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SUMMARY 

The use of fabric materials in soil construction 

projects has created an important need to theoretically 

predict their behavior using experimentally measured material 

properties. At sites where temporary roadways are con­

structed by placing stone over existing soft soil, the 

performance of the roadway is often unsatisfactory due to 

the development of large deformations and rutting with the 

application of repeated wheel loadings. The principal 

objective of the mathematical formulation is to model the 

behavior under load of a reinforced soil system, where a 

fabric is placed over a soft soil and covered with stone for 

use as a temporary haul road. This approach is now widely 

used to improve the behavior of temporary roadwayss partic­

ularly where very soft soils are encountered. Available 

laboratory and full-scale tests of soil-fabric systems pro­

vide a sound basis for validating the theoretical model 

developed in this study. 

The finite element method has gained wide acceptance 

for solving both static and dynamic geotechnical problems. 

The finite element solution presented in this study is 

applicable to the analysis of solid axisymmetric soil-fabric 

interaction problems. 

The purpose of the theoretical and analytical 
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investigation is to define the stress distribution and the 

load-deformation characteristics of the soil-fabric system 

for varying geometries and material properties. Included in 

the mathematical formulation are such features as: nonlinear 

behavior of the soil and fabric materials, friction parameters 

of the interface, tension characteristics of the fabric 

materials, large displacements in finite deformation, "no 

tension" conditions of the cohesionless materials, and yield­

ing of plastic materials. The mathematical model is a more 

complete approximation of the actual fabric-soil system than 

is presently available. 

The principal features that were implemented in the 

finite element formulation to accurately model the problem 

are: 

(a) Eight Node Isoparametric Element. Eight node 

isoparametric elements are used to model the soil and stone. 

This type of element permits using curved boundaries and 

gives accurate representation of the variation in stress and 

strain through the element. 

(b) Nonlinear Material Behavior. The nonlinear behav­

ior of the material is described by a uniaxial stress-strain 

curve. The program computes for the stress conditions, the 

corresponding elasticity matrix and/or the yield conditions 

of the elements. 

(c) Anisotropy. For materials such as stone having 

different moduli of elasticity in two orthogonal directions, 
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the anisotropic elastic constants are used for an initial 

elastic analysis. 

(d) Interface Modeling. With the use of six node 

spring elements, the interface stress conditions are com­

puted; and the slip or separation condition between interfaces 

is established. 

(e) Fabric or Membrane Flexible Elements. A special 

element is used to represent the fabric at the interface of 

stone and clay. In this thesis the term fabric element is 

used replacing a more general term flexible membrane element. 

The fabric element used can take only tension forces with 

compression or bending resistance not being permitted in this 

element. The fabric elements provide the "reinforcing" of 

the system and can have nonlinear material properties, 

(f) Large Displacement. Nonlinear strain-displacement 

relations are included as an option. Hence, the solution is 

valid as the fabric-soil system undergoes large displace­

ments . 

(g) Incremental Loading. The load applied on the 

system is added in small increments to give a complete load-

displacement history of the model. Equilibrium is checked 

after each load increment, and iterations performed to 

equilibrate unbalanced forces resulting from the nonlinear 

stress-strain and large deformation conditions. 

(h) No-Tension Analysis. The fact that stone cannot 

take a significant level of tension is fully considered in 
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the no tension model. The model modifies the stresses for 

elements in failure and applies equilibrating forces for the 

introduced modification. 

(i) Failure Conditions. The plasticity characteris­

tics of each element for each material are taken into account 

by use of the Drucker-Prager yield criterion for each element. 

Associated plasticity is used together with a corresponding 

flow rule. The plasticity formulation is limited to small 

strains. The present finite element formulation does not 

include time effects due to viscosity or consolidation. Also 

not included are effects of rate of loading, inertia forces, 

strain softening and the local effects of the gravel punching 

into the soft soil. 
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CHAPTER I 

INTRODUCTION 

Purpose of the Analytical Model 

The introduction of new synthetic fabric materials and 

their subsequent use in soil construction projects has create 

the need to predict their behavior under all types of loads 

and environmental conditions. Laboratory and full scale test 

together with suitable analytical models provide valuable 

information for the design and utilization of the fabric 

materials. The use of woven and nonwoven fabrics, introduced 

in geotechnical projects in the late sixties, has increased 

at a very fast rate and it is certain that their use will be 

much more intensive in the future. 

At sites where temporary roadways are constructed by 

placing gravel over the existing soft clay, the performance o 

the roadway is not always satisfactory. Large deformations 

and rutting due to multiple wheel load applications often 

develop. The gravel penetrates into the soft soil and large 

deformations are produced at the surface. To avoid this 

particular problem woven and nonwoven fabric materials are 

now often used. The fabric is placed over the soft clay to 

improve working conditions, prevent intrusions of the stone 

into the subgrade and "stiffen" the system. 
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The purpose of this study is to develop an analytical 

model that is able to predict the state of stresses and 

deformations of the soil-fabric system when the system is 

subjected to external loads. The finite element method is 

used to obtain the solution of this problem. The material 

design parameters used by the mathematical model are eval­

uated with appropriate laboratory tests that are in accordance 

with the constitutive laws of the analytical model. 

An important matter to be investigated is: To what 

extent and what is the mechanism developed by flexible mem­

brane elements embedded in the soil to improve the performance 

of roadways during construction and of conventional roadways 

subjected to multiple load applications? The answer requires 

the knowledge of all design parameters including the geometry 

of the problem, material properties of all elements of the 

system, pressure distribution, number of load applications, 

fabric properties and the interface friction parameters. 

Environmental loads, drainage, pore pressures and climate 

will also affect the system. 

The present thesis presents the analytical solution 

of the soil-fabric system using the finite element method 

includes: nonlinear behavior of soil and fabric materials, 

the interface behavior of the soil-fabric system, shear 

transfer and potential slip at the interface, the membrane 

action of the fabric material, variation of stress distri­

bution due to large displacements, "no tension" characteristics 
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of the gravel and yielding of the elasto-plastic materials. 

The mathematical model is formulated for an axisymmetric 

solid structure with the capability of representing inter­

faces and fabric materials. The present finite element 

formulation does not include time effects due to viscosity 

or consolidation. Strain softening, inertia forces, effect 

of pore pressures or local effects of the gravel punching 

into the soft soil are also not included. The normality 

condition used implies that too high rates of dilation for 

conesionless soil under drained conditions [78] are obtained. 

The plasticity solution used is limited to small strain and 

small rotation of the elements. 

The solution of this analytical study provides a more 

refined solution for the analysis to this complex problem, 

a close representation of the soil-fabric system^ true 

behavior. 

The Soil-Fabric System Problem 

Gravel placed over soft clay and loaded at the surface. 

penetrates into the soft soil and surface deformations are 

developed. Generally the fabric is placed over soft soil and 

compacted crushed stone or gravel is placed on top of the 

fabric. The fabric hence forms a boundary barrier between 

the gravel and the soft soil. 

The fabric helps to prevent the intrusion of the gravel 

into the soft subsoil. Because of this action the fabric 
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material is stretched and acts as a membrane. An important 

question is: "To what extent the stress distribution of the 

system is changed?" The fabric changes the confining con­

ditions of the material which can alter the stress distribu­

tion of the system. The effect of these changes on the 

interface shear stress distribution between soft subsoil and 

the fabric and between the fabric and the gravel has to be 

established. Also large displacements will influence the 

fabric membrane action due to geometry changes and need to be 

investigated. The confinement conditions of the gravel and 

the "no tension" characteristic of this material will affect 

the load distribution of the whole system. Finally the 

deformation pattern will provide information to evaluate the 

performance of the system under repeated loading conditions 

and the probable rutting of the roadway. 

The model will predict the performance of the soil-

fabric system including the stress distribution and the 

displacements due to single and approximate the multiple 

load application displacements. 

Objectives and Applications 

The main objective of the study is to analyze the 

soil-fabric system by using special mathematical formulations 

to represent the nonlinear mechanical properties, the large 

changes in geometry due to load application, the "no tension" 

properties of the gravel and the interface behavior. The 
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interface is modeled by a special finite element that permits 

determining the slip mode of the interface. In the course 

of this study it is shown that the finite element method is 

a powerful tool for the solution of geotechnical problems. 

Incremental loading is used and a complete load-

displacement history of the model is obtained after all the 

load has been applied. The results of the system include a 

complete stress-strain response together with the displace­

ment behavior. 

The system undergoes large displacements during load­

ing. The mathematical model takes this condition into 

account and also the nonlinear mechanical characteristics of 

the materials. The formulation of the problem accounts for 

the use of practical material properties of the soil, fabric 

and interface that can be readily obtained from standard 

laboratory tests, 

The mathematical formulation presented can also be 

applied in solving other important geotechnical problems 

such as: piles and piers, anchors in soil and rock, foot­

ings and retaining walls. All of these problems contain 

interfaces that can be modeled with the finite element formu­

lation developed in this study. 



6 

CHAPTER II 

REVIEW OF THE LITERATURE 

General 

The finite element method has gained wide acceptance 

among civil engineers. The method has been applied to a 

great variety of problems in geotechnical engineering [18,29, 

32,39,49,50,59,75,111,116,137,140]. A computer search on 

finite elements, fabrics and nonlinear analysis provided a 

very extensive list of reports, theses and programs of related 

areas. The most relevant articles are given in the bibliography. 

The amount of research related to nonlinear analysis and 

modeling of the interface behavior of different materials has 

increased in the last ten years at a fast rate. Considerable 

work has also been done in the last five years on large 

displacement, finite elasticity and elasto-plasticity, 

Research involving layered systems, stress distribution and 

settlement is closely related with this study and will be 

reviewed briefly. The following subject areas are presented 

in this chapter with only the most relevant papers being cited 

(a) Axisymmetric Elements 

(b) Interface Elements 

(c) Nonlinear Analysis 

(d) Plasticity and Visco-elasto-plasticity 
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(e) Large Displacements, Finite Strain and Elasto-

plasticity 

(£) No Tension Analysis 

(g) Fabric Materials 

(h) Related Research 

(a) Axisymmetric Elements 

At the initial stages of development of the finite 

element method, reports by Wilson [131] and Argyris [1] used 

constant strain elements that were axisymmetric or three 

dimensional. The paper by Wilson [131] used triangular, 

constant strain, axisymmetric elements for the analysis of com­

plex structures of the aerospace industry which are subjected 

to thermal and mechanical loads. Argyris [1] used tetrahedra 

elements for the analysis of 3-dimensional deformable bodies 

and extended the theory to problems of large displacements in 

the elastic and nonelastic range. Boherty, Wilson and Taylor 

[36] reported the use of higher order quadrilateral finite 

elements for the stress analysis of axisymmetric solids. 

With the higher order elements, the bending character­

istics are improved. The formulation presented"is capable of 

performing thermal stress analysis of reentry space vehicle 

nose tips and plane structures. In a related paper by Wilson 

[132] the dynamic response of axisymmetric structures is 

analyzed for blast studies. Quadrilateral elements are used 

and the theory is extended to nonlinear materials. The 

derivation of the stiffness matrix is presented,and the bases 
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for the numerical integration are given. 

With the introduction of higher order elements the 

accuracy of the resulting stress~strain distribution was 

improved since the elements had a linear or quadratic distri­

bution of strain within the element. Fewer elements are 

needed for a certain structure representation to achieve the 

same accuracy. Improvements in numerical integration 

procedures were developed since it is not possible to compute 

in closed form the element stiffness matrix and the computer 

performs this task expediently. Presently many different 

kinds of higher order elements are used [147]. 

(b) Interface Elements 

By definition the interface is the space or bonding 

agent between dissimilar materials, and many problems in 

civil engineering present interfaces. In the finite element 

representation the interface does not present a problem if 

the interface provides for full bond between the dissimilar 

materials. It is only necessary to assign the appropriate 

mechanical properties to the elements at both sides of the 

interface, and the problem is solved automatically. If the 

interface does not provide for full bond between adjacent 

dissimilar elements, a special kind of "bonding" is needed 

which is called an interface element. 

Early studies of the behavior of interfaces were 

performed when the study of bond stress of steel bars in 

concrete was modeled using finite elements. Ngo and Scordelis 
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[95] used finite elements in the study of the behavior of 

reinforced concrete structures. The interface between the 

steel reinforcement and the concrete was represented by a set 

of two linear orthogonal springs without physical dimension, 

The effect of the assumed bond links was examined briefly, and 

the paper demonstrates the feasibility and potential of the 

finite element method for the analysis of reinforced concrete 

structures. 

In rock mechanics the distribution of stresses in 

jointed rock can be modeled using finite element interface 

concepts. Goodman, Taylor and Brekke [50] introduced a model 

for the representation of the mechanics of jointed rock by 

means of a joint element that handles failure in tension or 

shear, rotation of blocks of rock and to a certain extent a 

collapse pattern. A modified plane strain computer program 

written by Wilson was used. The need for direct measurement 

of joint properties was recommended, especially of joint 

stiffness with large direct shear tests. 

Zienkiewicz, Best, Dullage and Stagg [142] reported 

the analysis of nonlinear problems in jointed rock systems 

and soil mechanics. Stratified materials and joint elements 

were modeled using isoparametric finite elements. The joint 

element was a thin element described by two points with linear 

variation of strain in both directions. Examples of results 

for a tunnel and an arch dam were presented. 

In the report by Heuze, Goodman and Bornstein [62], 
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joint elements having variable stiffness to account for 

fracture movements and "no tension" were analyzed for jointed 

rock, which is a medium that cannot resist tension upon load 

application. A finite element model accounted for joint 

perturbation with the use of joint elements of variable stiff­

ness to account for movements along the fractures. The 

technique was applied for a bore hole jack deformability test, 

and the results were compared to measured values. 

Ghaboussi, Wilson and Isenberg [49] developed a joint 

element for analyzing discontinuities such as joints, faults, 

and interfaces embedded within continuous systems. The relative 

motion along a joint surface defines slip when the shearing 

force exceeds the shear strength of the joint. Slip and 

debonding makes the joint nonlinear. The joint element 

defined the displacement degrees of freedom at the nodes of 

the element to be the relative displacements between opposing 

sides of the slip surface. The element stiffness matrix for 

the plane strain and axisymmetric cases were given, 

Isenberg [70] presented the analysis and use of a 

computer code applicable to general three dimensional struc­

tures. The applications of this formulation include nonlinear 

properties, joint surfaces, anisotropy, time dependent material 

properties, gravity loading and the sequence of construction 

or excavation. The report compared the computations with the 

field measurements of a chamber excavated in argillaceous 

quarzite. Another problem considered which used interface 
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elements was the analysis of buried culverts where the 

interface is between the soil and the culvert. 

Katona, Smith, Odello and Allgood [75] presented a 

computer program to perform a very complete analysis of 

buried culverts. The report includes a closed form elasticity 

solution and two levels of finite element method of analysis. 

Each solution characterizes the culvert-soil system by plane 

strain geometry and loading. The analytical model features 

incremental construction and nonlinear behavior for culvert 

and soil. The interface problem is treated in detail and 

defines several states for the interface condition. 

The analytical treatment of interfaces needs to 

consider the mode behavior of the interface element with load. 

The mode behavior can be no slip,, slip or separation. It is 

defined after each load increment and models the bonding 

characteristics of the system. A very extensive analysis of 

interface elements has been presented by Herrmann [58,59,60]. 

Herrmann presented an analysis of the interface problem and 

defined the importance of interfaces in structural engineering. 

The procedures developed by Herrmann use fictitious bond 

springs at the interface and the maximum bond stress is deter­

mined by Coulomb's Law. For shear stresses exceeding the 

maximum permitted by Coulomb's Law, the slip mode occurs in the 

element, the bond breaks and the stress distribution is changed 

Relative movement occurs between the two mating surfaces and 

special analysis procedures are necessary to solve the problem. 
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The procedure is applied for only small displacements o£ the 

interface. The model presented accounts for both slippage 

and separation of the mating surfaces, Herrmann has applied 

his model to reinforced earth computations [61,111,119], 

(c) Nonlinear Analysis 

In soil mechanics practically all materials behave 

nonlinearly and accurate results of stress and displacement 

computations are obtained only if the nonlinearities are 

taken in account. To represent the stress-strain relation of 

soils Duncan and Chang [40] report a simple procedure for 

representing the nonlinear, stress - dependent., inelastic 

stress-strain behavior of soils. The relationship requires 

the cohesion and the angle of internal friction and four 

parameters derived from results of standard triaxial labora­

tory tests. From a theoretical standpoint it is desirable to 

include the effects of an intermediate principal stress, how­

ever from practical determinations it does not produce 

significant variations and the necessary tests are rarely 

performed. The stress-strain relation incorporates the non­

linear behavior in a simple way for the use of finite element 

analysis, but it may introduce errors in the value of the 

modulus of elasticity. 

A finite element model that presents large displace­

ments, even with the material in the elastic range, presents 

geometric nonlinearities. Stricklin^ Haisler and von Riesemann 

[121] derived the geometric stiffness matrix for a pin-jointed 
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bar and for a triangular plane stress element using a direct 

energy formulation. A brief literature review on geometrically 

nonlinear problem solutions was given. The role of the 

initial stress stiffness matrix was discussed by Haisler, 

Stricklin and Stebbins [53], and a comparative study was 

presented of solution techniques for nonlinear algebraic or 

differential equations characterizing nonlinear structural 

behavior. The new solution procedures were compared for 

highly nonlinear problems with the Newton-Raphson method, 

incremental methods and iteration procedures. 

