmental results glven '
for Pennsylvania Sa.nd (Flg. 6 22), however, show a vanatxon of percent energy absorbed
' with mttial relanve density in which the energy absorption appears to increase from |
about 25 to 53 percent as the unua.l relauve densuy mcreases. The energy dlssmated

in the small hysterems loops for anesota Sand ranges from 33 to 27 percent of the in-
put energy whereas the Sangamon River sand and Wabash Rwer sand absorbed 38 50
percent and 38-49 percent of the mput energy respectxvely.

In general, the study of energy absorptton fron the hysteres1s loops mdicates

that there are three mechamsms which dlssnpate energy in dry sand. Energy is dissi-
pated by work which is done by the stresses in producing an irrecoverable change in
volume due to rearrangement of the grains; energy is absorbed in the form of surface
energy as crushing creates new surfaces; The third mechanism, which was manifested
in the small hysteresxs loops and wh1ch was indicated by the theory in Chapter 3, is the
absorption of enexgy due to a dtfference in loading and unloading path even though the
deformations are fully recoverable. The erergy lost in the first cycle is dissipated

by all three mechanisms whereas energy is dissipa'ted in the small hysteresis loops,
Primarﬁy by the third mechanism. The method of cyclic loading employed' in these

tests provides a .means of separating the third energy absorbing mechanism frorn the

first two mechanisms; the etfects of the first two mechanisms, however,A cannot be
separated, A rnethod has been suggested by Hendron, Fulton, and Mohraz (1963) for
separating the energy losses due to the first two mechanisms. The method involves a
Statistical evaluation of the new surface area‘created by crushing from changes in the
grain-size distribution curve. bThe results of laboratory experiments which evaluate

the energy required to produce a unit area of new surface for a given mineral can then
~be applied to give the total amount of energy expended in the creation of new surfaces.

However, there is only limited laboratory data of this type available and most of the
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data is for quartz, (Axelson. 1949), (Heney, 1951), (Kenny, 1954). and (Zeleny. 1959),
The method is most severely restrrcted, however, by the stansncal prooedLre Wthh
requxres that the gram- size distnbutlon before and after crushing plot as two Stralght
llnes on log probabxhty paper. Unfortunately. most real sands do not ba.tlsfy t:hese
requirements and the devxatlons from the. stralght lines can cause large errors in the
statistical evaluation of _the new surface area. Therefore this method is of no use until
more experimental data are obtained on surfaee energies of minerals and until statisti-
cal methods are developed to the point where the assumption of sucb idealized gram size

distrlbution curves is not required S : o ' T

6.5 General Higlj Pressure Behavior Indicated by Tests on Pennsylvania Sand

The familv of curves in Fig, 6.6 define the constrained tangent modulus versus 1
vertical stress relanonship for Pennsylvania Sand at various initial relative densxtles. : !
«All of the curves show a decreasmg constramed modulus after m:ushmg of the grams ' |
beg'lns. but the most lnteresting phenomenon is the tendency for all tests to approach- ‘
the same constrained modulus, (20, 000 psi), ‘at a vertical stress of about 3200 psi.

This behavior suggests that a stress level has been reached for the angular Pennsylvania
Sand where the effects of the initial relative density have been oomplet_ely erased..
’l‘herefore, the physical l)ehavior beyond this critical stress should be the same for-all
specimens of Pennsylvan.i.a Sand regardless ofth_e initial void.ratio. The vertical
stress-vold ‘ra’tio relationships for four specimens of Pennsylvania Sand with initial void '
ratios between the limits of 0.86 and 0. 67 are shown in Fig. 6.26. Itis apparent that -
all four speeimens are approaching the void ratio of apprOximately 0.55 at the maxjmum
Pressure of 3290 psi; the four pressure -void ratio curves are merging to give a single

relationship at higher stresses for all initial reldtive densmes. These same data are

shown in Fig. 6,27 in the form of a conventxonal void rauo log pressure dlagram
The Specimens with different initial relauve densmes merge into a "v:lrgm" slope

