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ENCE 3610
Soil Mechanics

Lecture 10
Elastic Solutions to Soil Deflections and 

Stresses



Using Theory of Elasticity for 
Estimating Stresses and Deflections
• Since it concerns both stress 

and strain/deflection, theory 
of elasticity can be used to 
estimate deflections in the 
elastic region
– In this presentation, we will 

emphasize stresses, will 
consider deflections in more 
detail later

• Soils are highly nonlinear; 
thus, the strains must be 
restricted to small ones
– Will not consider strain-

softening effects, which means 
that the shear modulus/modulus 
of elasticity varies with the 
proximity to the load

• Theory of elasticity is applied 
to a semi-infinite solid (the 
soil) and the stresses vary 
(decrease) as one gets further 
from the load source

• For distributed loads, either a 
flexible or rigid foundation 
can be assumed, depending 
upon the situation at hand
– Most solutions here—and those 

commonly used—assume a 
flexible foundation



Implementation of Theory of Elasticty

• Boussinesq Theory
– Based on theory of elasticity
– Homogeneous, isotropic material 

Semi-infinite solid
– Original equations describe 

loading at a point; can be applied 
to various foundation shapes

– Can be used to determine both 
deflections and stresses

– Many of these solutions assume 
values of Poisson’s Ratio for 
simplicity

• In all cases, our main focus will be 
on vertical stresses, although 
horizontal and shear stresses can be 
computed using this and other 
theories

• Westergaard Theory
– Similar to Boussinesq, but no 

lateral deformations of the soil are 
assumed

– Used with soils of alternating 
layers of materials

– Used extensively in airfield 
pavement design

• Newmark’s Method
– Adaptation of Boussinesq Theory 

for structures that do not have a 
simple shape

• 2:1 Method
– Empirical method commonly used 

to estimate structure induced 
stresses (FHWA)



Shapes and Solution Methods

• Shapes
– Shapes that will be 

considered here
• Point Loads
• Line Loads (Flamant)
• Strip Loads (Flamant)
• Rectangular Loads
• Circular Loads

– Chart and analytical 
solutions can be combined 
because of superposition

– Newmark’s Method can 
handle foundations of any 
shape

• Solution Methods
– Equations 

• For simple cases, can be 
very useful

• For more complex cases, 
generally not practical

• Mistakes are common in 
literature and on the 
internet

– Charts (traditionally the 
most extensively used, but 
have accuracy issues)

– Computer program (needs 
check for verification)

– Newmark’s Graphical 
Method



Boussinesq Point Load Stresses



Boussinesq Point Load Displacements

We don’t use these very often because of the 
singularity issue.



Boussinesq Point Load Illustration
 Given

 Point Load, 45 kN

 Point 3 m directly below the point 
load

 Find

 Additional Vertical and Shear Stress 
Created by Point Load (overburden/
effective stresses not considered)

 Solution

 z = 3 m

 R = (x2 + y2 + z2)1/2 = z = 3 m

 r = 0

 
zz

 = ((3)(45)(3)3)/((2)()(3)5) = 
2.387 kPa

 
rz
 = ((3)(45)(0)(3)2)/((2)()(3)5) = 0 

kPa



Flamant Line Load Stresses



Flamant Strip Load Stresses



Chart for 
Strip and 
Square 
Loads



Boussinesq 
Rectangle 
and Square 
Stresses



Rectangular Influence Coefficient I 
Using Equations



Using Superposition with Boussinesq 
Charts



Verrujt Newmark Example

• Given
– Buildings as shown to the 

right
– Yellow building has 

uniform load of 5 kPa
– Brown building has a 

uniform load of 15 kPa

• Find
– Vertical stress 8m below 

point A



Verruijt Newmark Example

• Solution
– Since there are two different loads, best way is to analyze two loads separately and 

add them together using superposition

– Notation is per previous chart

– In both cases, it was simpler to compute a “large” area and then subtract a void 
from that area

– Influence coefficients were from the equations, can also be obtained from the 
charts



Boussinesq Circular Stresses (Analytic 
Solution) 



Circular Tank Example

• Given
– Circular Tank, 25 metres 

diameter
– Soil, 18 kN/m3 unit weight, 

water table very deep
– Weight of tank 6100 metric 

tons = 59,800 kN

• Find
– Vertical stress induced by tank 

10 metres below the centre of 
the tank

– Effective stress induced by the 
overburden

– Combined stress

• Solution
– Bearing Pressure = 59,800 kN/

491 m2 = 122 kPa
– Effective stress due to 

overburden = (10 m)(18 
kN/m3) = 180 kPa

– Stress induced at 10 m = 92.3 
kPa (see below)

– Combined stress with effective 
stress = 180+92.3 = 272.3 kPa
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Elastic Settlement

 Based on theory of elasticity

 Load applied at a point or over 
an area on a semi-infinite half 
space

 Can estimate both deflections 
and stresses

 Theory of Boussinesq most 
commonly used; will discuss 
stresses later

 Especially useful in computing 
the settlement of structures on 
firmer material, such as 
intermediate geomaterials and 
rock



Elastic Settlement; Definition of 
Intermediate Geomaterials and Rock



Example of Elastic Settlement in Rock

• Given
– Same circular foundation 

as before, only now seated 
on rock, RMR = 50 (see 
SFH Eq. 5-29)

– Es = 145,000 psi = 
1,000,000 kPa

– Poisson’s Ratio = 0.33

• Find
– Deflection at centre

• Solution
– From Table 8-13, Cd = 1.0 

(for flexible foundation)

– Result is computed below

– Using Verruijt Equation 
28.15 (online) will yield 
the same result
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60 Degree Loading
2:1 Method

• For rectangular loads, formula in 
center diagram at right

• Note the use of total load in equation

• For square and circular structures:

• Note the use of the unit load in this form, 
not the total load

• Should not be used anywhere other 
than the center of the foundation

• Example at center of foundation

 Use same 25 metre diameter tank with 122 
kPa loading

 In this case, z/B = 0.4, so Δ
z
 = 

(122)(1/(1+0.4)2) = 62.2 kPa
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Combined 
Effective 
Stress and 
Applied 
Stress 
Example



Questions?
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