Efforts have been made to improve the definition of 

the input parameters used by the mathematical models of soils 

in the paper by Domaschuk and Valliappan [37]. The stress 

system was separated into hydrostatic and deviatroic com­

ponents for laboratory and field computations. They mentioned 

that the use of bulk and shear modulus instead of Young's 

modulus and Poisson's ratio is advantageous because both can 

be evaluated independently through laboratory tests and may 

be more readily related to the stress state in the field. 

The deformation parameters evaluated in this way were used in 

a finite element program to calculate the load settlement 

response of an oil storage tank with good success. 

In a recent paper by Desai and Wu [31] , the nonlinear 

behavior was incorporated in the numerical procedure by means 

of a general constitutive law that handles the most important 

parameters that control the behavior. The function used is 



14 

similar to the Ramberg-Osgood model and offers certain advan­

tages over parabolas, hyperbolas and spline functions. It 

includes the hyperbola as a special case and incorporates the 

effects of confining pressure and stress paths in the model. 

(d) Plasticity and Visco-Elasto-Plasticity 

All soils behave as elasto-plastic-viscous materials. 

Depending on the type of material, each of these characteris­

tics has differing levels of influence on the stress-strain-

time relation. Several solutions have been proposed to modify 

the elastic finite element method for the solution of non­

linear, plasticity and viscosity problems. Yamada, Yoshimura 

and Sakarai [135] presented a method for the solution of 

continuum elastic-plastic problems by means of a plastic 

stress-strain matrix, derived by inverting the Prandtl-Reuss 

plasticity equations, obeying the von Mises yield criterion. 

The approach uses small and varying increments of load suf­

ficient to just cause yield in successive triangular elements. 

Zienkiewicz has presented several papers involving 

plasticity solutions. In the paper by Zienkiewicz, Valliappan 

and King [141] the general formulation of the elasto-plastic 

matrix for any yield surface with an associated flow rule was 

presented. The "initial stress" computational method was 

proposed, and it was shown that the method yields a rapid 

convergence and permits large load increments without violating 

the yield criteria. Solutions for the von Mises, Coulomb and 

Drucker yield criteria were given. Assessment of the 
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equilibrium for lower bounds is provided by this methodology, 

Nayak and Zienkiewicz [90] presented iterative pro­

cesses for solving elasto-plastic problems together with 

associated and non-associated plasticity relations. 

Isoparametric elements were used that permit a smooth dis­

placement distribution throughout the element. Numerical 

integration was recommended. Strain hardening as well as 

strain softening was studied and the advantages of the 

"initial stress" process emphasized. 

Zienkiewicz and Cormeau [143] reported that the visco-

plastic model of material behavior and the initial strain 

techniques for the solution of finite element models have 

been proved efficient. This model can reproduce creep phe­

nomena and allows the treatment of non-associated plasticity 

and strain softening. The authors state that the elasto-

visco-plastic algorithm presents a powerful, efficient and 

unifying process to approach a wide range of nonlinear prob­

lems. Two questions not resolved involve the most efficient 

way of dealing with large deformations and with dynamic effects. 

Zienkiewicz, Humpheson and Lewis [144] presented 

elastic-ideally plastic formulations in which both associated 

and non-associated forms of behavior in soil mechanics are 

assumed. The formulation given allows layered configurations 

with variable properties to be handled in a general manner. 

In the paper by Yamada [136] the theoretical bases for the 

computer program COMPOSITE III are presented. A finite element 
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analysis scheme is presented that permits the material 

elastic-plastic creep as well as structural geometric 

nonlinearities. Creep is represented by a Voigt model. 

Specific features of the program include the visco-elastic 

behavior of unidirectional composites, incorporation of bond 

or joint elements and a routine for fracture analysis of matrix-

reinforcement complex. 

Runesson, Tagnfors and Wiberg [113] presented the 

computer implementation of a nonlinear finite element analysis 

that incorporates the problems associated with the two-phase 

media applicable to soil mechanics. Constitutive equations 

for the soil skeleton are assumed nonlinear while the pore 

water flow is assumed to obey Darcy's Law. Numerical 

examples show the versatility of the program. 

Rich [110] presented the elastic-plastic stiffness 

matrix for axisymmetric finite elements. The triangular 

elements considered were characterized by linear displacement 

relationships and an average stress. The Prandtl-Reuss flow 

rule and the von Mises yield criterion were used. Comparison 

was given of stiffness terms obtained by numerical integration 

and those computed by closed form equations. Significant 

higher radial stiffness terms arising from numerical integra­

tion were reported for elements located near the line of axial 

symmetry, physically this means a higher resistance for 

displacement in the radial direction for points near the 

centerline of the axisymmetric model. Rich recommends to 
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verify that this stiffness variation does not affect the 

solution of the problem in question. 

(e) Large Displacement, Finite Strain and Elasto-Plasticity 

The finite element method is widely used for the 

solution of the small displacement, elastic structural and 

soil mechanics problems and for large displacement computa­

tions. Since the early versions of the finite element 

procedure, nonlinear solutions have been proposed and imple­

mented. The following papers deal with this important phase 

of the solution of problems, that present material or 

geometrical nonlinearity and undergo large deformations. 

Hibbit, Marcal and Rice [63] presented an incremental 

and piecewise linear finite element theory for large displace­

ment, large strain for predicting the elasto-plastic behavior 

of metals. The resulting equations are similar to those for 

large displacement small strain problemsf with the only 

additional term being an initial load stiffness matrix which 

depends on current loads and may be significant in.some cases. 

The paper presents also a good literature review of previous 

work in this area. 

Oden and Key [97] applied the finite element method 

to the problem of finite axisymmetric deformations of 

incompressible, elastic solids of revolution. Nonlinear 

stiffness relations were derived for a finite element 

procedure. These relations involve an additional unknown, 

the hydrostatic pressure, which needs the introduction of an 
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incompatibility condition for each element. Provisions are 

made to change the loading due to deformation. A good 

numerical example is presented of an infinitely long thick-

walled cylinder subjected to internal pressure. This problem 

is of special interest because it is one of the few cases for 

large displacements for which the results can be compared 

with exact solutions [98]. 

Hofmeister, Greenbaum and Evensen [67] presented a 

method for large strain, elasto-plastic analysis of two 

dimensional structures. An incremental variational principle 

is used to develop the finite element equilibrium equations. 

The formulation includes an equilibrium check that reduces 

any cumulative error in nodal point equilibrium. Such errors 

are caused by linearizing the displacement equilibrium equa­

tions and can build up and lead to an incorrect answer. The 

equilibrium verification technique represents the major 

contribution of this paper. 

Stricklin, Haisler and von Riesemann [122] presented a 

good literature review of the contributions in the analysis 

of structural problems exhibiting material nonlinearities and 

combined geometric-material nonlinearities. Attention was 

focused at evaluating the available computational and solution 

techniques. 

Atluri [3] presented an extension of the hybrid stress 

finite element model for analysis of large deflection problems. 

This approach was originally developed for small strains, 
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The hybrid stress finite element model assumes an equilibrium 

stress field in the interior of the element and a displacement 

field at the boundary of the element, which inherently 

satisfies the interelement compatibility condition. An 

incremental approach is used together with the concept of 

initial stresses. Verification of the equilibrium of the 

initial stresses in the current reference geometry is 

included. The method leads to an incremental stiffness matrix 

and is easily adaptable to existing computer programs using 

the stiffness approach, 

A finite element formulation for problems of large 

flow based on Hill [64] variational principle was reported by 

McMeeking and Rice [79]. The formulation is suited to 

isotropically hardening Prandtl-Reuss materials. Small 

strain finite element programs may be adapted using this 

procedure for problems involving arbitrary amounts of deforma­

tion and stress level. The paper explains the importance of 

a proper identification of the constitutive matrix, 

Bathe, Ramm and Wilson [10] reviewed and derived the 

finite element incremental formulations for nonlinear static 

and dynamic analysis. The general formulations include large 

displacements, large strains and material nonlinearities, 

Elastic, hyperelastic (rubber^like) and hypoelastic elastic-

plastic materials were considered. Isoparametric elements 

were used and the specific matrices needed in the computations 

were given. The solutions were presented of static and dynamic 
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problems involving large displacements and large strains. 

Wifi [129] presented an incremental variational method 

to analyze axisymmetric elastic-plastic solids at large 

strains, The method was then applied to the problems of 

steel-forming and complete deep-drawing of a circular blank 

using a hemispherical punch. In this case the finite element 

method is applied to metal forming problems. A complete 

derivation of the finite strain computation was presented. 

Yamada and Wifi [137] presented a general formulation 

of the finite element method including finite strains and 

elastic-plastic materials. An updated incremental finite 

element technique was applied to problems of shallow foundations 

of homogeneous as well as multilayer soils. The nonlinear 

material behavior and a modified Ramberg-Osgood formula was 

proposed for fitting the stress-strain curve. Isoparametric 

quadratic elements were used which are suitable for large 

strain situations. 

Carter, Booker and Davis [15] presented the formulation 

and numerical solution for problems which involve finite 

deformations of an elasto-plastic material. The solution was 

applied to an elasto-plastic soil. The governing equations 

were given in rate form. Plastic failure is described by a 

general yield condition and plastic deformation by an 

arbitrary flow rule. 

Chen and Davidson [22] presented an analytical study 

of static response of a homogeneous clay to loads. Emphasis 
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was placed in the incremental elastic-perfectly plastic 

material with the Drucker-Prager yield condition and its 

associated flow rule. The finite element method was applied 

and a step by step integration procedure used. Numerical 

solutions for four geomechanical problems were presented for 

plane strain conditions. 

Murakawa and Atluri [83] presented the development and 

application of incremental finite element formulations for 

finite elasticity, using a promising complementary energy 

principle. The incremental analysis of finite deformations 

of nonlinear elastic solids in terms of Piola-Lagrange (First 

Piola-Kirchhoff) stresses was examined. An incremental hybrid 

stress finite element model is presented which permits the 

a priori relaxation of traction reciprocity condition at the 

interelement boundaries. The procedure is applied to the 

problem of stretching to twice its original length a sheet 

made of a nonlinear elastic compressible material. 

Murakawa [85] has presented several finite element 

models based on a complementary energy principle for the 

analysis of finite deformation of nonlinear compressible 

and incompressible elastic solids. It was concluded that the 

general principle based on the Jaumann stress measure can lead 

to a rational and practical complementary energy principle 

involving the unsymmetric Piola-Lagrange stress and the 

rotation tensor as variables. The concept of hybrid finite 

element models was used for the derivation of incremental 
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hybrid type variational principles for total and updated 

Lagrangean formulations. Example problems of finite strain, 

plane stress deformations of compressible and incompressible, 

nonlinear elastic solids are solved, the results agree with 

literature solutions. In the report by Atluri [4] general 

variational theorems for the rate problem of classical 

elasto-plasticity, at finite strains were presented. The 

updated Lagrangean and the total Lagrangean rate forms in 

terms of alternate measures of stress and strain are critically 

studied from the point of view of their application. Atten­

tion is focused on the derivation of consistent complementary 

energy rate principles, which could form the basis of consistent 

and rational finite element methods, A literature review of 

formulations and applications of analysis of large strain 

elasto-plastic problems is presented. 

(f) No Tension Analysis 

Soil and rock materials cannot take tension forces or 

are limited in their tensile capabilities. A linear elastic 

solution will not give a correct distribution of stresses. 

It is therefore necessary to implement an analytical solution 

that represents the "no tension" characteristics such as the 

one presented by Zienkiewicz, Valliappan and King [140], 

The authors show how solutions can be obtained by applying 

restraining forces in the tension direction and by evaluating 

the forces with an element by element integration. The 

structure is reanalyzed elastically with equal nodal forces 
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which are opposite in direction with their effect being added 

to the structure so as to eliminate tension forces. 

The procedure is repeated until the tension forces are 

virtually negligible. The final solution complies with stat­

ics and presents a lower bound on the ultimate load of the 

structure. Examples of a dam, a tunnel and an underground 

power station are included using the no tension analysis. 

Recently Raad and Figueroa [108] presented a method of 

analysis for granular materials based on the Mohr-Coulomb 

theory incorporated to the finite element method. The principal 

stresses of the base granular material were modifed at the end 

of each iteration, so they do not exceed the strength of the 

material as defined by the Mohr-Coulomb envelope. It was 

reported that a reasonable degree of convergence is attained 

after four iterations. The predicted vertical stresses are 

larger than those predicted by an elastic analysis or iterative 

techniques. For the bottom half of the granular base an 

elastic analysis predicts horizontal tensile stresses that do 

not correlate with measured values. With this method the 

horizontal stresses that are influenced by the variation of 

modulus with depth result in small compressive stresses. The 

method does not predict the magnitude of permanent deformations 

or accounts for variations in the strength properties of the 

granular material under repeated loads. 
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(g) Fabric Materials 

The International Conference on the use of Fabrics in 

Geotechnics held in Paris in 1977 was a step forward to the 

increased use of fabric membranes as reinforcement or filters 

in soil construction programs. The trend of the conference was 

to present case histories on the use of fabrics in several 

projects. Instrumented field cases are available and tests 

on the mechanical properties of the fabric are reported. The 

analytical approaches of particular interest for this study 

[13,73] are reviewed here, A nonlinear finite element program 

[9] was used to predict the deformation pattern and stresses 

in the system. Bell, Greenway and Vischer [13] reported a 

field test of a road across muskeg that was "reinforced" with 

a fabric membrane. The analyses of the test section are given 

using the nonlinear program NONSAP, To simulate the "no 

tension" material of the embankment a Poisson's ratio equal 

to zero was used, and a very small elastic modulus for the 

horizontal direction assumed. No difference was found in 

computed deflections for systems with and without nonwoven 

fabrics, field measurements show a significant difference. 

The conclusions of the report that appear justified 

for very low reinforced embankment roads, over very soft 

foundations are: 

1. The main function of the fabric is to prevent 

local bearing failures. 

2. Tension in the fabric depends on the modulus of 

the fabric. 
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3, Information about the mechanical properties o£ 

the fabrics must be available before rational 

designs are possible. 

In the paper by Jessberger [73] an investigation is 

made concerning the inclusion of a non-woven synthetic fabric 

placed between a foundation soft soil and overlaying gravel. 

The results of plate bearing tests on a large scale investi­

gation and a numerical analysis, contributes to the discussion 

of the improvement of the load bearing properties of a soil-

gravel system with the inclusion of a fabric material. A 

numerical analysis with the finite element method was performe 

It was assumed that the gravel cannot take tensile stresses, 

so a very small modulus of elasticity for the horizontal 

direction was assumed. A stress transfer analysis was 

executed until tensile stresses were not higher than a small 

limit value, 

The results of the report show that in general the 

inclusion of the fabric increases the bearing capacity, but 

computed values show increases of 2% to 5% in contrast with 

field measurements which resulted in a 30% increase. Probably 

the finite element procedure did not model accurately the 

interface behavior. No comparison of deformations of both 

systems were reported and larger deformations will obviously 

improve the fabric behavior. 

In the thesis by Kinney [76] a method was presented to 

quantify the structural changes a fabric makes in a high 
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deformation soil-fabrioaggregate system. The final result 

of the research is the development of a general design scheme 

for the use of the geotechnical fabric as structural reinforce 

ment of the soil, A very complete review was presented of 

previous work that includes field experience, model tests, 

full-scale field tests5 theoretical developments and design 

procedures. Description in detail of the experimental work 

performed and the fabric tension model are given. Effects 

are discussed of rutting, vehicle wander, regrading the rutted 

surface, fabric properties, subgrade strength, maximum 

frictional resistance^ width and overlap, placement technique, 

position of the fabric in the profile and pretensioning, 

prestretching and anchorage, 

By means of the laboratory model tests and the mathe­

matical model that was used as the basis of the design scheme 

the following conclusions were given: 

1. Fabrics improve stability of high deformation 

soil-fabric-aggregate system. The amount depends 

on geometry and fabric properties. 

2. The fabric will increase the stability of the 

system as the amount of rutting increases. 

3. The fabric changes the strain distribution of the 

profile. 

4. For a soil-fabric-aggregate system with a thick 

deposit of uniform subgrade the displacements will 

be characterized by a fairly rigid block of 
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aggregate below the load moving down as a unit 

causing massive shear distortions in the subgrade. 

5. The fabric causes a decrease in the normal stress 

on the subgrade under the load and an increase in 

the normal stress on the heaved portion, 

6. The fabric tension model developed appears to 

represent the effects of the fabric laboratory 

tests reasonably well, 

7. Vehicle wander must be controlled on a soil-

fabric-aggregate system, 

8. Fabric installation must be done carefully. Avoid 

wrinkles, sharp objects and unnecessarily slippery 

materials. 

9. Fabric properties are significant to the response 

of the system. 

Recommendations for further research included parametric 

studies to define situations, information on the frictional 

resistance between aggregate and fabric, evaluation of 

mechanical properties of the fabrics, field testing with 

adequate instrumentation. 

(h) Related Research 

Reinforced earth structures are currently used more 

frequently on soil and highway engineering construction 

projects. The behavior of the interface between soil and 

metal strips studied in the articles presented in Section 

(b) presents the basis for the solution of reinforced earth 
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problems. Descriptions of the behavior of these types of 

structures follow. Chang, Forsyth, and Beaton [17] have 

described the performance of a reinforced earth fill. The 

data resulting from an extensive instrumentation of an 

earth enbankment is compared with the predicted behavior. 

Field measurements include: strain of reinforcing strips, 

soil pressure, lateral movement, settlement, strip slippage 

and skin plate deformation. 