Which is common to all four samples, These data are very much analogous to -
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',consolidation data published by Olson (1962) whxch showed a famdy of vold ratio - log
. . —_—

vpressure curves for samples of Calcium Illite consohdated from dlfferent imtial liquidlty

—

"mdxces. Another mteresung observation from the void ratio-log pressure plot is that
the cornpressmn index of the "v1rgm" pornon of the curve is about Q. 49. wh.lch exceeds
that of most normally loaded clays. | ' , . | _

| | Further expenmental evldence to support the prognostieanom that the physical
propertles of specimens with dlfferent initia.l relative densities bece:ne the same at

'hxgher pressures 1s given in Figs. 6.28 - 6 30 Fig. 6.28 shows the variation of the

coefficient of earth pressure at rest with vertical stress throughouz the loading of the

flrst cycle for loose, medium, and dense specimens of Pennsylvania Sand. At higher

| pressures the value of the coefﬁcxent of earth pressure at rest is (.50 for all three
tests shown. A nlot of the stress paths of the top point ona Mohr cﬂrcle as loadmé
progresses is given in Fig, 6. 29 for the same three tests which induates that the
stress tra;ectorles of the three different specimens merge at a stress of about 2000 psi.
Figure 6.30 shows a continuous plot of one-tlurd the first stress {rvariant as absclssa
versus the octahedral sheanng stress as ordinate for the first losaﬁng in Tests 3, 5, and
7 on Pennsylvania Sand The data interpreted in this manner also show that at higher

. pressures all three specimens have the same physxcal properties even though the initial
relative densnies are greatly dxfferent. A

It is the opinion of the writer that all sands will reach a cemin void ratio at

high pressures in one- dimensxonal compressmn at which the etfects of initial relative
denstty will be erased and the physical properties exhibited with firther increase’ in
pressure w1ll be the same for all samples of a particular sand Tha.s opinion is
8llppor:ted by the measurements presented for Pennsylvama Sand 'Ihe other three
sands should behave in a similar fashion but the pressure range of ﬁns series of tests
was not high enough to reach these "critical” void ratios for the Minnesota, Sangamon-

River and Wabash River sands.
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6.6 Correlanon of Expenmental Re sults with the Theory of Granular Medla

The theory presented in Chapter 3is apphcable to a granular medlum composed
of equt-radil spheres arranged in a face centered cubic array. Since the Minnesota
Sand is a unlform, rounded hJ.gth sphencal sand the results from the tests conducted
on Minnesota Sand w1ll be compared with the predtcted behavior from theory

The stress-strain data from Tests 3-"':o0n Mumesota Sand are presented on
log-log graphs in Figs. 6,31 - 6.41. The st:ress- strain relatlonship for the imtlal
loadmg plots asa stralght line on the se graphs w}nch means that the axial stress tnay

be expressed in terms of the axial straln by

. | . ._ | _
€,,= m0,, : o (6.1)

. The above expression may also be written
: log10 €. = log10 m+n log10 2z (6.2)

Thus, from Eq, (6.2) it is apparent that the parameter n is the reciprocal of the slope
of the straight line and m is the value of the strain at which the straight line intersects
the strain axis. The values of n ranges from 0.38 to 0 53 for these tests as compared
to the value of 0. 67 which is predicted' for n from the theoretical analysis presented in
Chapter 3, The results do show, nowever, that the relationship between stress and -
strain is an exponentlal relatxonshlp as predicted by theory, but the value of n from
tests seems to be censistently less than 0. 67, |

" The constrained tangent modulus, M~ , is the continuous dertvative Aof the
theoretical onc -dimensmnal stress~ strain zurve’ glven in Chapter 3 and can be expressed
in terms of the vertical stress, 0' by .
13

c =% = 2% (©.3)

74



o

il



. 'Wher'e_ C,is a‘eOnstants, Figure 6.42 gives the variation of log M_ versus log 0 for
“all tests with an initial void ratio of 0. 54. Since the relationship is a straight line the
_ eonstrai_hed tangent modn'lus' Vmay be ekpreesed in terms of the vertical stress as