The pull resistance and interaction of earthwork 

reinforcement and the soil was reported by Chang, Hannon and 

Forsyth [19]. Results indicate that the soil is not signifi­

cantly strained until a proportional limit is reached on a 

load-deformation curve. The tests indicate that for the same 

surface area the bar mesh reinforcement has six times the 

pull resistance of a flat strip reinforcement and exhibited 

greater pull resistance in a dense cohesive soil than a less 

dense cohesionless soil. The increase of size mesh opening 

reduces the pull resistance of the bar mesh. The minimum 

length of a steel strip reinforcement required for a low-height 

reinforced earth wall was found to be at least 10 feet. 

Romstad, Herrmann and Shen [110] and Shen, Romstad and 

Herrmann [119] analyzed and considered the theoretical behavior 

of reinforced earth structures. The reinforced earth is. 

treated as a composite material with associated composite 

properties. The properties of the composite model are used 

in a finite element formulation. The composite model is 
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compared with a finite element model with separate elements 

for the soil and for the strips. The conclusions are that 

the composite representation is computer time economic and 

provides an accurate model of the system. The analysis 

indicates that the reinforced earth is a relatively rigid 

self-supporting unit. The geometry of the wall, the boundary 

conditions and the foundation affect the magnitude and dis­

tribution of the strip forces. 

Determination of the skin plate thickness, corrosion 

and length (width of the wall) are not considered in the 

report. Needed are detailed studies of the pull out resistance 

to determine the strip length, the means of fixing or restrain­

ing the ends of the strip and the evaluation of the failure 

conditions during earthquakes. 

A general finite element program for two dimensional 

models of soils and reinforced earth structures called REA 

was presented by Herrmann [58] , The program also includes 

incremental construction and excavation analysis capabilities 

and is a very general and complete program. 

The analysis of layered systems has important practical 

applications in soil mechanics. The stress analysis of a 

layered system provides the means of predicting the probable 

settlement of the system for instant and long term loadings, 

Among many references on the subject Barksdale [6] presented 

an axisymmetric finite element model. This investigation 

developed a general nonlinear theory for the design of 
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flexible pavements. The proposed nonlinear theory was 

extended to include the calculation of both elastic and 

permanent deformations in multi-layered pavement systems, 

having material properties that vary with environmental 

changes, stress rate and number of load repetitions. The 

theory is verified using an idealized model pavement system 

with good agreement being observed between the measured and 

the calculated deflection profile of the slab. 

Desai and Reese [29] analyzed and reported the results 

of foundations on single and double cohesive layers. The 

finite element method was used and an excellent correlation 

was obtained between laboratory results and the finite 

element model. A report on layered pavement systems was 

presented by Barksdale and Hicks [7], here the response of 

flexible pavement structural sections is predicted with 

reasonable good accuracy from dynamic laboratory determined 

material properties. A linear elastic finite element 

computer program or a nonlinear elastic program having 

iterative capability are used, The modulus of elasticity is 

stress dependent so the second solution was recommended. 

Predicting the actual response can be quite involved, due to 

nonlinear and inelastic behavior, anisotropy, changes with 

time of the material properties, uncertainties during construc­

tion and changes in environmental conditions. The report 

concludes with the recommendation that "The predicted behavior 

should always be compared with field observations, if it is 
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not satisfactory the theory should be revised." 

Summary 

The literature review provides valuable information 

for the development of the special finite element model of 

this study. The literature was closely reviewed and where 

appropriate applied. Only a few papers contain procedures 

and data for the solution of the soil-fabric problem. Pro­

cedures taken from finite element models applied to the 

space technology provided methods of analysis for the non­

linear and large displacements formulations. 

The information from such different sources needs to 

be applied with caution because a single paper may not con­

tain the complete information or it was applied for a 

different use or computer environment. The accuracy of the 

solution of the equations of systems with large variations 

in stiffness and small relative displacements between nodes 

linked with rigid members is improved by using as degrees 

of freedom the relative displacements between the nodes 

[11,19,59], In some cases this is not necessary if the 

appropriate computer environment is available [102]. 

The present study includes several load increments, 

together with all capabilities mentioned before, so it is 

of prime importance to apply efficient, accurate and as 

simple as possible mathematical procedures. Very sophisti­

cated or computer inefficient methods should be identified 
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and not used. 

The diversity of fields working on similar finite 

element models has produced a different nomenclature. An 

attempt to clarify this problem has been made [128], but 

still articles coming from such different fields as geotech-

nical, hydraulics, structural, heat transfer, mechanics, 

dynamics, and others make an overall nomenclature coordina­

tion of the mathematical model difficult to achieve. 

The problem of fabric materials embedded in the soil 

does not have a special finite element that represents all 

the desired characteristics of the soil-fabric interface 

system. Multilayer analysis is the closest related research 

and provides guidelines on the type of model, range of 

deformations, and laboratory tests on similar models, that 

are valuable data for the comparison of the behavior of the 

system. 
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CHAPTER III 

OVERVIEW OF THE FINITE ELEMENT APPROACH 

Finite Element Model 

The geotechnical engineer does not expect to obtain 

"mathematically exact" results for problems involving 

stratified clay, silt, sand or rocks. The nonlinear behavior 

of the soil, the environmental conditions of the site, the 

nondeterministic application of loads, the interaction 

between soil, foundation, and reinforcement and the changes 

in pore water pressure are some of the many variables encoun­

tered. The finite element method has proved for many applica­

tions to be a reliable way to solve with sufficient accuracy 

difficult engineering problems; applications are found in the 

theory of elasticity, plasticity, structures, water flow, 

heat transfer, dynamics, and many other areas [12,117]. 

The soil-fabric interaction problem is of a high order 

of difficulty. It involves nonlinear and plastic behavior of 

the materials, no tension characteristics of cohesionless 

soils, interfaces and reinforcement in the soil including 

large displacements. In Figure 3-1 the principal factors 

affecting the problem are shown. The finite element model 

developed in this study investigates the behavior of the soil-

fabric interaction subjected to static monotonically increasing 

vertical loads. Inertia loads are neglected. With respect 
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to the soil-fabric interaction, special attention is given to 

the probable slip of the fabric with respect to the adjacent 

materials. Also, the no tension characteristics of the 

cohesionless crushed stone and gravels are modeled. 

Types of Finite Elements Used 

The soil-fabric system is represented in the finite 

element model developed by three types of elements: isopa­

rametric eight-node elements, interface and fabric elements. 

For the clay and gravel the eight-node isoparametric element 

is used (Figure 3-2a). This element has quadratic interpola­

tion functions that allow for a quadratic variation of dis­

placements within the element and smoother variation of 

stresses and strains between adjacent elements. It can rep­

resent high stress gradient areas with a fewer number of ele­

ments than the linear quadrilateral or linear strain triangle. 

The interface is modeled by six-node spring elements 

with three normal and three shear springs that allow for the 

computation of shear and normal stresses at the interface. 

The thickness of this interface element does not enter in the 

computations and the boundary nodes are coupled with the 

three side nodes of the adjacent eight node isoparametric 

element. This element is shown in Figure 3-2b. A complete 

derivation for this element is presented in Chapter IV. 

To model the fabric, the reinforcing part of the 

system, a special fabric element was developed. This element 
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is a two dimensional element that approximates the membrane 

behavior of the fabric embedded in the soil. The element 

takes only tension forces. No bending or compression is 

taken by the fabric element. 

The fabric element is placed between two layers of 

interface elements and acts as the reinforcing part of the 

system. It is shown in Figure 3-2c, and derivations are given 

in Chapter IV for the fabric element. 

Isoparametric Eight-Node Quadrilateral Element 

For representation of the clay and gravel layers, an 

eight-node isoparametric, axisymmetric element is used. It 

is shown in Figure 3-2a. This element with its quadratic 

shape functions has the capability to model curved boundaries 

and a quadratic variation of displacements within the element. 

It can follow the deformed geometry of the body and represent 

it accurately with a fewer number of elements than linear 

quadrilateral or triangular elements. The eight node isopara­

metric element is a powerful element, which has been proved 

accurate, useful and economic for many applications. It is 

reported in the literature on subjects dealing with nonlinearity 

[113], plasticity [15,145], large strains [137], and economy of 

the computer application of the element [41]. 

The general formulation for this element is extensive 

and available in the literature [11,47,147], Just the most 

important aspects of the derivation are presented herein, 



38 

following the derivations given in [11]. 

Formulation of the Strain-Displacement Transformation Matrices 

B for Axisymmetric Solids 

The use of isoparametric elements facilitates the 

formulation of the strain-displacement matrices for the 

elements of the system. The isoparametric finite element 

formulation by means of the shape or interpolation functions 

H., provides a direct relation between the values of the 

coordinates or displacements within the element and the 

nodal values of the coordinates and displacements [11]. 

The coordinates at any point within the element are 

given by: 

n 
r = E H.r. (1) 

i = l 

n 
z = I H - z . (2) 

. ., i i J 

i=l 

where 

r and z = global coordinates of the axisymmetric system 

r. and z. = the coordinates of the nodes of the element l I 

H. = interpolation functions of RP and ZP 

n = number of nodes of the element 

With the shape functions (H-) the displacements at any 

point of the element (u,v) can be computed if the displacements 

of the nodes (u.,v.) are known 
i i 
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n 
u = I H.u. (4) 

i = l x x 

n 
v = I H.v. (5) 

1 = 1 

For the eight-node isoparametric element the interpolation 

functions are given by the following expressions [11]: 

E± = 0.25 (1-RP) (1-ZP) - 0.5 H5 - 0.5 tig 

H2 = 0.25 (1+RP) (1-ZP) - 0.5 H5 - 0.5 H6 

H3 = 0.25 (1+RP) (1+ZP) - 0.5 H6 - 0.5 H? 

(6) 
H4 = 0.25 (1-RP) (1+ZP) - 0.5 H? - 0.5 Hj 

H5 = 0.50 (1-RP
2) (1-ZP) 

H6 = 0.50 (1-ZP
2) (1+RP) 

Hy = 0.50 (1-RP
2) (1+ZP) 

HQ = 0.50 (1-ZP
2) (1-RP) 

where ZP and RP are the coordinates of the point under 

consideration for the local coordinate axes of the element 

and vary from -1 to 1. Figure 3-2a shows an eight-node 

isoparametric element with the node numbering scheme and the 

local and global coordinate axes. 

The strain displacement transformation matrix B 

relates the strain at any point within the element, the 

nodal displacements u; as follows: 



40 

£ = B • U (7) 

where e. = strain vector. 

_ r3u ^u u 
~ l3r 3z r 

3u + 3v,T 
3z 3rJ (8) 

To derive the strain-displacement matrix B the Jacobian 
-1 

operator [J] is required. It relates the natural or global 

coordinates (r,z) derivatives to the local coordinates (RP,ZP) 

and is computed by inverting the Jacobian matrix [J]: 

[ j ] = 

3r 
3RP 

3z 
9RP 

3r 
3ZP 

3z 
3ZP 

(9) 

then 

_3 
3r [J] -1 3RP (10) 

O r T -I ~ 1 3 

dz = [J] 3ZP (11) 

-1 where [J] is the inverse of the jacobian matrix. Also the 

determinant of the Jacobian operator (det|J|) is utilized in 

the formulation of the element stiffness matrices, to transform 
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from the local coordinates to the global coordinates. 

With equations (9), (10) and (11) the partial 

J • 3u 3u 3v i 3v n . j „ • j -
derivatives ^—, -x—, -̂ — and ^— are evaluated. Considering 

3r 3z 3r 3z 
a specific point within an element having local coordinates 

RP and ZP we can write for the eight node isoparametric 

element: 

„ 8 3H. 
iH. = v 1 u fl2) 
3r i^1 3r I

 llL) 

a» 8 8 H-

It = ^ 3 ^ Ui (13) 

S,r 8 3H. 

P- = S v-1- v. (14) 
3r . , 3r i v } 

I-I 

„ 8 3H. 
iZ. = £ L v. (15) 
dZ « -. o Z 1 

Now the stress-displacement matrix B can be formed. First by 

using equations (10) and (11) to compute the partial derivatives 

of the shape functions H-, with respect to the global coordinates 

r,z. Second with the equations (12) to (15) and the definition 

of the B matrix equation (7), we can form the matrix B for 

a specific point in the element. The B matrix is given by: 
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B = 

9H]L 

dr 0 

3H1 
3z 

9H2 
3r 

0 

0 

3H1 
3z 0 

Hl 0 
H2 

9z 9r 

3H, 3H-, 3H, 

0 

3R 

3~z~ 

0 

3H, 

3z dr 

(4 x 16) 

3H8 
' dr 0 

. o 
3H8 

3z 

H8 0 

3H0 m 

32 
8 

31* 

(16) 

Using the strain-displacement matrix relation B, the stiffness 

and internal forces of the system can then be evaluated. 

The element stiffness matrix S is given by 

S = / B1 D B det|J|dv 
v ~ ~ ~ 

(17) 

where 

B = strain-displacement matrix 

D = elasticity matrix 

det|J| is the determinant of the Jacobian matrix 

v = volume of the element 

The stiffness matrix S can be evaluated by numerical inte­

gration using Gaussian quadrature. The axisymmetric analysis 

for an isotropic material results in the following form for 

D: 
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= , E(l-v) 
(1+vJ(l-2vj 

where 

E = modulus of elasticity 

v = Poisson*s ratio 

The general case for an anisotropic stratified material is 

presented in Chapter VIII. 

The eight node isoparametric element presents several 

advantages over simpler elements. It includes the possibility 

of representing curved boundaries, a quadratic displacement 

variation between the nodes, and the use of fewer elements to 

model a certain problem and obtain good accuracy on stress and 

strain computations. The numerical work and the operation 

matrices are more elaborate than those needed for linear 

quadrilaterals or triangles, but the algorithms do not present 

extra difficulties for the programmer. The element has been 

compared with simpler and more complex elements [41] and is very 

convenient in overall efficiency and accuracy for the problems 

of this study where large displacements and deformed geometry 

are included. 

v v 
1-v 1-v 

V 
l'V 

1 

symmetric 

0 

0 

l-2v 
2(l-v) 

(18) 
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CHAPTER IV 

SOIL-FABRIC MODEL 

Interface Element 

A special interface element was developed to handle 

soil-fabric systems. The formulation of this element follows 

previous work on interface elements performed by Wilson 

[133], Goodman [50,51], Ghaboussi [49] and Herrmann [57,59,60]. 

The interface element selected complies with the 

compatibility requirements of the adjacent eight-node 

isoparametric element previously described. The interface or 

joint element is formed by six springs and six nodes (Figure 

4-la). The normal and shear spring coefficients computed as 

a foundation modulus or subgrade reaction (k), the ratio of 

stress divided by the displacement given in units [F/L ], 

are used for the computation of the equivalent axisymmetric 

springs of the interface element. 

For the computation of the shear stress at the inter­

face a very high subgrade reaction modulus (k) is assigned, 

so that the computed shear relative displacements are a very 

small number. Using the high modulus, the applied shear at 

the interface is computed and compared with the maximum shear 

resistance of the interface. In the problems analyzed in a 

CDC CYBER 74 values for the subgrade modulus of the order 
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10 to 10 pci appear not to influence the results. When the 

spring shear is larger than the maximum allowable shear, a 

slip condition is achieved and only the maximum shear is 

applied at the interface. 

Derivation of the External Load Vector 

The external uniform loads are represented by concen­

trated equivalent forces in the finite element formulation. 

Equating the work done by the uniform load and the concentrated 

loads we can derive the axisymmetric load factors that are 

used to compute equivalent loads given a uniform stress 

distribution on a boundary of the eight node isoparametric 

element. The displacement distribution is quadratic between 

the nodes of the eight node axisymmetric elements, as shown 

in Figure 4-2. Assuming the nodes of the element boundary i, 

j and k, then we can obtain the energy equivalent concentrated 

loads by equating the work of both systems by: 

T, 
k 

F x 1 = / 2-nrq H «dr (1) 
n n 

r i 
where 

F = equivalent concentrated forces at the nodes n ^ 

i, j or k 

q = uniform load acting perpendicular to the member 

H = shape or interpolation function for the eight 

node isoparametric element function of RP 

r - horizontal coordinate 
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Using local coordinates of the member (RP), we can write 

equation (1) 

1 
F = / 2wrq H dr (2) 
n _1 n ^ J 

where 

n = i, j , k 

L 
r = ravg + RP X 2 C ° S a ^ 

dr = det |j| dRP = y dRP 

a - initial angle between horizontal 

r axis and the ijk side at the start 

of load increment 

Substituting r and dr in equation (2) for node i, the con 

centrated equivalent force taking H. = H« for ZP = 1 is: 

1 
F. = / 2TT(r + RP x h coscOq • 0,5(RP2-RP) if- dRP B ) 
1 -. 3-Vg Z L 

Performing the appropriate integrations then 

F . = uq Tf- ( r nr r t - T cosa) (5) 
l n 3 ^ avg 2 J K 
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where 

r = (r.+r -+i\ )/3 (6) 
avg v 1 j \J 

L = length of side i-k 

The same procedure is followed for nodes j and k which 

results in concentrated forces F- and F* given by: 

and 

4 4 
F - = TrqL •*• r = «- wqL r rrT (7) 

j H 3 avg 3 n avg v J 

\ = ** 7 ^ a v S
 + \ C0Sa> ( 8 ) 

The axisymmetric load factors AV. multipled by the uniform 

load q give the concentrated nodal forces. 

F. = AV1 x q l 1 n 

F. = AV~ x q 
3 2 H 

Fk = AV3 x q 

Then solving for the axisymmetric load factors with equations 

(5) , (7) and (8) : 
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AV1 = v J (ravg " \ c o s a J 

AV2 = J "L ravg ^ 

AV3 = * J (ravg + \ C 0 S a ) 

The axisymmetric load factors AV. are employed in the 

derivation of the stiffness matrix of the interface element. 

Derivation of the Interface Element 

The interface element enables representing the shear 

and normal stresses at the interface in a simple way that can 

be coupled with the adjacent eight-node isoparametric elements 

The interface is assumed to have a distributed foundation 

modulus or subgrade reaction k along its boundary. The units 

3 

of k are (F/L ) and is uniform within one element. An inter­

face element is formed by six nodes and springs as shown in 

Figure 4.1a. In the model the concentrated springs replace 

the uniform distributed foundation modulus, k. The strain 

energy of a distributed uniform foundation modulus k is 

equated to the strain energy of a concentrated spring stiff­

ness K at nodes i, j and k of Figure 4.1a. The strain 

energy equation applied to compute the concentrated force at 

mode i is: 

r -

\ f 2-nrk Au2 dr = \ K Au2 (10) 
2 r. 2 i 

I 
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differentiating and equating to zero to obtain the stiffness 

in both systems 

r. 
J 
f 2irrk Au dr = K • Au. = 0 (11) 

x r -
I 

now An = H. Au. into (11) 
l i v J 

r. 
3 

k f 2-rrr H. Au. dr = K • Au. (12) 
i i l ^ 

r -
i 

Thus the equivalent spring stiffness K is given by 

r. 
J 

K = / 2trr H. dr • k (13) 
r. 
l 

This integral is similar to equation (2) with k replacing q. 

This integral resulted in the axisymmetric load factors AV 

given in equation (9). The same operations are performed 

for nodes j and k, resulting in the concentrated spring 

stiffness that can be computed by 

K = AV k (14) 
sn n s 

K = AV k (15) 
nn n n v J 
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where n represents nodes i, j and k, as shown in Figure 4-la. 

The total node displacements of the interface element for 

the 12 degrees of freedom of the element shown in Figure 4-lc 

are defined as: 

u 
= [u. v. u . v . u-, v, uft • v„ u v u v 1 

v | L i i ; j j k k £ £ m m n n J 

(16) 

The relative displacements are then given by: 

Au. = u -u-i n I 
Av. = v -v-

I n i 

Au. = u -u. 
J m j 

A v . = v - v . 
j m j 

(17) 

Auk = uiTUk A vk = V£"Vk 

The interface element stiffness matrix S. can now be 
~ier 

assembled in terms of the relative displacements between 

the linked nodes, and is given by 

ler 

AV.K . 
1 SI 

AV-K -
i ni 

AV.K . 
j sj 

AV.K -
0 J nj 

AVkKsk 
A. .3 J\. 

AVkKnk 

(18) 
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The relative displacements can be expressed in matrix form 

by 

Au = B - u ( 1 9 ) 

w h e r e 

Au 

Av-
i 

Au-

Av 

Au, 

Av, 

= 

u • n -u. 
1 

v -n -v-
1 

u -
m 

-u-
3 

v • 
m -v . 

J 
V • u k 

v v k 

• 1 0 0 0 0 0 0 0 0 0 1 0 

0 - 1 0 0 0 0 0 0 0 0 0 1 

o 6-1 o o o o o i o o o 

0 0 0-1 0 0 0 0 0 1 0 0 

0 0 0 0 - 1 0 1 0 0 0 0 0 

0 0 0 0 0 - 1 0 1 0 0 0 0 

• < 

u 

u 

v. 
3 

u, 

u, 
1(20) 

u m 

111 

u n 

n 

Now the interface element stiffness matrix S. is given in 

terms of the total displacements by 
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S. = BXS. B (21) 
~ie - ~ier ~ 

The total displacements axes for the interface element are 

shown in Figure 4.3. 

The interface element stiffness S. can now be used 
~ie 

for the formulation of the system stiffness. Since the whole 

derivation gives the stiffness matrix in closed form, numeri­

cal integration is not necessary. 

Fabric Element 

The fabric is the reinforcing element of the gravel-

interface-clay system. To model the fabric a special 

axisymmetric, linear, two dimensional element is developed. 

The fabric element only takes tension in the radial 

and tangential directions. Compression and bending are not 

taken by this element. Without bending resistance, the 

element will deform without restriction with applied trans­

verse forces. This linear element is a two dimensional 

version of a one dimensional pin-end. bar element. 

A quadratic element with no bending capacity does not 

handle the equilibrium condition of the shear stresses 

developed along the curved element. Due to its curvature, 

membrane stresses alone cannot provide the equilibrium con­

dition. For this reason a linear and not a quadratic element 

is used. The friction forces that are developed at the 

fabric are applied at the nodes of the element and depend 
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on many variables including: 

(a) The friction and or adhesion between the clay and 

the fabric. 

(b) The friction or "grip" between gravel and the 

fabric. 

(c) The tension properties of the fabric. 

(d) The gravel thickness that defines the stress 

field at the interface. 

(e) The orientation and state of deformation of the 

fabric. 

The two dimensional axisymmetric fabric element used in this 

investigation is shown in Figure 4-4 for undeformed and 

deformed conditions and in Figure 4-5 the soil-fabric finite 

element model is shown. The fabric-soil system is modeled 

by a fabric element and double layer of interface elements 

as shown in Figure 4-6, one interface element being placed 

above the fabric element and one below. Since the interface 

element was developed assuming a quadratic displacement dis­

tribution, incompatibility of displacements between the 

interface and the fabric element exists. To give a better 

approximation of the behavior of the interface and the 

fabric, two fabric elements are placed along the side of one 

interface element, as shown in Figure 4-6. Each fabric 

element extends from a node adjacent to a corner node to a 

node adjacent to a midside node of an eight node isoparametric 

element. 
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When the system undergoes displacement the interface 

will be represented by the model shown in Figures 4-5 and 4-7. 

Fabric Element Derivation 

The general representation of the linear, two dimen­

sional axisymmetric fabric element is shown in Figure 4-8. 

The nodes of the element are i and j and the element forms 

an initial angle a with the horizontal r axis, 

For the local coordinate system of the element labeled 

RP, the displacements are given by uf. Then the displacement 

interpolation values in terms of the global components u., , 

v., , u? and v~ are given in matrix form by: 

l 

(l-RP)u1 + (l+RP)u2 

u' - j [cosa sina] ( 

(l-RP)v1 + (i+RP)v2 

(22) 

The radial strain of the element is given by 

9u' 
3r 

(23) 

and the tangential strain, assuming that only the displace­

ment in the radial direction produces tangential strain, is 

given by: 

u' en = — cos a o r (24) 
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The Jacobian matrix [J] relating the element length in the 

global coordinate system to the element length in the local 

coordinate system is given by: 

[J] (25) 

where 

L = [(r.-r.)2 + (z.-z.) 2] 1 / 2 (26) 

Converting equation (23) to the local coordinate axis RP: 

= r T l - l ^ _ = 2_ 9u^_ 
r L~J 3RP L 9RP 

(27) 

Now the derivative of displacement u ! with respect 

to RP from equation (2 2) is in matrix form: 

3uT 

9RP 
zr = [cos a sin a] \ 

0.5 u, + 0.5 u 2 

-0. 5 v., + 0, 5 v~ 

(2 8) 

so the radial strain in terms of the global displacements, 

substituting (28) into (2 7) we have: 



61 

2 1 
Y j [ Ci-U-u-, )cosa + (v2-v-,)sina] 

J. 
|- [(u.-uJcosa + (v^-v..) sina] 

(29) 

where L is given by equations (26)„ 

Substituting (22) into (24) for the tangential strain 

we have the expression: 

= y=jY cosa [cosa sina] < 

(l-RP)u1 + (l+RP)u2 

(l-RP(v1 + (l+RP)v2 

If (30) 

where 

RI = r = (r.+r.)/2 + RP • £ cosa 
j l z 

(31) 

The strain nodal displacement equation is: 

e = B*u (32) 

Then with expression (29) and (30) and with (32) we form the 

strain-displacement matrix B for small strains 
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c 

<- - » 

cosa 

rr 
sina 
T 

cosa sina 

2 
n pp-tcos a (l'RP)sinacosa (1 + RP) cos^a (1 + RP) sinacos 
^ 1 ~ K r J TTfyf I D T ODT 9 D T 

a 
^RT 2RI 2RI 2RI 

u 

(33) 

Finally from (33) the strain-displacement matrix B is defined: 

cosa sina cosa sina 

(l-RP)cos2a (l-RP)sinacosa (1+RP)cos2a (1+RP)sinacosa 
2RI 2RI ~mr "ZRT 

(34) 

Laboratory tests show the fabric material has different 

tension modulus Er in orthogonal directions due to the method 

used in manufacturing. These mechanical characteristics of 

the fabric imply that the fabric is not axisymmetric. To 

treat the problem as an axisymmetric problem an average 

tension modulus of the fabric Er is used. The average is 

computed from the tension modulus values in the main and 

transverse directions. The solution with the fabric with 

different tension modulus in both directions implies the use 

of a three dimensional model or an axisymmetric model using 

Fourier series to account for the fabric mechanical character­

istics. Considering the complexities of the finite element 
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solution for the soil-fabric system, the use of a more 

sophisticated model would result in a prohibitive computer 

time for the nonlinear incremental analysis of the system. 

The matrix relating stress to strain or elasticity matrix 

D is then given by: 

D = 

E £ 0 

E.J 

(3 5) 

The stiffness of the fabric element S. is given by 

Sr = / B D B dA 
A 

(36) 

which is evaluated numerically as discussed in Chapter VI. 

The interface and fabric elements presented provide an 

approximate model to represent the interface soil-fabric 

system in the finite element formulation. In the case of the 

fabric element by using straight portions of the fabric, the 

real curved surface in space is just approximated and the 

displacements developed are not complying with the continuity 

of the slope of the fabric membrane. For this reason the 

present fabric element is a simplification of the problem, 

but tests show that it represents adequately the fabric 

material in the soil-fabric system. Examples of the use of 

the fabric element are given in Chapter X. 
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CHAPTER V 

NONLINEAR ANALYSIS AND LARGE DISPLACEMENTS 

Background 

The solution strategy for the finite element analysis 

of nonlinear systems and large displacements is based on the 

solution of incremental formulations of the problem. The 

load is applied to the model by increments, and computations 

of incremental and total stresses are performed for each load 

increment by solving a system of linear incremental equations 

of equilibrium of the system. The complete load-displacement 

behavior is obtained. In the nonlinear problem the nonlinear-

ities arise from two different sources: geometric nonlinearities 

and material nonlinearity. The geometric nonlinearities are 

due to large displacements caused by the change in geometry 

of the body, and the material nonlinearities depend on the 

constitutive relation of the material. In many finite element 

applications the elastic-plastic or the elastic-strain harden­

ing behavior is used to represent the material behavior. 

The earliest solutions of the nonlinear finite element 

analysis treated the problem as multilinear making possible 

general analysis capabilities and solutions. Development of 

isoparametric elements enhanced the use of the nonlinear 

approach and provided an effective way to solve several 



65 

problems. In structural analysis these are solutions reported 

for beams and axisymmetric shells [53], large deflection of 

plates [86], large displacements of membranes [96], tensile 

strip problems, bending of bars [121] and deflections of 

shallow curved beams [2] among many others. In geotechnical 

engineering the material nonlinearity has been of prime 

interest for predicting settlement of footings on layered 

soils [29] together with procedures for the nonlinear analysis 

of soils [40] and analysis of layered systems [6], 

The following two different procedures have been used 

in the solution of the incremental nonlinear finite element 

models: 

(a) The total Lagrangean or Lagrangian formulation where 

all variables are referred to the initial configuration of the 

body, shown as state M in Figure 5-la and uses a unique type 

of stresses. This procedure has been used by Oden [98], 

Hibbit, Marcal and Rice [63], Stricklin [121] and others. It 

was the first introduced and produced good results in static 

analysis. 

(b) The updated Lagrangean formulation where all 

variables are referred to an updated configuration of the 

body in each load step. This procedure is called also Eulerian 

or moving coordinate. It was used by Bathe and Wilson [10], 

Yamada [136], Atluri [2,4], Stricklin [121], Murakawa [85], 

Zienkiewicz et al. [149], among other authors. It is recog­

nized that this formulation presents more simplicity than the 
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(b) Element stresses for the second Piola-Kirchhoff stress 

Figure 5-1. Deformation and Stresses Due to Load Increments 



67 

total Lagrangean, especially for large displacements--small 

strain problems, 

The two approaches have been studied and literature 

reviews are given in [2,4,10,98,136,149]. Both theoretical 

solutions should give identical results, although different 

authors report different results with variations up to 2 51 

[10]. Probably the constitutive relations used, the number of 

increments and the equilibrium verification played an important 

role in these variations. 

A brief presentation of the two approaches follows 

where matrix and tensorial notations are used following 

references [4,4A,83 and 85]. 

Total Lagrangean Formulation 

The total Lagrangean approach for the solution of non­

linear, incremental finite element problems refers all variables 

to the initial configuration of the body. Considering a load 

increment applied to a body which starts with an undeformed 

configuration at state M, then after the load increment is 

applied, the body will deform to a configuration N. With a 

second load increment the body will further deform to con­

figuration N+l, as shown in Figure 5-la. All variables are 

referred to the initial configuration of the body. The second 

Piola-Kirchhoff stresses at state N+l, according to the defini­

tions for all the stresses used in this chapter given in 

Appendix A, are computed as follows: 
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N+l N S?. = S-. + AS-• (I) 
~ij ~ij ~ij ^ 

where 

N+l S = second Piola-Kircfihof f stress at state N+l 
N 

S = second Piola-Kirchhoff stress at state N 

AS.- = increment of the second Piola-Kirchhoff stress 
~ j. j 

The second Piola-Kirchhoff stress is a stress per unit area 

in the undeformed configuration of the body. 

Now compute the true Cauchy stress at the end of the 

increment. For this case the increment of stress AS-, is not 
~ij 

additive to the true Cauchy stress at state N+l, To compute 
N+i the true Cauchy stress x at state N+l, the following 

transformation is needed: 

N+l 1 r N + l CN+1 r^N+lnT , ? . 

I = TFT ? ? [ ! ] ( 2 ) 

where 
W+1 F = displacement gradient matrix or transformation 

matrix 

F
N + 1 = [3uN+1] (3) 

i L 3x J k J 

u = displacement vector 

x = coordinates for the axisymmetric case: r,z,0 

N+l 

J = det[—«-—] = det F (4) 
OA 

The true Cauchy stress T is the stress that results from 
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the application of the differential force acting on an 

oriented surface in the deformed configuration of the body. 

In the total Lagrangean approach we solve for the 

increments of the second Piola-Kirchhoff stress AS and the 

increment in displacement Au and add these values to the 

state N values to obtain the conditions of state N+l. The 

transformation matrix is calculated using the gradient matrix 

N • N T 
[F ], whose transpose matrix [F ] found in Appendix A is 
given below: 

[FN]T -

The main advantage of the total Lagrangean formulation is the 

use of a single reference configuration and a single type of 

stress? the second Piola-Kirchhoff stress. With it compute 

the true Cauchy stress with equation (2). A disadvantage is 

that the stiffness matrix for large displacements is quite 

complex to implement in the formulation and the equilibrium 

equations are rather complicated. 

Updated Lagrangean Formulation 

The updated Lagrangean approach is also called 

Eulerian, moving coordinate or updated [4,9,79 ,137]. This 

1 + 9H 3r 
Sv 
9r 

du 
3z 1 + _Bv 3z (5) 

-, u 
1 + — r 
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formulation considers the changes in geometry with each load 

increment and all variables (stresses, strains and displace­

ments) are referred to the immediately previous configuration 

of the body. The equations of equilibrium are simpler than 

the total Lagrangean formulation. For each load increment a 

reference configuration N is used for the solution of the 

incremental variables. A disadvantage of the updated Lagran­

gean formulation is that the computation of stresses needs a 

step by step procedure. The initial stress in state N is the 

N true Cauchy stress x f this stress is given per unit area in 

N, in the orthogonal axes r, z and 9 for the axisymmetric 

problem. The definition of the true Cauchy stress and a 

graphical representation is given in Appendix A. 

The incremental stress decomposition for the updated 

Lagrangean formulation is represented by: 

CN+1 _ N A A C N ,^ 
S = T + AS (6) 

where 

N+l 
S = components of the second Piola-Kirchhoff stress 

at N+l referred to N at the end of the increment 

T = components of the true Cauchy stress tensor 

N 
AS = components of the second Piola-Kirchhoff 

stress increment referred to configuration N 

(Truesdell stress increment). 

With the values of S computed9 we use the transformation 



71 

TN
+1 = _ J _ pN+1 SN +1 [ FN +1 ] T (?) 

J 

to compute the true Cauchy stress at the state N+l, which is 

the initial stress for state N+2. 

The first Piola-Kirchhoff stress in state N+l as 

referred to N is : 

.N+l N ^ A+N+l fQ, 
t = x + AtN (8) 

where in general 

N 1 CN CN r^N.T rQ, 
x = — F S [F J (9J 

N ~ 
J 

Now the strategy is to calculate AS or At and then calculate 

N+l N+l S or t and with the help of the transformation matrix 

F given in equation (5), calculate by means of equation (7) 

N+1 the true Cauchy stress at state N+l represented by x and 

given for the end of the increment. 

Equations for the Nonlinear and Large Displacement 

Finite Element Formulation 

Using the updated Lagrangean approach and taking as 

reference the configuration of the body at state N, the true 

total stress x at state N+l referred to N is given by 

equation (7). The total strain in state N+l referred to N 

is e and the total displacements in N+l referred to the 

orthogonal base vectors in N are u. Using standard tensor 
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notation the strains are given by: 

1 r i 
ij 2 L i,j j,1 k,i k,jJ (10) 

The commas in the above expression indicate differentiation. 