. MC..:. Cé'ozz o v- ) | .(6‘4)

where tis the slope of the line and 03 is-a oonstant The value of t for this set of _

'V experiments on anesota Sand at an zniual void rado of 0. 54 is 1/2 whereas the theory
from Chapter 3 predicted that t should be 1/3. An mteresting oompanson can also be
made with data compiled by thtman (1962) for Standard Ottawa Sand. The Minnesota

~ Sand and Standard Ottawa Sand are both obtained from the St. Peter Sandstone formation”
and are very similar in every respect except that the Minnesota Sand is oomprised of
No. 10-No. 20 sieve-size_ materiai and the _Ottawa- Sand is composed of the No. 20-No. 30
size fraction. Figure 6., 43 gives the veriation of dilatational wave veloeity with confining
pressure for Standard Ottawa’ Send at a void ratio of 0,353. The dilatational wave velocity

is given by

.  Vp == o | (6.5).
tqhere YD is the dilatatlpnal wave velocity, g 1e the acceleration of gravity, andYy is the
unit weight of the soil. Therefore the data for Minnescta Sand at a void ratio of 0,54
presented in Fig. 6,42 caﬁ be compared with the seismic data presented by Whitman if
the seismic velocity is calculated by Eq. (6.5) fer given values of the constrained
tangent modtﬂus in Fig. 6.42. Calculated values of the seismic velocities versus
vertical etress from values of the eonstrained tangent modulus given in Fig. 6.42 ave
shown in Fig. 6.43 by curve A; the same calculated velocities are shown plotted versus
the horizontal stress in curve B by applying a K factor of 0 35 to the verncal stress.

Curves A and B are parallel to and below the band given by Whitman which rises at a

slope of 1/4. Since the theory of Chapter 3 predicts that the constrained tangent
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modulus is proportional o the cube root of the oonfimng pressure and the dilatational

wave velocity is proportional to the square root. of the constramed tangent modulus, then -

It follows that the theory would predict the wave velocity o vary as the sixth root of the
conﬁning pressure. Therefore the theory predlcts that the straight lines shown in

Fig. 6 43 should rise at a slope of 1/6 rather than the slope of 1/4 observed. One of

the most interesting aspects of the data presented in Fig. 6. 43 is that it gives a oorrela-
non between seismic results and stress-strain properties measured at higher stresses.
It is observed that the pseudo-wave velocities calculated from the constrained tangent
for lines A and B respectively. The result is consistent with Sauer (1959) who has
suggested that the "effective" wave velocity for use in predicting the ground motion for
" high overpressures produced by a nuclear weapon should be taken as approximately

equal to 3/4 of the seismic wave velocity. | , ,

An energy absorption mechinism is predicted for a dense granular medium by

the dieory g'lven in Chapter 3 whereby energy is diss1pated due w a difference between
| the loading and unloading paths even when the strains are fully recoverable. The energy
absorption characteristics of l\dinnesou Sand haye been investigated as described in
| Section 6,4. It was found that the second and third hysteresisloops were essentially
completely reooverable for?LMinnesota Sand. In fact, the second and third cycles -
” traversed exactly the same path for Tests 3, 5, and 7 on Minnesota Sand giv'en in
Figs, S.3,i 5. S, and 57, the small loops shown on each stress-strain curve for these
tests actually represert both the seoond end third cycles.. Energy was dissipated on
these recoverable hysteresis loops, however. due to a difference in loading and
unloadlng paths in a manner very unilar to the mechamsm suggested by the theory of
Chapter 3. The energy absorbed in the seoond or third hysteresis loops expressed as
a percentage of the input energy was computed for Tests 3-9 and 11 on _Minnesota Sand
(Table 6.1). - | | |
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:'_ "" is found that the rauo of energy lost to energy mput is practica.lly

o a of the magmtude of the vertical stress range of the loop, and
Ve narrow hmits of 0.275 and 0.334. These results correlatz very
T W onclusions based upon the theory from Chapter 3 which mdicates that the
:ra absorbed to mput energy for a hysteresrs loop from a stress of zero.to .
-ax v the crushing stress should be a constant related to the coefﬁcxent of
| fr grains. | 2 | . |