The virtual strains are computed with: 

6 e i j = i 6 t u i , j + u j , i + u k , i u k , j ] ( I D 

Employing the principle of virtual work [147] we can formulate 

the equations of equilibrium of the system by computing the 

virtual work of the external forces and equating it to the 

negative change of the internal energy, which gives: 

/ [fT^.+AS.,)6e.. - (R^AR^)6u.]dv - / [ (t^ + At )6u.]ds = 0 
V AJ J-J Ij 1 1 1 c S^ S^ 1 

(12) 
V XJ XJ ±J x J- x c 

N bN 

where 

R. = body forces 

t = surface tractions s -
i 

V^ = volume of the body at state N 

S^ = surface of body at state N 

Substituting equation (11) into (12) gives 
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/ {T 1 ? , J [ 6 U . • + 6u . •] - R?6u .}dv - / t ^ 6 U i 
v 13 z x > J J » 1 1 1 S i 
VN 

+ / [AS. , i 6 [ u . f j + U j j i + u k j i u k J ] 
VN 

+ T i j ° 1 « I u k , i U k ? j ] ' AR.6U i]dv - / [ A t ^ fiu.Jds - 0 

(13) 

For state N to be in equilibrium the first row of equation 

(13) must be equal to zero. Thus the first row gives a check 

of the accuracy of the solution for each load increment since 

it represents the unbalance of the system. Now use a piece-

wise linearization solution of the problem and assume that 

equilibrium is satisfied at the state N. For the incremental 

body forces and external pressures for the interval we can 

define the incremental equations of equilibrium. The non­

linear term {AS., u, . u, .} of equation (13) is dropped here 
ij K,i K > J 

to obtain a linear solution for the increment which gives 

1 N 1 

/ [AS.. • \s[uif. + U j > i ] + T.. • j S i u ^ u ^ . } 
N 

- ARSu.]dv - / [At 6u.]ds = 0 (14) 
i s bi x 

The linear and quadratic strain increments are respectively: 
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Seij = 7 6 [ u i , j + U j , i ] ( 1 5 ) 

^i) = 7s [uk,iuk,j ] ( 1 6 ) 

The total strain is given by 

e.. = e-1 + e-L (17) 
ij ij ij 

Since stresses, body forces and surface tractions do not 

change during virtual displacements 

N r L ,f N L. 
Tij 6eij = 6(Tij eij> (lg) 

AR. 6u. = fiCAR-u.) (19) 
l i l i 

At .*6u. = 6(At .u.) (20) 
si I si l 

Substituting expressions (15) through (20) into (14) gives 

/ [AS-.Se.1 + T.N6e.L - AR.6u.]dv - / [At -6u.]ds = 0 (21) J l - ij ij 13 IJ l i si i 
VN N 
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where 

AS.. = second Piola-Kirchhoff stress increment 
ij 
N T.. = true Cauchy stress in state N 

AR. = body forces load increment contribution 

At = external tractions load increment contribution s 

The integration and stiffness matrices derivation from equation 

(14) show that in the above expressions the term {AS.- 6e-.} 
v . ij ij 

provides the conventional small displacement stiffness matrix, 
"M T 

and the term {T. 6e..} provides the initial stress stiffness 

matrix. When the second order term {AS.- u, - u, .} is 
13 k,i k,j 

retained in the derivations? then the equation of equilibrium 

includes large displacement strain terms; and the large 

displacement stiffness matrix of the elements is included in 

the computations. This is shown in the next section. The 

equation of equilibrium is then 

/ [AS., -fie.? + AS..6e.^ •+ T.^6e.L - AR.6u.]dv -
v iJ iJ iJ i] 13 13 1 1 

/ [At .6u.]ds = 0 (22) 
Q S 1 1 

The first three terms provide the small displacements, large 

displacements and initial stress stiffness matrices, 

respectively. 
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Equation (22) is used to generate the system of piece-

wise equations of equilibrium for the finite element model. 

The general unbalanced case of the system was represented by 

equation (13) and by grouping terms gives 

*T / ITadv-P = M u ) (23^ 
v ~ ~ 

where 

-T /B cdv = internal forces of the element 
V~ 

S = total strain displacement matrix 

i|>(u) = vector of unbalanced forces equal to the sum 

of external and internal generalized forces 

corresponding to the first row of equation 

(13) 

P = vector of external forces 

0 = stress of the element 

The increase in strain for large displacements can be computed 

with 

de = B du (24) 

where 

B = B + BL(u) (2 5) 

dB = dBT (26) 
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B = incremental strain-incremental displacement matrix 

for small displacements 

BT = incremental strain-incremental displacement matrix 

for large displacements 

B = complete strain-displacement matrix 

The B matrices are also called strain-displacement 

matrices . 

de = strain increment 

du = displacement increment 

The derivation of BT is presented in the next section. 

The stresses in each element can be computed using the 

constitutive equation for linear analysis 

a = D (e-e ) + crt (27) 

where 

D = stress-strain constitutive matrix (formula 

(18) Chapter III) 

e ,a = initial strain and stress terms o o 

For an elasto-plastic analysis the elasticity matrix D is 

replaced by D . The derivation and nomenclature of the ~ep 

elasto-plastic matrix D is given in Chapter VII. Equations 

(22) and (23) are equivalent; differentiating (23) we have a 

system of incremental equations of equilibrium, 

dip = / dBTadv + / BTdadv = KTdu (28) 
v ~ ~ y ~ ^ "* 
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defining KT as the tangential stiffness matrix for the load 

increment. Differentiating equation (.27) and substituting 

it and equations (24) and (25) into (28) after performing the 

matrix operations according to [147] gives: 

dib = {/ dBTadv + / BTDBdv + / (BTDB, + B'FDBT + BT
rDB)dv]du 

•v „L y ~ ~~ y L ~L~~L ~L_ 

(29) 

The stiffness matrices K and Kf are defined by: 
~o ~L J 

K = / BTDBdv (30) 

KT = / (B
TDB + B TDB + B TDB)dv (31) 

In the above expressions K is the usual small strain stiff­

ness matrix and KT is the stiffness matrix due to large 

displacements that includes second order strain terms. Now 

we have also from the first term of the right side of equation 

(29) the initial stress stiffness matrix, K , which is also 

called the geometric matrix and given by: 

5a = I d?L T? d v (32) 

The general equation of incremental equilibrium as a 

function of the defined stiffness matrices is obtained by 

substituting equations (30) through (32) into (29) giving: 

d^ = (K +KT+K )du = KTdu (33) 
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Derivation of the Strain-Displacement Relation 

for Large Displacements 

The strain terms for finite deformation of the 

axisymmetric solid are given by the following expressions, 

with the complete derivations given in Appendix A, 

where 

_ 3u . 1 rr3u^2 , r3v-v2-, ._.. 
£r " 3F + 2 [(3F} + ^ 1 t34) 

£
2 = H + i [ # 2 + ^ 2 i («> 

± * T (-)2 (36) 
r 2 KrJ 

Yrz 3z 3r L3r 3z 3r 3zJ l J 

e = radial strain 

c = vertical strain 
z 
efi = tangential strain 

Yrz
 = shear strain (engineering definition) 

The total strain formulas given in equations (34) 

to (37) can be decomposed into infinitesimal strain terms and 

finite strain terms which gives 



80 

£ = 
1^ L 

£ +£ = < 

r 
I 
'z 
J 
'0 
I 
rz 

• 

Y 

r 
.L 
'z 
L 
•0 
X 
rz 

(38) 

where 
I 

£ = small or infinitesimal strain components 

L e = large or finite strain components 

Then the contribution of the large displacements terms are: 

1 rr3-tu2 . f3v121 

2 [fc) + C^r) J dv dv 
(39) 

_L _ 1 r ,-3iK 2 rdv-v21 (40) 

l ^ 2 (41) 

rz 
r dU 
[3r 

3u ^v 
3z 3r 

3v-
3z (42) 

Now define 9 and 9 as: 
~r ~z 

3u 
3r 

3v 
3r 

3u 

az 
3v 
3z 

(43) 
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The large displacements strain term e can be defined in 

matrix form using equations (39) to (43) as: 

where 

and 

\ A e (44) 

T 6 ~r 0 0 

0 T 0 

0 0 u 
r 

T T A 

(45) 

u 
r 

(46) 

Using the large strain term definitions given by equations 

(39) to (42) and equations (43) to form the appropriate A and 

6 matrices, the terms forming equation (44) can then be 

expanded to give 



8 2 

3u 
Jr 

3v 
3r 

0 0 0 

0 0 3u 3v 0 
1 3z 9z 
2 

0 0 0 0 u 
r 

3u 3v 3u 3v 0 3z 3z 9r 3r 0 

3u 
3r 

3v 
3r 

3u 
3z 

9v; 
3z 

u 
r 

(47) 

Applying the chain rule of differentiation to equation (44) 

L gives for de [147]: 

deL = ~ dA«6 + ~- Ad6 = Ade (48) 

Also defining 8 as: 

0 = G«u (49) 

and differentiating we have: 

do = G«du (50) 

where 

u = nodal displacements vector 

Substituting (50) into (48) 
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de = A»G»du (51) 

Then BT is immediately obtained from equation (51) 

B = A-G (52) 

and 

de = BT -du (53) 

Since 6 is a vector formed partially by the partial deriva­

tives of the displacements with respect to the global coordi­

nate axes r and z, the matrix G is given by the multiplication 

of the inverse of the Jacobian matrix by the partial deriva­

tives of the interpolation functions. These functions given 

by equation (6) of Chapter III and the operators equations 

(10) and (11) also from Chapter III, are applied to obtain 

the partial derivatives in the following matrix operations: 

du 
3r 

3u 
dz 

} = [J] -1 
3RP 

9H-, 

JTP 

m2 
dRV 

Oil yj 

9lF 

8 H8 
8RP 

3Ho 

8ZP" 

u 

(54) 
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av 
3r 

3v 
3z 

> = [J] 
-1 

9H. 
0 - — 1 3RP 

3H1 
"3ZF 

9H2 
MP 

m2 
3ZP 

B H 8 
3RP 

BHo 

"3ZP" 

u (55) 

-1 where [J] , H.? RP and ZP were defined in Chapter III with 

formulas (6) and (9). The tangential strain term factor — 

in terms of the shape functions is given by: 

[H1 0 H2 0 H. H, 0] u (56) 

where r is the radial distance for the sampling point under a 

consideration. Substituting equation (43) into equation (46) 

we have: 

3u 
3r 

3v 
3r 

< IH 
S 3z 

3v 
3z 

u 
r 

(57) 

Letting G-. and G2 represent the first two right side terms of 

equations (54) and (55) we have: 
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du. 
3r 

3u 
dz 

>= G-̂  * u (58) 

9v 
3r 

9v 
9z 

/= G~ * u ^2 
(59) 

The rows of Ĝ  and G~ are computed evaluating the first two 

terms of the right side of equations (54) and (55) and 

assembled to comply with (49) and (57). This allows to form 

matrix G for the computation of BT given by (53). 
~ *, Li 

Having also defined B and D by equations (16) and (18) 

of Chapter III respectively, the stiffness matrix due to 

large displacements KT can be computed using equation (31) 

and a numerical integration procedure. For the eight node 

isoparametric element a nine point numerical integration may 

be applied [147]. 

Initial Stress Stiffness Matrix 

The initial stress stiffness matrix is obtained from 

the third term of the integral equation (22). 

/ T • • 6e • • d-V 

v 1J 1J 
(60) 



36 

where 

r-^ = true Cauchy stress at the start of the increment 
ij 

N to N+l 
T 

6e.• = increment of quadratic strain terms 

For the axisymmetric case 

N 
T . . = 
IJ 

a x 0 r rz 

T a rz z 0 

0 a. 

(61) 

and e is given by expressions (39) to (42) for large displace 

ment computations. 

For the Cartesian three dimensional coordinate space 

we have 

Tij6eij = Tll6ell + 2x126e12 * 2x136e13 + x226e22 

+ 2T236e23 + X336e33 (62) 

Further, for the particular axisymmetric case under considera 

tion equation (62) can be reduced to 

Tij6£ij = Tll6ell + 2x126e12 * T226e22 + T336e33 

T 6eL + 2T 6e L + T 6eL + T A6£^ r r rz rz z z 8 6 (63) 
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The derivatives used for the computation of the large 

displacement terms were given by equation (49) 

6 = G-u (49) 

L With the use of G, the large displacement strains e are 

evaluated in terms of u? using equation (49) considering the 

order of the derivatives in 8 and the appropriate matrix 

multiplication of the rows of G? to obtain the large displace­

ment strain terms 

6 e i j = i f i [ u k , i u k , j ] ( 1 6 ) 

The resulting derivatives are substituted into equation 

(60). A similar procedure for the computation of the initial 

stiffness matrix was presented in [63] for the general three 

dimensional case. The initial stress stiffness term of the 

equation of equilibrium (22) is now derived for the axisym-

metric case. By the principle of virtual work the initial 

stress stiffness matrix K is obtained: 
~a 

V T i j S e i j d v = ^ { T 1 1 ' < G 1 T • G l + G 2 T * ?2> 

+ 2 T 1 2 <-hT-G.S + hT-G.J + T 2 2 - C G 3 T - G 3 

+ G4
T • G4) + x£ • (G5

T • G5)}dv u (64) 
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where in G-, i is the row number of matrix G defined in (49). 

The m and n element of the initial stress stiffness matrix K 
~a 

is given by 

N K [ni.nl - T (G, • G, + G~ • G. ) a L 5 J r v 1, m 1, n 2, m 2 , n̂  

+ 2x N (G1 • G- + G7 • G„, J rz vl,m 3,n 2,m 4,nJ 

M 
+ i (G- • G- + G. • G„ ) z v 3,m 3,n 4,m 4,n' 

+ Te t G5 > m •
 GS,r? (65) 

The first and second subscripts denote the row and column of 

G, and m and n vary from 1 to 16 in the eight node isopara­

metric element. 

The general stiffness matrix of the element for the load 

increment is given by KT, the tangential stiffness matrix: 

KT = K + KT + K (66) 
_T „,o „L „a 

which is used for the solution of the incremental equations 

of equilibrium (28). 

Procedure for the Piecewise Solution 

of the Nonlinear Equations 

The nonlinear analysis of the system is performed using 

an incremental and iterative procedure. The incremental 

solutions are verified for equilibrium after each load incre­

ment, Iterations are performed to insure the equilibrium 

ni.nl
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condition. The convergence criterion for each load increment 

tests the maximum displacement increment of any node. The 

maximum allowable displacement increment or norm is set after 

the computation of the maximum total elastic displacement. 

The maximum allowable displacement is given as a small fraction 

of the total elastic displacement and can be changed depending 

on the accuracy desired for the computation. The nonlinearity 

and the large displacement analysis are included in the present 

piecewise solution by the implementation of the large displace­

ments and initial stress stiffness matrices and the elasto-

plastic constitutive relation of the materials, excluding 

rotation within the element. 

The system stiffness matrix is assembled in the usual 

manner including contributions of the isoparametric and 

fabric elements. The stiffness of the interface elements is 

computed in a closed form and included in the global stiffness. 

The piecewise incremental solution for the nonlinear analysis 

of the finite element model is as follows: 

(a) For the first load increment no initial stresses 

act on the system and the KT and K stiffness 

matrices are zero. 

(b) The system of equations is solved as a linear 

system with an initial stiffness matrix K and 

an applied load equal to the first load increment. 

K Au = AP 
~ o „, 

(67) 
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Au = K_1AP (68) 

where 

AP = load increment 

K = system initial stiffness matrix 

Au = displacement increment due to AP 

The load increment AP is computed as the total load 

divided by the number of load increments 

P 
AP = — (69) 

NI 

NI = number of load increments. 

(c) For the first load increment the stresses are com­

puted for the initial coordinates (geometry) of 

the system. 

(d) Within each load increment, the nodal coordinates 

are updated at the end of each iteration, and the 

new r and z coordinates are used for the next load 

increment as shown in Figure 5-2. 

(e) The large displacement stiffness matrix, initial 

stress stiffness matrix and the elasto-plastic 

stress-strain matrix are included in the stiffness 

computations. The stiffness matrices are updated 

for each iteration. 

(f) For subsequent load increments or iterations the 
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increase and total stresses are computed by 

following the next procedure. 

The incremental second Piola-Kirchhoff stress AS is 

N added to the initial true Cauchy stress T of state N to 

N+l obtain the total second Piola-Kirchhoff stress S at state 

N+ls from equation (6). 

oN+1 N .„ r.. 
S = T + AS (6) 

(g) The computation of the true Cauchy stress for state 

N+l can be obtained using the transformation of 

equation (7) 

N+l 1 • FN+1 SN+1 [pN+ljT (7) 

This will be the initial stress for the next load increment 

(or iteration). 

In equation (7) J11 and [F ] are given by equations 

N+l T (4) and (5) respectively. The gradient matrix [F ] is 

found in Appendix A. Further 

[F N + 1] T 

1 + du 
3r 

9u 
o Z 

3¥ 
3r 

1 + H 
dz 

u 
1 + -rj 

(5) 

TN+1 ,^+,r
N+l| 

J = det[F | 
(4) 
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Where both computed for the load increment in turn. 

(h) After each load increment or iteration, equilibrium 

is verified applying equation (23). The resulting 

unbalanced forces are reversed and applied to the 

finite element model, and the computed maximum dis­

placement of the iteration is compared with an 

established norm for the maximum allowable displace­

ment of the system. The maximum allowable dis­

placement is a percentage of the maximum total 

elastic displacement of the system, taken from 31 

to 5% depending on the accuracy needed. 

In Figure 5-3 a graphical description of the iteration 

procedure is shown for one load increment and three iterations, 

Convergence during iterations is assumed to have been achieved 

when A6 - is 
i 

A6i < (0.03 to 0.05) £ffiax (70) 

where 

6 = maximum elastic total displacement of any node 
max r J 

under the influence of the total load assuming 

linear elastic response of the model. 

The values of 0.03 to 0.05 were used for the problems 

presented in this study and they seem to provide the 

necessary equilibrium condition. If other geometry or 

materials are used the norm should be revised. 
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Figure 5-3 shows a first unbalanced force that increases 

the total displacement 6 by A6, to give a total displacement 

6~ and a new unbalanced force PU~. The procedure is repeated 

until AS, is smaller than the given maximum allowable displace­

ment for the iteration. 

Summary 

The updated Lagrangean formulation was presented which 

modifies the geometry of the model after each load increment 

and iteration. The element geometry is changed so the stiff­

ness matrix of the system must be recalculated. The use of 

eight node isoparametric elements allows the direct computa­

tion of the element stiffness for curved deformed elements. 

Updating the stiffness matrix of the system increases 

the computation time compared with a Newton-Raphson 

procedure but the number of iterations in each load increment 

are reduced. The stresses for the updated Lagrangean formula­

tion are slightly more difficult to compute than the total 

Lagrange formulation, due to the step by step procedure 

applied. The stress increments are Piola-Kirchhoff stresses 

and need to be transformed to true Cauchy stresses. The 

large displacement option increases the computation time 

required for the numerical solution of the problem by a large 

percentage. For example for a typical finite element idealiza­

tion of layered systems having 24 to 54 elements the compu­

tation time is approximately doubled. 
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CHAPTER VI 

THE INTERFACE PROBLEM 

Interface Behavior Including Large 

Displacements and Slip 

The interface elements presented in Chapter IV will 

translate, rotate and deform due to load application. For 

large displacements and slip at the interface several special 

computations are necessary. The interface element having six 

springs as shown in Figure 6-1 deforms and hence has a dif­

ferent geometry at the end of each load increment. Since the 

program updates coordinates and stiffness for each load 

increment and iteration, this condition must be included in 

the derivation of the stiffness for the interface element. 

The following derivation takes this change into account using 

engineering approximations. Stresses are computed after each 

iteration, and the mode of behavior (no slip, slip or separa­

tion) of the element is established. 

For a general case the initial configuration of the 

interface element is shown in Figure 6-la. The interface 

element is deformed due to load application as shown in 

Figure 6-lb. 

The normal and shear stresses are applied normal and 

tangential to the interface. In general a curved surface 
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will result after application of load and after the nodal 

coordinates have been updated. The curved surface is replaced 

in the model by conical plane segments of contact planes that 

are represented by the interface elements. The advantage of 

using planes is that the shear and normal forces are computed 

directly. There is no need to establish moment equilibrium 

equations for the curved surface, and the interface mode 

behavior is established with the mechanical elements acting 

at the interface. The geometrical approximation is close to 

the deformed surface of the interface as shown in Chapter X 

in the verification examples. 

To define the behavioral mode of the element with 

respect to the adjacent element, all points over a segment of 

interface spanned by a single element (i-j-k and n-ra-1, 

Figure 6-la) are assumed in the same behavioral mode [60]. 

An engineering formulation is to compute for the interface 

element a representative average plane of contact, using the 

average chord that spans between the extreme nodes of an 

interface element, as shown in Figure 6-2. 

This average chord will set the direction of the contact 

plane and the interface springs between the interface element 

and the regular element representing clay or gravel. The 

angle of inclination of the interface, a, with the horizontal 

r axis is computed by 

. „ -1 I k" 'n* i fl -x 
a = tan — [11 

ft k n i 
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The general case for the contact plane is shown in Figure 6-3. 

In case of a small number less 0.01 inch, in the denominator 

of equation (1), the angle a is set to 90°. The particular 

case of a = 90° is of interest for the solution of vertical 

interfaces. Several geotechnical problems can be analyzed by 

using this type of interface element such as piles, piers, 

and anchors. 

The angle of inclination will allow computing the inter­

face stiffness with their appropriate values. Then the 

transformation of the element stiffness to the global system 

is defined by 

S. = R SR 
„ le ~ 

(2) 

where 

S. 
~ie 

R 

interface element stiffness matrix for the 

global system 

interface element stiffness matrix for the local 

element axis 

rotation transformation matrix given by placing 

R, in the diagonal where 

?L 

cos a sin a 

-sin a cos a 

(3) 
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Figure 6-3. General Case of Inclination of a Contact Plane 
with Corresponding Spring Elements 

a - 0 

Figure 6-4. Particular Case of Horizontal Interface 
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and R is a 12x12 matrix with diagonal elements for each spring 

equal to R., where a is the angle of inclination of the contact 

plane of the interface element. The angle a is measured 

between the r axis and the contact plane; counterclockwise is 

positive. Note that the direction defined by a coincides with 

the direction of a shear spring element (see Figure 6-3). The 

transformation needs to be applied to the three links of each 

interface element. The spring coefficients K and K (defined 
r & s n 

in Chapter IV, equations (14 and 15)) are taken as large num­

bers made as small as possible to give a negligible fictitious 

deformation which is negligible and still allow enough approxi­

mation in the computation of the interface shear stresses. 

In the examples values of 4x10 and 9x10 psi for sub-

grade modulus k and k respectively give enough accuracy for 
«s n 

the computer system used (CBC-Cyber 74) with 16 decimal places 

in single precision. Extremely large numbers for k or k 
o Jl 

present accuracy problems for the interface stress computation. 

For the computation of the equivalent springs for each 

node of the interface element the axisymmetric load distribu­

tion factors presented in Chapter IV, equation (9), are applied. 

The results give a zero equivalent force and consequently zero 

spring force at the i node of an element that is placed with 

node i at the axis of symmetry. When computing the equivalent 

concentrated springs using axisymmetric load factors, a spring 

of zero stiffness is found to be located at the axis of symmetry 

due to the assumption of uniform vertical stress distribution 
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and quadratic displacement distribution along the interface 

element. 

A computation of the actual stress distribution for 

the geometry of this problem was analyzed for depths of gravel 

of 4 to 12 inches and loaded radius areas of 3 inches. The 

stress distribution shows a maximum variation of about 3% 

from the axis of symmetry, node i to node j at 1.5 inch from 

the center, which justifies the assumption of uniform distri­

bution. For the elements of the interface that share a node 

with the axis of symmetry, in order to have a spring at the 

centerline a linear displacement distribution is assumed, 

instead of the original quadratic distribution, between adja­

cent nodes parallel to the fabric represented by i and j. 

This particular case results in the axisymmetric load factor 

'(AV) for i node of 1/3 of the value of the factor for node j, 

then: 

AV. - 1/3 AV. (4) 
i J 

This approximation is used only for the nodes of the elements 

of the interface that share a node with axis of symmetry, and 

it does not affect the shear spring coefficients, since the 

node is fixed in the horizontal direction. 

Computation of Forces Due to Slip 

The shear and normal stresses define the mode of 

behavior of an interface element. The interface element has 

three possible modes of behavior: (1) no slip, (2) slip and 
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(3) separation. In the no slip mode the shear forces are 

computed by means o£ the shear springs at the interface. 

The slip of an interface element means that the maximum 

allowable shear force has been "exceeded" by the computed 

shear of the spring forces of the interface. 

For the slip case special computations are necessary. 

The element's contact plane direction is computed and the 

shear forces and normal stresses are applied at the nodes 

taking in account the direction of the contact plane. For 

the case of slip, the maximum shear stress* applying Mohr-

Coulomb failure law [120] is computed by: 

x = c + a tan* (5) 
max z T v J 

where 

T = maximum shear force max 

c = cohesion between the dissimilar materials 

a - normal stress at the interface 
z 

4 = angle of internal friction between the materials 

When the spring shear stress is larger than T V, the 
r & & max 9 

difference in forces is applied to the system as an unbalanced 

force. 
Calling PerTp the slip force which is the force computed 

with the maximum shear stress T average for the element, 
max & * 

the correction applied to the system (in other words the 

forces not taken by the elements in the slip mode) are: 
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PUN PSPRING " PSLIP ^ 

where for each spring 

PJIW = unbalanced slip force 

p „ = forces at the spring interface 

p = slip force 

Now the force of the spring can be computed by: 

T 

p = — f _ . p (j) 
SPRING T

 rSLIP l J 

max 

T = shear stress in the spring interface 

T = maximum shear stress 
max 

Then the unbalanced force PTTvr> substituting equation (7) 

into (6) is given by: 

\ max / 
PUN = P S L I P ' ^ - - H <8> 

Now PnN is applied to the system in the opposite direction to 

equilibrate the excess of force computed by the springs only 

for one iteration. Iterations are performed until the system 

is in equilibrium or an unstable system is encountered when 

the remaining spring elements are not able to take the total 

unbalanced shear force. The interface shear spring elements 

already in the slip mode are replaced by the corresponding 

P forces, that are applied to the system. The slip forces 

are permanent if the element remains in the slip mode. In 

Figure 6-5 a graphical representation of the slip condition 
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correction is shown. 

To compute the slip force P„TTp for a general case of 

an interface element having a contact plane making an angle a 

with the horizontal, the nodal force components for the inter­

face element due to the maximum shear stress are shown in 

Figure 6-6 and given by the next equations for the r,z 

coordinate axes: 

SLIP 

F-. = AT cosa AV-1 max I 

F3 = ~F1 

Fc = AT r cosa AY­S' max j 

F7 " "F5 

Fn = AT cosa AV, 9 max Jc 

Fll = "F9 

F~ = AT ov sina AV-2 max l 

F4 = ~F2 

Yr - AT sina AV-6 max 3 

V — T7 
F8 " F6 

Fin = AT ov sina AVV 10 max k 

F12 " ~F10 

(9) 
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where 

AT „ - maximum shear stress max 

a = angle of inclination from equation (1) 

AV.3 AV- and AVV are the axisymmetric distribution factors i 3 K 

derived in Chapter IV, equation (9). 

To compute the internal forces at the interface the 

interface element stiffness matrix S. and the computed 
'vl v 

displacements u are used; the forces are given by the matrix 

equation: 

F- + = S- -u (10) 
~mt ~ie ~ K J 

where 

F. , - internal forces at the interface ~int 

The internal forces, the maximum shear stress, the applied 

external loads and the computed slip forces in the case of 

elements in the slip mode will permit using them in a compu­

tation routine and set the system in equilibrium complying 

with the maximum shear stress requirements. 

Procedure for the Computation Process 

A. First increment. Iterate the following steps. 

1. For the first load increment no slippage is 

assumed and the slip flag is set to zero, 

2. Compute the average relative displacements, 

in the r and z coordinate directions using the 

global coordinate system, 
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Mz - t V V 6 1 2 - W 6 l ( P / 3 

(11) 

A6=s(6g+S7 + 6-Q-6j,-'6ij-6g)/3 

where 

A6 ,A6 = average increment of relative displacements 

in z and r directions, respectively 

6 = increment o£ node displacement for the load 
n 

increment, 

At the center of the element axis the vertical relative displace 

ment is approximated by the centroid value. 

A6Z = 68-66 (12) 

3. Compute the direction of the contact surface, 

which is given by the a angle measured from the horizontal 

axis r, as shown in Figure 6-2. 

4, Compute the normal and tangential relative incre­

mental displacements for the direction of the interface. 

As shown in Figure 6-7, AS is the relative shear displacement 

and A6N is the relative normal displacement. The average 

normal incremental relative displacement, NRD» is: 

NRD ~ A6 cosa-A<5 sina (13) 
z r 
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and the average incremental shear relative displacement, 

SRD, is: 

SRD = AS sina+A6 cosa (14) 
z r v J 

5. The increment in normal stress 

ho = K - NRD (15) 
n 

and the increment in shear stress 

AT = K SRD (16) 

6. Accumulate the stresses of the spring elements 

for complete bond, for iteration j the shear stress is: 

T3 = x
1 +• AT3 (17) 

where 

T = shear stress previous iteration i 

At** - increment of shear stress for the iteration 

Then compute the normal stress of the element, a 
n 

er J = cr1 + Ac** (18) 
n n 
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where 

a = normal stress from previous iteration i 
n r 

Ao-* - increment in normal stress for the iteration 

7. Compute the maximum shear Tm___ with the use of 
HI a X 

•Mohr-Coulomb f a i l u r e law: 

T = c + a t an* (19) 
max n T 

where 

c = cohesion or adhesion between the interface materials 

4> = interface angle of internal friction between the 

interface materials 

8. Determine mode behavior of the elements First 

test for slip: 

If IT I < T-* . slip is occurring; (20) 
i m a x I s r & t 

if |x | > x-' , no slip takes place, 
IIlcL Jv 

The algorithm to set the mode behavior is given in [60] 

and is presented in Chapter IX. 

The test for slip involves the case above and the case 

below the interface. If slip occurs, the slip flag is set to 

one which sets the behavioral mode of the particular inter­

face element for the next load increment. For the no slip 

condition the flag is set to zero, and for separation it is 

set to two. 
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If the system has elements in the slip mode then 

iterations are necessary to comply with the general equilibrium 

of the system. For the elements in slip, the spring shear 

stiffness is neglected and iterations performed with the 

unbalanced force applied to the system. This force is given 

by the equilibrium equation of the system: 

where 

Put) = P - (P. «_ + P ~ P -, - ) (21) 
UB ex ^ int corr slip' ** J 

P!m = unbalanced force 

P , - external forces ex 

P. . = internal forces 
int T 

p = p • , ,s .... rcorr rSLIP T v 
max P = slip force given by equation (9) 

x - spring shear stress 

T - maximum shear stress given by Mohr-Coulomb's law 
max 6 J 

10. At the end of the iteration process the actual 

bond stress for the case of no slip is the stress computed due 

to the shear springs. For the case of slip in the maximum 

shear stress computed by Mohr-Coulomb Law, resulting in the 

Pej Tp forces. 

11, For the case of separation, forces equal in 

magnitude but in opposite direction to the internal forces 

of the interface are applied to the system, and both shear 

and normal stiffness spring coefficients are set to zero, The 
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forces are applied as an internal force of the system, and 

equilibrium iterations are performed. 

B. Subsequent Load Increments 

1. The system is in equilibrium and now the load 

increment with the additional P„TTp forces are applied to the 

system. The P^,Tp forces substitute for the neglected shear 

springs* The applied load to the system is then P which is 

g iveji by : 

P PINC + PSLIP ^22^ 

PTAT/, = increment of load 
INC 

P jp - forces due to SLIP for elements in the slip 

mode. 

2, Steps 2 to 11 from Part A are executed for the new 

load increment. 

Fabric Element Subjected to Large Displacements 

After introducing the higher order terms into the 

computation of displacements, a modified strain displacement 

matrix B is needed. Following the general formulation for 

large displacements of the isoparametric eight node elements 

given in Chapter V, a similar derivation is presented for the 

fabric element. 

The radial strain with the higher order terms included 

is given by: 
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er = ̂  + 7 ^ <"> 

where 

u1 - local "axial" displacement of the member 

r = horizontal axis 

Using the local coordinate axis RP to define the axial dis­

placement u', the equations (22) to (24) of Chapter IV and 

equation (36) of Chapter V, then for the tangential strain 

we have: 

u* . 1 û 
e — cosa + j (— cosa) (24) 

Dividing the strains into small or infinitesimal displacement 

terms and finite displacement terms that correspond to the 

higher order terms, the total strain is given by: 

eI+eL (25) 

where 
T 

e = small displacements strain 

e = large displacements strain 

The superscript L is used for finite displacement terms so 

the higher order strain terms are: 

L _ 1 f9uU2 r7A1 
er " 2 (3r~) ( 2 6 ) 
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L 1 ru' •, 2 
£n - T l^~— cos a) 
0 2 vr J 

(27) 

Equations (26) and (2 7) in matrix form are given by: 

e =< > = 

'0 

3u_ 
3r 

9u 
dr 

u' u1 

— cos a — cos a 
r r 

du 
dr 

u cos a 

(28) 

then we can define e in terms of A and 0 the two matrices of 

the right side of equation (28). 

L 1 . A e = j A6 (29) 

Differentiating e and using the chain rule 

deL - i dA»0 + i Ade - Ad0 
Z ~ -v. Z •» <u ~ ~ 

(30) 

Refer to [14 7] for a complete derivation of matrix equation 

(30) . 

Using formulas (29) and (30) from Chapter IV, the 

derivative of the displacement u1 with respect to r accord­

ing to the definitions given in equations (23) and (24) of 

the same Chapter is: 



I I J 

u. 

Bu1 

3r = j- [-cos a - s ina cos a s i e a ] < 
u. 

(31) 

and 

^— cosa ~ -̂ r̂ [(I-RP)cos a (1-RP) sinacosa (l+RP)cos a ... Hi 
u. 