laboratory‘nieasurements also provide'another check on the theory presented

fr 3. The coefficient of earth pressure at rest is predicted from the theory to

e L e el . cmeteme

. 'b« coefﬁcxent of friction by

e |
K, = 1/2(M».‘_ S @49
a of energy absorbed to energy input is given as

AE _ 2f

Lr;*m,*:_f N

Sinoe Kovand the ratio of energy lost to energy input ha_ve been _independently
_ '_ ' measured in the laboratory tests; the coefficientof friction, or more' appu:opriately. | |
the pseudo coefficient of friction can be evaluated by two mdependent calculations for
each test. These calculations were made for tests on anesota Sand w1th an initial |
'v01d ratio of 0 54 and 0 62 (Table 6. 2) Tests 3 and 4 do not show good agreement for - _
the two calculated values of the coefficient of frxction. ,Tests 5 9 and 11. however. show -
: 'a very good oorrelation between the two mdepcnd ntiy calculated values of the coefficient "
t 'of friction. - The latter g-roup of tests were placed at an initial void ratio of 0,54 as
compared to 0 62 for Tests 3 and 4, Because the theory of Chapter 3 assumes the : |
granular medium in the densest possible state, it is not surprxsing that the tests on

sand in the denser smue should give a better correlation w1th the theory than tests at

higher initial void ratios. The average valu_e of the coefficient ofv friction _calculated
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romthe denser sarnples was 0 18 which is not unreahsnc smce a value of 0. 16 has

by
x
¥

i
|

een reported for pollshed specimens of air ethbrvated muky quartz irom Wxsconsin

y Horn and Deere (1962)

An expressmn which relates the angle of internal frictlon and the ooefficient of

arth pressure at rest was derived in Chapter 3 and presented in Fig 3. 18 An

B sl

-xperlmenta.l relationship between the ooefﬁcient of earth pressure at rest and the .
mgle of mternal fnction has been determined from one-dimensional and u'laxial tests

n Mtnnesota Sand The experimental values and the theorencal curve are shown in

ig. 6, 15 for companson and excellen_t agreementjs observed. R
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. CHAPTER 7 A
SUMMARY AND CONCLUSIONS
7.1 Summary | | |
An analytical and experunental mvestlgation has been conducted w1th the

ob)ecnve of explamlng and describing quialltatwely and quanntauvely the behavior of

granula.r materials in one-dimensxonal compression. “The analytical mvestiganon

~applies only for pressures below that at wh1ch crushmg of the gralns begms, and deals

-

with the stress- stram relations of a granular medium oon51stmg of elas*ic, equi-radii

spheres ina face-centered cubic array. The analys1s utxhzes the Hertz compliance,

wlnch relates the normal forces o the normal dtsplacements'between centers of spheres, o

and the Mmdlm compliance which relates the tangentxal forces to the tangenual dis-

placements between centers of spheres. The basic framework of the analysis uses the

equilibrium and oompatlbility eqations for a face-centered cubic array as developed by
Duffy and Mindlin (1957). A new soluthn is presented in Chapter 3 which gives the
stress-strain behavior of a face;centered cubic array 'subjected to a.rn‘onotonically
increasihg‘a.xial compressive stress for the conditions of zero radial strain, the case '
of onefldimensional compressionv. The new solution gives a theoretical expression for
the axial stress-strain curye.‘ the constrained tangent modulus as a function of pressure,
and the ooefficvlient of earth pressure at rest as a function of the coefficient of friction
between gralns. An e:tpression is also obtained which relates the absorhed énergy to
input energy for a’ cycle of loading with ,reooverable deformations as a function of the A
wefﬁcient of friction bewveen grains, This expression, however, is dependent upon an
approximation which was made in deriving the equation of the unloading curve. An
analysis of a face?oentered cubic array at failure in a triaxial state of stress for