... (1+RP)sinacosa]| 1 
u~ 

where 

RI = (r.+r.)/2 + (RP*L/2)cosa 
v i j 

(31a) 

Defining a matrix G that multipled by the displacement 

vector u gives the strain terms defined in equations (31) 

and (31a): 

6 = G«u (32) 

where 

3uf 

3r 

u cosa 

Then by substituting equations (31) and (31a) in (32) we have 

the expression: 
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du 
dr 

u :osa 

cosa 
TT 

s in a cosa 
L 

sing 
L 

(i-RP)cos2a (l-RP)sinacosa (l+RP)cos'a (l+RP)singcosa •P)o 

~^RT 2— — - — - , - p r -

• RI Tnr T^W 
(33) 

Equations (29) and (30) o£ Chapter IV are equivalent to the 

matrix equation (33) just derived. The definition of the 

strain-displacement matrix given by equation (32) of Chapter IV 

is equated to equation (33) and for this case 

G = B (34) 

Differentiating equation (32) and substituting d9 into equation 

(30) we have 

de = A*G«du (35) 

The strain-displacement matrix for large displacements is now 

obtained directly from (35) and is given by: 

BT = A-G (36) 

Now the element stiffness matrix including higher order terms 

can be evaluated. In the following sections the derivation 

of the stiffness matrix of a fabric element is presented. 
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Computations and Numerical Integration of the Stiffness Matrix 

for the Fabric Element 

The stiffness matrix of a fabric element is given by: 

S r = / B-Bfidv ~f „ ~~ v 
(37) 

Since there is no thickness associated with this element 

S. = JBTDBdA ,± A~ ~~ 
(38) 

where 

B = B+BT (39) 

and the stress-strain relation is: 

D 0 E (40) 

as defined in Chapter IV, The matrix multiplication of B DB 

results in four terms and the element stiffness matrix for the 

fabric is 

s £ = / (BTDB+BTDBL+B£DB+B£DBL)-CLA (41) 

where B and Bf were defined in equation (34) of Chapter IV 

and (36) respectively. 
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The first term / B DB dA corresponds to the regular 
A ~ " 

small displacement stiffness matrix of the element S^j and 

the remaining three terms form 

S<rT = / (B
TDBT+Bj'DB+B?

,DBT)dA (42) 
A 

which is the finite displacement stiffness contribution matrix 

The matrix multiplication and numerical integration 

for the four terms of (41) can be performed for each element 

and incorporated into the general stiffness matrix of the 

system. The numerical integration used for this element is 

a two point numerical integration, and the derivation is as 

follows: 

1 
/(e)rdedr = / (e)rdedetJ dRP (43) 
A -1 

where 6 '..is the factor!zed terms in parentheses of equation 

(41). Since the coordinate transformation is given by: 

dr = det|J|dRP (44) 

and r is given by 

r = ((r^r,)/!) + RP • if- cosa (45) 

Now define RI as: 
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RI = r = ((r.+r.)/2) + RP(r.-r.)/2 (46) 
1 J J 1 

For example? for the B DB term of equation (42) we 

have the element stiffness matrix of the fabric element for 

small strains given by: 

SfT = / RI.2* BTDB det|j|dRP (47) 
-1 

where the determinant of the Jacobian for a linear element is 

det|J 1 - y 

Finally the stiffness matrix of the fabric element can be 

numerically integrated by: 

n T 

SfI = TTL l RI»B DB-WT (48) 
i=l ~^ . 

where 

n = number of sampling points 

WT = weight factor for a two point numerical integra­

tion [147] 

For the two point numerical integration used, WT = 1 (see 

Figure 6-8), the element stiffness matrix is: 

2 

S^T = TTL £ r,BTDB (49) 
-±I kasl k~ ~~ 

The numerical integration computations for equation C42) 

are performed in the same way as explained above with the 
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appropriate use of B and BT. 
~ — JLi 

The large displacement stiffness can only be computed 

after applying the first load increment since the terms are 

a function of the derivatives of the displacements with 

respect to the system coordinates. All stiffness terms are 

then placed in the general stiffness matrix of the system. 

A small increment of displacement is needed for accurate 

computation of stresses. 

Fabric Element--Stress Transformation 

Assume a fabric element at state N. Due to the cur­

rent load increment it deforms to state N+l with the change 

in coordinates of the nodes i and j given by Au1, Au«, Av, 

and Av2 as shown in Figure 6-9. 

The computations for stress and strain for the element 

are performed for two-sampling points and the average value 

is taken as representative of the response of the element. 

Due to large displacements the length and area of the element 

will change and a correction for the new geometry is needed. 

The corrected axial stress is obtained by multiplying the 

axial stress obtained by the correction factor AVR due to 

change in area given by: 

[ ( r . + r . ) / 2 ] X T 
AVR = 1 3 . . . N ( 5 0 ) 

T ( V r j J / 2 1 N M 

which is the r a t i o of the r ad ia l distance of the centroid of 

the element for s t a t e N and N+l (Figure 6-9). 
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For the tangential stress correction the change of area 

will be given approximately by the change in length of the 

element. The tangential stress factor is then: 

[(r,-r.)2 + (z,~z.)2]1/2 

AVT - i i _ -i i _ H 
[(r.-r.)2 * (z--z.)2l3If" (51) 

LV j i 7 K j TJ JN+1 

The true radial and tangential stresses for large displace­

ments are computed using for the radial stress the following 

transformation: 

T^+1 = (T^ASr) . AVR (52) 

and for the tangential stress: 

x^+1 = .(T^+AST)AVT (53) 

where 

AS - computed radial stress increase for the r 

current load increment 

AST = computed tangential stress increase for the 

current load increment 

N N T and x™ = true radial and tangential stress 
T 1 

for state N 
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N + l , N + l . , • . . , , , • -, r ^ 

T and T T = true radial and tangential stress for 
r i 

state N+l 

The complex problem of a flexible membrane embedded in 

the soil is solved by a linear fabric element which approxi­

mates the true behavior of the membrane. The fabric element 

presented is not stressed by initial vertical differential 

displacements. The differential vertical displacements are 

accounted for in the following iterations and load increments* 

The large displacement strain terms are also computed after 

the first load increment since they are a function of the 

displacements. 

As a result large load increments can not be initially 

applied since the fabric stresses would be poorly approxi­

mated. In Chapter X an example is presented of a two 

dimensional model of a fabric element subjected to tension 

and compared with the theoretical elastic solution. The 

behavior 'of the fabric element in the soil-fabric system is 

also presented in the examples given in Chapter X where a 

system is compared with and without fabric. 
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CHAPTER VII 

SOIL PLASTICITY 

Introduction 

The theory of elasticity in soil mechanics has been 

a valuable tool to obtain approximate solutions to many 

geotechnical problems. Inaccuracies occur when linear 

elastic behavior is assumed since geotechnical materials 

experience nonlinear behavior from early stages of load 

application. The soil does not follow Hooke's law, and fre­

quently in localized zones enters a plastic flow state at 

low stress levels. A second valuable tool in soil mechanics 

is the theory of stability or limit load analysis. Collapse 

loads are computed satisfying statics and using a compatible 

stress distribution. The method has produced many solutions 

in geotechnical problems suck as the analysis and design of 

footings? retaining walls and slope stability'[123,124]. The 

theory of consolidation and viscosity effects are also very 

important considerations in geotechnical engineering. 

Several of the classic texts in soil mechanics, elas­

ticity and plasticity [123,124,127] present the basis of the 

soil plasticity theory. A brief review of the most important 

theories used in soil mechanics follows. In 1773 Coulomb 

developed the shear resistance in form of the present Coulomb 

law. In 18 57 Rankine considered limit plastic equilibrium, 
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which is defined by slip surfaces together with the 

computational procedures for the pressures produced by the 

soil in active and passive states. Mohr. in 1882 presented 

the theory to compute the principal stresses and the state 

of stresses in any plane. Mohr"s formulas together with 

Coulomb's law form the Mohr-Coulomb failure criteria for 

soils. Recent laboratory tests have shown that the failure 

criteria of soils is closely represented by Mohr-Coulomb 

law [31, 33]. 

By 1900 Kotter developed a method for the computation 

of limit loads on slip surfaces combining equilibrium and 

failure conditions. K. Terzagi in his 1943 text [123] pre­

sented the methods and solutions for many of the limit load 

soil mechanics problems that required computation of limit 

loads-. 

These theories, however, neglect the stress-strain 

behavior of the soil materials that can be important for the 

prediction of the actual behavior of the soil structure. 

The analysis of the plastic behavior of metals developed 

the basis for the theory of plasticity [64,127]. Von Mises 

in 1913 established the assumptions for the yield criteria 

for metals which has also been applied to concrete. Failure 

analysis for metals and the development of the plasticity 

theory are the basis of the soil plasticity theory. For soils 

the original von Mises yield criterion needs extensions and 

modifications to improve the representation soil behavior. 
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Analytical and experimental models have been used to 

verify the complex mechanical behavior of soil materials using 

the von Mises yield criteria and several extensions and 

modifications proposed for different soil materials [33,90., 92, 

137,144], It is important to state that viscosity and con­

solidation are not directly considered in the development of 

the finite element formulation. These effects can be con­

sidered indirectly in an approximate way by proper correlation 

with the laboratory test procedures. 

To include the changes in soil behavior due to changes 

in the confining conditions an extended von Mises yield cri­

terion was proposed by Drucker-Prager [38]. This yield 

criterion in the context of the finite element method can be 

readily used for the analysis of elastic-plastic soil mate­

rials .[33], as shown in the next derivations. 

Soil Plasticity 

Geotechnical materials experience at all load levels 

a certain amount of plastic behavior; and upon load removal 

sand, clay or silt experience a recoverable elastic deforma­

tion and a permanent plastic deformation. The total strain 

of the body can be expressed as the sum of the elastic and 

plastic strains 

e. + e 
e p (1) 
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where 

e - total strain 

e - elastic strain 
e 

e = plastic strain 

Unloading a material will immediately determine if the 

material is elastic, with no permanent deformations, or plas­

tic, with permanent deformations in which the stress-strain 

curve is stress history dependent. In the finite element 

formulation the soil materials can be successfully represented 

by an elasto-plastic model [33,90,137,141]. 

Repeated loadings applied to an elasto-plastic material 

cause the accumulation of permanent and displacements which 

may be important for the actual design and operation of the 

soil structure or foundation. For this reason it is impor­

tant to be able to predict the nonlinear and plastic behavior 

of the subsoil. The present mathematical formulation includes 

the nonlinear and plastic characteristics of the soil materials 

and takes these important parameters into account in the 

general formulation•of this study. The applied load is taken 

by the effective stresses, and the only provision to include 

pore pressures is as concentrated node loads in the system; 

no special formulations are included for pore pressures. 

By means of the uniaxial stress-strain relationship 

and the unloading of the material it is possible to determine 

if the material is elastic or plastic. The plastic material 

will show permanent strains, e , as shown in Figure 7-1. The 
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plastic or permanent deformation begins when the yield stress 

o is reached, the mechanical models of the elastic and plas­

tic behaviors are a spring and a friction bar as shown in 

Figure 7-2. 

The material can be represented by a perfectly elastic-

plastic model shown in Figure 7-la or a strain hardening non­

linear model shown in Figure 7-lb. 

In a general state of stresses the concept of yield 

stresses must be generalized. For most of the engineering 

materials R. von Mises in 1913 proposed the following yielding 

hypothesis? using octahedral shear stress or octahedral stress 

as it is commonly called and the aid of a principal stress 

plot, von Mises criterion states that yielding occurs at a 

2 constant value of 9tn where xn is the octahedral shear stress. 
u u 

From the magnitude of the shearing stress on a plane it can 

be shown [120] that 

9x0 = ^al"°2^ + ^a2~a3^ + ^a3~al-* 

or 

T 0 = 1/3 l(o1-a2]
2 + (o2-a5)

2 + C a 3 - a 1 ) 2 ] 1 / 2 (2) 

where 

a1sa?,o", = principal stresses. 
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Strain 
hardening 

Unloading 

(a) Ideally plastic material (b) Nonlinear material 
strain hardening or 
softening 

Figure 7-1. Elastic and Plastic Material Behavior 

-o—vWW—o-

elastic plastic 

Figure 7-2. Mechanical Model of an Ideal Elasto-Plastic 
Material 
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This relationship is then used in the basic equations of 

plasticity. It is useful to introduce also the following 

formulas used in the derivation of the plasticity parameters 

of the material. The average or mean normal stress a is 

given by: 

am = J (V°2*a3) = 7 CVW (3) 

where 

a ,oa,o = axisymmetric normal stress components. 
r y z 

And the second invariant J~ is given by several analytical 

expressionsj with two of them being as follows 

1 2 2 2 
J2 = 6 (°i~a2^ + ^a2'°r3^ + ^a3"al^ ^4) 

or in terms of the cylindrical coordinates r? z and 6. 

J 2 ' • 

where 

S r - a -a r m 

se = a ~a 9 m 

s 
z 

= a - a z m 

4 (S 2 + S 2 + S 2) + T 2 (5) 
2 *• r 0 z J rz y J 

(6) 

and T „ is the shear stress acting on plane rz, 

Comparing equations (2) and (4) we can show that 
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J2 " 2 T0 ^ 

Following the concept of yielding proposed by von Mises, 

several yield criteria can be established for the general 

state of multiaxial stress. It is postulated that yielding 

occurs if the stresses satisfy the yield criterion. 

F(a,K) = 0 (8) 

where 

F = failure criterion 

a = stress state 

K - hardening parameter 

The yield condition can be visualized as a surface in the 

n-dimensional space of stress, with the position of the surface 

dependent on the instantaneous value of the strain hardening 

parameter K. The yield surface is shown in Figure 7-3. 

Yielding first begins when B exceeds 5 . This condition can 

be determined by experiment, as shown in Figure 7-4a. 

The basic constitutive relation that defines the 

plastic strain increments in relation to the yield surface is 

the flow rate or normality principle, first suggested by 

von Mises. The following hypothesis appears to be acceptable 

[147], The increment of plastic strain is given by 

de - A —-p 9 a (9) 



02?e2 

F(a^,02,K) 

0l,el 

Figure 7-3. Yield Surface for Associated Plasticity 

--$»«8g" 

(a) Initial yield and 
subsequent plastic 
behavior 

(b) Stress-plastic strain 
curve 

Figure 7-4. Elastic and Plastic Strains Defining H1 
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where 

A = a proportionality constant yet undetermined 

This rule is known as the normality principle because it 

requires that the plastic strain increment vector be normal 

to the yield surface in the space of n-dimensions as shown 

in Figure 7-3. An elimination of the restriction that plas­

tic stress be normal to the yield surface and the above rule 

can be obtained by specifying a plastic potential Q as a 

function of the stress and the hardening factor K : 

Q = Q(a?K) (10) 

The plastic potential Q defines the plastic strain increment 

similar to equation (9) as: 

% - * !§ <") 

If the plastic potential Q = F, the case is known as associated 

plasticity. When this relation is not satisfied, the plasticity 

is nonassociated. 

Using equations (1) and (11) and the elasticity matrix 

D we can write 

de = D'1 da + X |& (12) 
9a 
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When plastic yield is occurring the stresses are on the yield 

surface given by equation (8); differentiating it we can 

write: 

dF = 2|- da- + 2|- da. + 3a, 1 3a„ 2 + || dK - 0 (13) 

Defining 

7T- dK - -A*A 
3 K 

(14) 

we can write equation (13) as: 

i ^ T da - AX = 0 
do ~ 

(15) 

where A is a parameter function of the strain hardening 

characteristics of the material. 

Equations (12) and (15) in matrix form are 

de 

> = 

D -1 

60 -A 

da 

Mul 3F tip ling the first row by i-^r^ D we have: 

(16) 
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{ |£}T da = { |£}T D de * [ { | £ } T D{|2}]A (17) 
do SO rv 3 0 ft. dCF • 

Substituting the first row of the matrix in equation (16) 

into the second row gives: 

{|£}T D de - [{|^}T D |S• + A] A = 0 (18) 
dO ~ dO ~ dO 

Now X is obtained from (18) and substituted into (17). In this 

way A is eliminated obtaining: 

da = 2 de " 5 l§-Ta^T ~jQ , . de (19) 

Rearranging terms the stress-strain relation becomes: 

D{|2H|£}
T D 

da = D de - ^ *q ™ n " de (20) 
{•—-I1 D'{|*}.+ A 

do -*. aO 

Defining the elasto plastic matrix. D we have 
~ep 

D{ |a}{ | |}T D 
Den = D - 3F T If) ~ C21^ 

dCT ~ dO 
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The matrix D is symmetric only for associated plasticity, 
- ep 

and takes the place of the elasticity D matrix in the non­

linear incremental analysis. Here associated plasticity is 

used in the formulation. 

The parameter A is a function of the strain hardening 

properties of the materials and here only strain hardening 

materials are represented. The parameter A can be obtained 

from a uniaxial stress-strain test, making use of the failure-

criterion and the flow rule used as will be shown in the next 

paragraphs. 

The yield surface or failure criterion for soil mate­

rials has been represented by the Mohr-Coulomb law and a 

mathematically expedient approximation given by Drucker-Prager 

[38] represented by the failure surface equation, F, given by 

the following formula: 

F = 3a'a + a-K = 0 (22) 
m 

if F > 0 the material is not elastic and corresponds to the 

yielding part of the strain-stress curve. The parameters 

used in equation (22) are as follows [147] : 

a» =,
 2sin(fr (23) 
/3" (3-sin<f>) 

K = 6 c COS(fr (24) 
/I (3*sin<J0 
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m 

or 

J 
°™ = 3 1 " \ (ar * aG * az^ ( 2 5 ) 

1 
in 

a™ = 3 ^W^ 

The equivalent effective stress a is given by 

5 = J2
1/2 - t| (Sr

2 + Se
2 + Sz

2) + x r
2 ] 1 / 2 (26) 

or 

where 

o = [g- [(o^-o^) + (o2-a3) + (oj-aj) ] ] ' : / 

S = a - a r r ra 

S 0 = oa ~ o ( 2 7 ) 
0 9 m 

S„ = a - a 
z z ra 

With the failure criterion established we can now compute the 
j\ p 

gradient vector {̂r-—} used in equation (21) and use it for the 

computation of the elastic-plastic matrix D and in the 

determination of parameter A. 