°2 = 03< (] lﬁwas used from Thurston and Deresiewicz (1959) in Chapter 3 to
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correlate‘;he pﬁenomenoloﬁcsl behavior of the Same gra,nuvla.r mediuxﬁ_ in both one~
limensional and triaxial _sta'te's"'o‘f stress. A theoretical relationship Betweeu the
coefficient of earth pressure at rest and the angie of internal f‘rvicitioh' was obtsined by
this correlation. A relatxonship between the angle of internal friction and the ooefﬁcient
of friction bemee;_Sphe:es was also obtame_d. o -

An experimenta.l Aapparétus was designed and built which is :capable of rheasuring
the lateral stresses built up in one-dimensional compression into the high pressure
ranges. The apparatus was used to measure the ooefficient of earth pressure at rest and
the stress-strain propertxes of four sands up to a maximum verncal stress of 3290 psi.

‘anch sand was tested at a varxety of initial densities and cycl‘ieml.oading was employed to
evaluate the energy absorption characteristics of each sand. The conclusions from these

test results and the correlations of the one~dimensiona1 tests with the theoretical

analysis and triaxial test results are given in the following section,
X3 . ’ . .

7.2 Conclusions = _ _

The following major oonclusions can be made from the test results, theoretical
analysis, and the preceding discussion of the behavior of g?ainula: materiai in one-
dimensional compress:on. |

Oonclusxons from the Theoretical Analysis. A new solution for the stress-strain

beha\nor of a face-centered cubic array of uniform spheres in one-dimensional compres-
sion has been presented. The results of this solutior: have been compared with an
existing solution for the same array at failure in a u_'iaxial state of stress with 0,=0 3<01;
The following conclusions have resulted from this analysis. |

1) The axial strass-strain relations of a granular medium in one-dimensional
compression become stiffexr as thg "p;essure increases whichv gives a concave upward
curve on a conventional stress-strain plot. The equstion derived for .the stress-strain

relation gives the axial stress as a linear function of the three halves power of the
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lxim strain. the constant of proporuonahty is detcrmined by the coefficxent of friction
xrtween spheres and the elastic properues of the spheres. The slope of the one-
iimensmnal stress-stram curve is the constramed tangent modulus which is proportional
to the cube root of the vertical stress. the oonstant of proportionality is a function of the
coefficient of friction between spheres and the elastic properties of the spheres. The
stress- strain relationsmps have been compared for the face-oentered srray subjected
a hydrostatic state of stress and (me-dimensional conipressio’n. For a given level of

axial stress the axial strains in one-dimensional compression are greater than in the

_hydrostatic case, The ratio between the axjal strains for hydrostatic and one-dimensional _

compression is a constant which is only dependent upon the coefficient of friction
between spheres.. ,

2) The new one-dimensional solution also gives the latera.l stress required to
give the condition of zero lateral strain, A ratio of the lateral stress to the vertical
stress is the classical coefficient of earth pressure at} rest, The coefficient of earth
pressure at rest given by the theory is . |
K, = 172 ‘T‘f‘) ’ (3.49
which indicates that the coefiicient of earth pressure at rest for the axray oonsidered is |
,only a function of th= coefficient of friction and therefore the value of l(o should be
inversly related to the strength of the granular medium |

3) The analysis given in Chapter 3 also indicates that the deformations of a face-

centered cubic array in one~dimensional cornpression are fully recoverable when the

medium is unloaded Energy is dissipated, however, because the loading and unloading

paths are different. The ratio of energy lost to energy input has been derived for one cycle

of loading, assuming a reasonable approximation in the derivation of the unloading curve,
which yielded o .
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s the energy absorbed’in elastic' hysteresis in one~dimenslonal compression is only g

-pendent upon the coefficient of fnction between spheres. '
4) An analysis of the strength of a face-centered cubic. array as given by
hurston and Dereswwicz (1959) was interpreted in terms of the angle of internal

ction as used in soxl mechamcs. This strength analyms is applicable to a triaxial

iate of stress where 0’2 =0g <0, and the angle of internal friction for a face-centered o

ubic array was related'to the coefficient of fricrion between grains by

sln¢= 1/3+373-f . (3 71)

terefore it is ooncluded that even when the ooefficxent of friction"between spheres is
ero there is Stlll a dehmte angle of internal friction due to the structural arrangement,
s suggested by the writer that the angle of mternal friction for a granular medium is

elated to the coefficient of friction by a general relationship of the form,

' sin $= l§3+ C]:f (3.72)

there l(3 is that fraction of sin ¢ due only to structure and C1 is a constant determined
y the structural arrangement which deterrmnes the efﬁc1ency of the coefﬁcient of |
riction in contributing to the angle of internal friction. |

§) The angle of internal fnction and the coefficient of earth pressure at rest for

 face-centered cubic array were both related to the coefﬁcxent of friction between

‘Pheres. Therefore a relationship between the coefflcient of earth pressure at rest and L

he angle of inte: ual fricnon was derived by elunmatmg the ooeffxclent of fricnon to give

K = 12 [:1+J6/8 3~/'6/8 sini]

(3.76).
1-v6/8+3V6/8 sin & o

herefore it is concluded that the coefﬁcient of earth pressure at rest is defimtely
elated to the strength parameters of a g-ranular medium. In general,. the _coeffxczent of

arth pressure at rest decreases as the angle of internal friction increases.
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The cbeffieient of earth press'ure atTest is a sradcelly indeterminate -qua.n‘titﬁ
which is deperxdent upon the strese‘-straAin' prOpertiee 6f the rnedium. "I;herefore the
rel.ationvship given above _;vhich tlreore;ically relates the coefficient of earth pressure at
rest with a strength para.meterb e'r_nphasue.s: the fact rhat the etreesfdeformaﬁon and - |
strength properties of e particulate medium sdch as soil are iduerrelated |

Conclusions from the Experimental Program. “The development of a new one-

dlmenswnal compression device has been discussed and test data has been presented for
four sands tested up to high pressure 1n one-dimensional compressxon. These tests have
been analyzech;n the-lrghtof triaxial test results for the four sands and the expenmenta:l——— -—-
results have been’ compared with the One-dimensional behavior predicted from the theory
presented in Chapter 3. The following conclusions have res'ulted from this analysis. |

1) The axial stress-srram curves for the high’?pressure qne'dimensional teets
show a concave upward cﬁrvature; the initial relative density of the sand is the significant
variable which determines the slope of me’strjess-suain eurve for a given sand at a
given level of vertical stress. 'As.higher pressures are applied, however, a pblnt is
reached where significant crushing of the greins causee the strese-strain curve to
beoome'coneave downward. The initial relative density is also the significant variable
which deterfnines the stress level at which significant crushing will commence in a given
sand, In general, the etress level at which crushing of the grains becomes significant
increases as the initial relative density increases. Although the initial relative density
is a significant variable in dete mfining the behavior of a given sand in one-dimensional
compression, the relative density is not a unifying index property for relating the
behavior of di&erent sands in one-dimensional compression, Data were presented for |
four different sands et the same. initial relative density from which it was concluded that
the stiffness at a given level of stress as expressed by the constrained tangent modulus
could vary by a factor of 8 or 9 fdr the different sands. Therefore, i.t was concluded

that the angularity and grain-size distribution were just as significant in determining
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the onev dlmensxonal behav1or over a large rango of pressures as the mmal relauve
densnty

2) ln general the mmal relatxve den51ty is the most 1mportant vanable wmch
affects the coeff1c1ent of earth pressure at rest for the initial loadmg of a gwen sand.
The denser the sand ‘the lower 1s the coefficient of earth pressure at rest. The
coefficient of earth pressure at rest vartes mversely wtth the angle of internel triction 'v
.as determined from drained triaxial tests, Three of the sands tested follow very clesely
thevrela'tionship | o | . |

K”=1-sm¢~ - o : @.1)

——— ——— e e e e D e e e PR — e i e e am el PR,

as suggested by Jaky (1944),A-and the test results on Minnesota sand agreed very well
with the theoretical relationship between K; and ¢ as suggested by the theory for spheres
presented in Chapter 3 of this thesis. As the vertical stress became higher, the value
of the coefficient of earth preSsure at rest had a tendency to increaset It was concluded
| that this phenomenon' was probably due to the angle of internal friction decreasing with
pressure and was also e consequence of crushing of the grains.- |
The coefficient of earth pressure was found to be related to stress history as -
expressed by the overconsolidation ratio. As the overconsolidation ratio increases, the
coefficient of earth pressure at rest increases and was observed to be between the limits
of about 1.8 and 2.7S for an overconsolidation ratio of 48. The relationship between the
overconsolidation ratio and the coefficient of earth pressure for three sands showed that
during unloading, tests at all initial relative densities gave practically the same unique
relatiohship of K versus OCR within narrow limits. The Minnesota VSand however.'
showed a‘different K, versus OCR relationship for each initial relative density. Since
the value of Ko‘ still appeared to be increasiné at an overcensolidation ratio of 48, itis
the opinion of the writer that the coefficient of earth pressure at rest will epproach the

coefficient of passive earth pressure.
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3) The mechamsms of energy absorption exhibzted by sand loaded to high pressures
in one- dimenswnal compressxon are'
| | a) Work done by the stresses due to permanent volume
- changes caused by rearrangement of the grains,
b) Energy absorbed in the form of surface energy in the

creatton of new surfaces during crushing of the grains.

c) Energy absorbed by an elastic hysteresis mechanism

- due to friction, even when the strains are recoverable.

Energy absorbed on the first cycle of loadmg in these tests is due to all three
mechamsms; the energy absorption is qutte high in the first cycle because of the lrre-q
coverable deformations due to crushmg and rearrangement. It is concluded from a
‘umque oorrelauon for all four sands that the constramed tangent modulus at the rnaxlmum
stress on the flrst cycle isa good indication of the energy which 1swd1531pated durmg the
entire first cycle. The elergy absorptlon per unit of energy input decreases as the
constratned tangent modulus at the maximum stress in the cycle increases. The defor-
mations in the seoond and third cycles of loading were practically 100 percent recoverable
because the maximum stress was only one-third the maximum stress in the first cycle.

A considerable amount of energy, however, was dissipated due to a difference in loading
and unloading paths. This mechanism of energy dissipation is the mechanism listed

"ader (c) above and is the type of .mechanism predicted by the theory presented in

Chapter 3. The energy lost in the second and third cycles varied from about 27 percent
to 50 percent depending on the type of sand. It is concluded, therefore, that a significant
amogﬂt of energy can be dissipated in‘sands even when the deformations are apparently
almost 100 percent recoverable. The energy absorbed by this mechanism is dissipated
into heat by a Coulombic type of damping as indicated in the theory presented in

Chapter 3, 1t is suggested, therefore, that discrete lumped-mass models, which are
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_ used- to study the propagatlon-of .stre-s's vvaves through'soil_, includea'type of Coulomb
damplng element such as the one given in Section 3.4. lt.ls-obvious that an ordlnary
visoous damplng element does not mclude a major mechanlsm which dlsslpates energy
in soll because a viscous damper would not dlssipate energy under a static load, It has
been found on this study that a eonsiderable amount of energy is absorbed by a granular
medmm loaded statieally in one-dunenslonal compre ssion even when tbe strains are
fully recoverable. Therefore, itis felt that such models would more realistically

represent a soll if Coulomb damping elements were included in the system. :

H
Iy

4) The independent measuremen_t of the coefficient of earth pressure at rest and———

the ratlo' of energy lost to energy absoxbed for samples of Mlnneso_ta Sand have provided

an éxperlmental check to the theory presented in Chapter 3. 4'I‘he coetﬁcient of frlction
between grains was back-calculated by formulas from the theory from both the measured
energy absorption and the measured ooefﬁclent of earth pressure at rest. The theory

was found to be at least conslstent because the back- calculated values of the coefficient ‘

. of friction between grains by both methods sho\ved good agreement for the serles of tests
run on Minnesota Sand at an initlal void ratio of 0.54. The back calculated values ranged
from 0,16 to 0 20 and the average Awas 0.18. | These values for the ooefflclent of friction
are not unreallsnc since a value of .16 has been reported for an air equﬂtbrtated

sample of pollshed mtlky quartz from Wisconsin by Horn and Deere (1962). .

5) The series of tests conducted on the angular Pennsylvania Sand showed that.
specimens with differeat initial relatlve densu;les terded to behave as the same material .
in all respects ir the hlgh pressure ranges. This conclusaon is based upon the followmg
observations the pressure-void ratio curves merged into one curve at hlgher pressures;
the constrained tangent modull of all samples ‘approached the same value at hlgh pressures;

the coefficient of earth pressure at rest for samples at various relative densities became

the same value above the 2000 psi level; the stress paths of the tpp point on a Mohr circle
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were lmually dtfferent paths at low pressures for dxfferent mmal relatxve densmes, but

paths for dense. loose, and medium samples merged into one path at hxgher pressure, -

a oontlnuous plot of octahedral shearmg stress versus one-third the ftrst stress mvarlant

28 tbe tests pmgressed frorn low to hlgh pressures showed different curves for dense,

loose, and medium sands at low pressures which merged into one curve at higher stresses.
It is concluded from these tests that all sands w:ll eventually manifest the same

“type of behavior as Pennsylvanla Sand if high enough pressures are reached The pressure

level for the effects of 1mt1al relative density to be erased however, is beyond the

stress level of crushing for the densest specimen and therefore much higher for most

sands than the st:ress levels mvestigated in these tests. ‘
The results of the tests conducted on Pennsylvama Sand at different relative

densities glve various vold ratlo-log pressure curves which merge on a straight line

which is usually called the "vlrgln" slope for clays. ‘The oompresslon lndex. |

'C of this slope is 0. 49, which is substantially higher than the value of C for most

clays. The family of vold ratio-log pressure curves obtained by varying the initial

relative density for sand is very slmllar to the famlly of curves obtained for clays

oonsolldated in ‘one- dlmenslona.l compression from different initial llquldity lndices.

These slmilaritles between the phenomenologlcal behavlor of sands and clays cited above :

emphasize the fact that clays and sands qualitatlvely mamfest the same behavior in

many reSpects even though the physlcal make up of the particles in each is entlrely

dlfferent It is the wrlter s oplnlon. however, that they each have in common the one

main oommon denomlnator of all soils which make the stress-strai.n and strength

PrOpertles of solls dlfferent from coutlnuous elastlc solxds. This common denomlnator |

is the Partlculate nature of. clays and sands. A particulate nature is also the most

ifl\lmlftamt common property that the sands tested and the ldeallzed theoretlcal model of

I.uniform spheres possess; it is because of th1s common property that the model

Predicted reasonably well the qualitative behavior of the sands and it is the only
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tification Ior analyzing in- detail such an 1deahzed medium which is supposed o -

Jresent soil,

3 _S_ges’tions for Further Research‘ , .
'. The foregoing investxgation appears to warrant several lines of future research
1) High pressure triaxial and hydrostatic compre ssion tests should be conducted
the same four sands used in this series of one-dimensional tests with' lateral earth
essure: measurements. “The data from these three types of tests should then be inter-
eted in terms of the first, second and third stréss and strain invanants. as suggested
‘Newmark (1960). in an effort to define more general stréss-strain relations fora R
anular medium. Such an investigation was initiated for low pressure by the late
ofessor D. W. Taylor of the Massachusetts Institute of Technology and published in
finished form by Whitman (1960). ' |
2) After the high pressure characteristics of the four sands have been measured
der various states of s-tressvthese same four sands should be used as 'aggregaues for
ncrete specimens. The effects of the cement paste can then be evaluated because the
operties of the sggreéate under the same level of stress will be known. A study of this
ture should lead to a cleaxer understanding- of the stress- strain and strength behavior
'plain.concrete. .
3) The results of the tests on Pennsylvanian Sand suggest that a series of one-
mensional tests should be run at high enough pressures to define the stress level at which
e effect of the initial relative density is erased for a number of sainds. The lateral
resses built up in these one-dimensioral tests should be measured so that the ‘stre,ssi
ith of the top point on a Mohr circle can be defined throughout the mge. of testing‘ <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>