Differentiating equation (22) we have 
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| | . |__ ( 3 a , 0 + 5 . K ) (28) 

in terms o£ the partial derivatives using the chain rule 

then: 

<H = M_ ^ E + 1L. 3J2 
9a 9a 9a 3J-, 9a m Z 

(29) 

The terms of equation (29) are found by differentiating 

equation (2 2): 

9F 
9 a. 

= 3a 
m 

(30) 

9a -i 9a -i 9a -, in _ 1_, m _. 1_, m _. 1_ 
9a^ 3; 9a, 3; daa 3 
r z o 

(31) 

3 ^ = T ( 2 ar- az- < Je ) 

d »J <j -i 

3^- - 3 (-<V2<V<V 

9 ^ = 3 (-ar-az+2a6) 

9J2 
——— = 2T 3-r rz rz 

(32) 
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dF 1 1 

3J2 2 jl/2 2g 
(33) 

Arranging terms of these derivatives in matrix form we have: 

[^JT = j [1 1 1 0] (34) 

Further the first term of the right side of equation (29) is 

3F # _^m = 3F 
do dO do 
m m 

M° o = 3a' *M° a (35) 

where 

M' 

1 1 1 0 

1 1 1 1 0 

9 a 
m 

1 1 1 0 

0 0 0 0 

(36) 

and the second term for equation (29) is 

3F ^ 
3J« do 

— = —. « M * o 
2o 

(37) 

where 
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I 
M = 

2/3 

1/3 

1/3 

0 

1/3 

2/3 

1/3 

0 

1/3 

1/3 

2/3 

0 

(38) 

Finally the gradient vector is given by the following 

expression 

r3F\ _ (3F 
l3aJ' l3a 

Mo + 3F „I 

in 
3J< M

x)a (39) 

If associated plasticity is used 

l3crJ l8a* 
(40) 

and the elasto-plastic matrix D from equation (21) is: 
~ ep 

D ~ep D -
D{|^}{|£}T D 
~ dO dO 

A + {|I}
T
 D {|£} 

3a ~ 3a 

(41) 

D = elasticity matrix* 

{_} ~ given in equation (39) 
ou 

A = plasticity parameter 
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Parameter A is a function of the plasticity characteristics 

of the material. For this study it was computed using the 

results of a uniaxial stress-strain test. The definition of 

the variables involved in the computation of parameter A 

follow. From equation (15) the value of A is given by: 

A = i {-™}T {da} (42) 
A oO 

The flow rule defines the value of A as 

de 
A = — ^ (43) 

8F v 
9a z 

where 

de = increment in uniaxial plastic strain 
P F 

Introducing equation (43) into equation (42) we have 

5F 

A = TT-5, { E } T {d0} ^^ 
a e a a 
p 

Using the results from a uniaxial stress-strain test the 

stresses are: 

°2 = °3 = T13 = °; °1 = °z (45) 

and the parameters: 

o = a /3 S = -a /3 S = -a /3 S = 2cr /3; a = a /$> m z r z e z z z z 

The gradient vector for the uniaxial test is computed 

applying equation (39) 
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ldoJ 
a 

3a 
m 

1 1 1 0 

1 1 1 0 
< 

1 1 1 0 

0 0 0 0 

dO a' I 
2 v 3 

,1 

2 

-1 

0 

2a 3 

2 -1 

1 2 

1 -1 

0 0 

1 0 0 

1 0 a 7 
< Z > 

2 0 0 

0 2 0 
_, «, 

(46) 

8F The term TT-— is now obtained directly from (46) 
3az 

= a' + — 
do /3 

(47) 

Substituting equations (46) and (47) into (44) gives the 

definition of parameter A: 

A = 1_ 

•J 
Ca' + — > cTF 

a 
? _ 

a * + 

a 

2 v 3 

i_ 
/I 
1 

2/3 

0 

0 

da, 

0 

0 

(48) 
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After performing the matrix operations, the expression for the 

computation of A for a uniaxial stress-strain test is obtained, 

da i ? 
A = ^ S (at + i__)

z (49) 

where 

da 
3—^— = H1 = slope of the uniaxial stress plastic (50) 
£P 

strain curve 
The graphical representation of H' is shown in Figure 7-4b. 

Equation (48) shows that other conditions of testing will 

8F induce changes in the value of {-^~) that need to be accounted 

for in the computation of the value of A. 

Stress Rate Definitions 

According to Prager [107A] the simplest constitutive 

equation considered in the theory of plasticity involves the 

tensors of stress and rate of deformation and describes a 

rigid perfectly plastic behavior. The elastic effects must 

be added to obtain the total elasto-plastic rate of deforma­

tion. The stress rate must satisfy the following condition: 

If a stressed continuum undergoes a rigid body motion and the 

stress field is independent of time, when referred to a 

coordinate system that participates in this motion, the stress 

rate must vanish. This restriction is not severe enough to 

lead to a unique definition of stress rate, and many defini­

tions of stress rate are hence found in the literature. 
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If the small strain elastic-plastic coefficients are 

to be used, then the additional factor to be considered is 

that the measure of stress and strain increments must be of 

a form independent of the current rate of rigid body motion 

[63]. A linear relation between the Jaumann stress increment 

and the increments of deformation tensor should be used since 

these are appropriate true stress and strain increments, which 

are invariant with respect to rigid body motions. 

jaumannfs stress rate [4], a*, also called corotational 

rate of Kirchhoff stress, measures the rate of change of the 

stress components in a coordinate system that participates 

in the rotation of the material. Atluri [4] uses the Jaumann 

stress rate and defines the computations needed to apply the 

correct stress rate for the finite strain plasticity problems. 

Here the conventional whole element local coordinate system 

may not be sufficient for higher order elements, because 

finite rotations within the element may take place. In the 

present study, the Jaumann stress rate was not used. The 

second Piola-Kirchhoff stresses are computed for the increment 

of stress, and the true Cauchy stress is computed at the end 

of the load increment. 

The elasto-plastic constitutive matrix D is an r ~ep 

explicit expression relating stress changes to strain changes 

da = D de 
^ep 
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For the incremental procedure presented, the increment of 

stress da is given by the second Piala-Kirchhoff stress, and 

the increment of strain according to the Green-Lagrange 

strain definition. The resulting D is symmetric for 

associated plasticity. The rotation effects might be impor­

tant for large displacement plasticity problems. New 

research should involve methods to include the Jaumann type 

of stress rates in the large displacement plasticity problems. 

Summary 

A general formulation for the analysis of soil plastic­

ity is presented that includes cohesive and cohesionless 

materials. The Drucker-Prager failure criterion is proposed 

and complemented with the appropriate plastic parameters 

obtained from standard soil mechanics laboratory tests. 

Unconfined and regular triaxial tests are employed for the 

plastic parameter determination. The parameter computation, 

however, is considerably simpler if the uniaxial stress-

strain test results are used. The real soil behavior is quite 

complex since in general it is not plastic or totally fric-

tional. Clays for example might present a residual stress 

after reaching a peak stress and sands and gravel present no 

tension characteristics. The present model takes into 

account the hydrostatic conditions for the computation of the 

failure criterion. The cohesion and angle of internal fric­

tion of the material are parameters that influence the 



146 

failure condition as can be seen in equation (22) . No 

provisions are included for variation of the angle of internal 

friction with confinement. 

The soil is modeled by a strain-hardening material with 

provision for the particular case of elastic-perfectly plastic 

material for which parameter H' from equation (50) is zero. 

The gradient computation {—} is basic to establish an eras­
es <$ 

tic plastic stress-strain relation and can be readily obtained 

using equation (39). The computation of the gradient vector 
3F {—} by means of formula (39) involves the use of the total 

true Cauchy stress. For the computation of the plasticity 

parameters the effective stress o is used computed in terms of 

the true Cauchy stresses. The increase in volume or dilata­

tion predicted by the failure criteria used in the finite 

element plasticity theory is larger than found in cohesion-

less material tests [33,78]. To improve this situation more 

sophisticated theories for clay and cohesionless materials 

have been recently presented [78,113,145] and discussions of 

the validity of the theories have produced lively debates 

[33]. No theory is at the present time totally accepted. 

The approach presented in this thesis implements the most im­

portant plasticity relations for the soil-fabric problem. 

The Drucker-Prager failure criterion is a useful com­

putation tool. Since there are uncertainties in laboratory 

tests and variations in the plasticity parameters, until more 

correlations are performed a better model is not justified. 



The examples presented in Chapter X show that the model 

provides good estimates of stress-strain fields and the 

soil-fabric behavior under repeated cyclic loads. Experi­

mental data from another investigation [29] are used also 

to verify the proposed plasticity theory. 
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CHAPTER VIII 

NO TENSION ANALYSIS 

Introduction 

The elementary theory of elasticity is applied to 

analyze and solve many geotechnical problems. The material 

behavior is usually assumed linear and isotropic, with the 

material having the same properties in tension and in com­

pression. In soil mechanics problems, these assumptions are 

not satisfied for most geotechnical materials encountered. 

However, experience demonstrates that elasticity solutions 

generally provide the geotechnical engineer with useful 

approximations for many problems and are used for analysis 

and design. Most of the materials in geotechnical engineerin 

have a limited tension capacity or no tension capacity at all 

These materials need special considerations, and their 

analysis is the subject of this chapter. 

In the elastic analysis of layered systems linear 

elastic solutions provide reasonably accurate estimates for 

vertical stress and vertical displacements, but relatively 

poor estimates of horizontal stresses, displacements and 

strains [7,39,108], According to a linear elastic analysis, 

an applied vertical load at the surface of an unstabilized 

layer resting on soil produces tensile stresses in the lower 

half of the base layer. If the base is a cohesionless 
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material, such as gravel, sand or any low capacity tension 

material, the tensile stresses cannot be taken by these 

materials. The results are that an elastic analysis will 

give tension stresses that do not correspond to the actual 

stresses [108], Cohesionless materials such as gravel, 

crushed stone or sand subjected to repeated loads behave in 

a nonlinear and anisotropic manner [8/78,103], this behavior 

makes the analytical problem very complex. The disposition 

of the load with respect to the geometry of the model pro­

duces in some cases stress concentrations and tensile zones 

that cannot be taken by the soil materials. For these con­

ditions a special analyses is required. The no tension 

problem is also encountered in rock mechanics, where rock 

joints are present or cracks appear due to load application. 

Solutions for rock mechanics problems have been given using 

special finite element formulations [49,50,51,139,140,142]. 

Recently several failure criteria in accordance with 

plasticity theory have provided methods of analysis of 

cohesionless materials [33,78,103,108]. Shear dilatancy 

effects are not included in the present study. Extensive 

laboratory testing and correlation with the proposed analyt­

ical formulations are required in order to verify the pro­

posed methods. 

Formulation of the No Tension Problem for Soils 

Cohesionless materials and clays with low tensile 

strength present a nonlinear anisotropic behavior. An 
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accurate formulation of these materials is complex. The 

nonlinearity, no tension and anisotropy are some of the 

problems encountered. The no tension problem has been 

solved for rock mechanics [140,141] , and the application of 

this method was implemented for the soil-fabric system, with 

limited success. The finite element model of the soil fabric 

system with variable resilient modulus of elasticity for the 

conesionless materials resulted in a very slow convergence 

rate; seven iterations per load increment were not sufficient 

to equilibrate the system at low stress levels. After 

several tests the no tension procedure similar to the ref­

erence by Zienkiewicz et al. [140] was abandoned. 

A recent plane strain finite element formulation for 

layered systems was presented by Raad and Figueroa [108]. 

The formulation included a granular layer with no cohesion 

resting on top of soil. The no tension or low tension 

capacity of the granular layer is considered. This method 

of analysis was implemented into the present soil-fabric 

finite element method. The extended von Mises or Drucker-

Prager failure criteria was used as a three dimensional 

extension to the Mohr-Coulomb law for axisymmetric con­

ditions. For the failure criteria represented by F, the 

analytical formulation is given by 

F = a'cr + a - K (1) 
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where a\ a , a and K were given in equations (23) to (27) 

in Chapter VII. In F> 0 the material is in a failure state. 

Now assume that the cohesionless material complies 

with Mohr-Coulomb law and computations by the finite element 

method show that the state of stress at a sampling point in 

an element is at failure. The following method is presented 

for handling the no tension characteristics of the granular 

material. The method includes equilibrium verification after 

each load increment or iteration, and modifies the state of 

stress to comply with Mohr-Coulomb law given by: 

T = c + 0 tan<f» £2) 

where 

T = shear stress 

c = cohesion 

a = normal stress 

<f> = angle of internal friction 

For the procedure presented here, the soil mechanics sign 

convention is followed with tension being taken as negative 

and compression as positive. The Mohr-Coulomb law in terms 

of the principal stresses [123] applied for the r-z plane is: 

l+sin<ft + 2c cos<f> 
al a3 1-sind) l-sin< (3) 

With some algebraic transformations we obtain: 



1 J iy 

a1 = a 3 t a n 2 (45 + cj>/2) + 2c tan (45 + (|>/2) (4) 

where 
a.. = major principal stress 

a, = minor principal stress 

c = cohesion 

<j> = angle o£ internal friction 

In the finite element procedure, the principal stresses and 

strains are computed for each of the sampling or integration 

points of the eight node isoparametric element (see Chapter 

IX) using Gaussian Quadrature. The principal stresses in 

the r-z plane are given for the axisymmetric condition in 

terms of the vertical, radial and shear stresses by the 

following equations: 

(5) 

O" -5-0 10 ~0„ n 0 _ r z I r z . Z 
+ T „ (6) 2 - j - i r - T — ir2 

The direction of the principal stresses is given by a, where 

1 "I " L 

a = -~- tan (7) 
2 o -o K J 

r z 

The angle a is measured counter-clockwise from the r axis to 
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th e direction of the major principal stress a1. Then defining 

a1 as : 

a.. = a + 90° (8) 
1 

For a negative use a minus sign in equation (8). For the 

case of a < a the appropriate direction is given by a-s using 

equation (8) and the value of a obtained from equation (7). 

This will give the appropriate quadrant of the direction for 

the major principal stress. The failure criterion is tested 

for each sampling point using equation (1) at the end of each 

iteration. For the case of F > 0 the sampling point is at 

failure and the principal stresses are corrected so their 

Mohr circles just touch the Mohr-Coulomb failure envelope. 

The correction is applied following the procedure given in 

[108] with modifications for an axisymmetric model. 

With the computed vertical stress a and equation (4) 

the maximum (a,) and minimum fa,) . limiting principal ^ I-'max v 3̂  mm & r r 

stress states are defined, these comply with Mohr-Goulomb 

law and can be represented by the following expressions: 

fa..) = a tan2 (45 + A/2) + 2c tan (45 + A/2) t9) v l^max z T 

(a,) . - a tan2 (45 - <fc/2) -2c tan (45 - A/2) ^10^ ^ 3Jmin z ^ Y •* Y 
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The computed principal stresses at the end of each iteration, 

a1 and a~, should not exceed or be smaller than (aj and x J x max 

(aJ • , respectively (see Figure 8-1), Also a, should not 
•KJ H i JL J.I. JL 

exceed the value given by a1* which is the major principal 

stress associated with a- at failure, as shown in Figure 

8-2b and given by: 

al - a- tan2 (45 + cf>/2) + 2c tan (45 + «f>/2) (11) 
1 3 

If the principal stresses a, and a- exceeded the failure 

conditions, after the modification the principal stresses 

will comply with Mohr-Coulomb failure criteria, and the mate­

rial will be in a perfectly plastic failure state. The algo­

rithm for the stress modification procedure [108] is given in 

Figure 8-3 and the detailed flow diagram used in the compu­

ter code is given in Chapter IX. In the axisymmetric problem 

after computing the maximum and minimum principal stresses 

a-, and a,, the value of the computed tangential stress aQ is 

compared with a-. and 0-, and substituted for a, when aQ > a, 

or for a~ when o„<o?. Both cases are shown in Figure 8-4. 

For modifying the tangential stress ofi from the 

original principal stress state, a stress ratio is defined, 

R , and applied to obtain the modified stress. The stress 

ratio is: 

0 ? ~ 0 ? 

S 0-2-0-J 
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A?B = limiting stress 
states 

(-) tension/ 

CO 
I m a x (a) Original computed stress state 

i(-) tension 

(a,) 
v 1 max 

3 "I 
(b) Modified stress state 

Note: Soil mechanics sign convention used here. 

Figure 8-1. Cohesionless Material. Stress Modification for 
a No Tension Failure Condition (a- < (G^) ) 

3 v 3^-min7 
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(-) tension 

ASB = limiting stress state 

Original computed 
ess state 

•o (+) compression 

^ 3Jmm 3 z a, fa,) 
1 v l^max 

CT 

(a) Original computed stress state 

(-) tension 
(+) compression 

(a-,) 
v l^max 

(b) Modified stress state 
Note Soil Mechanics Sign Convention Used Here. 

Figure 8-2. Stress Modification in No Tension Analysis for 
a„ > (a~ ) • 3 v 3 ̂ man 
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NO TENSION MODIFICATION 

FOR ELEMENT, SAMPLING POINTSMATERIAL c AND <f> 

1 SET PRINCIPAL STRESSES TO SOIL MECHANICS SIGN CONVENTION 

GET VERTICAL STRESS a 

I 
(ai)w,„v • a, tan

2 (45 + #/2) + 2c tan (45 + f/2) 
x in 3.x z 

( c r 3 ) m i n = a z t a n 2 ( 4 5 - <f>/2) - 2c tan (45 - <f>/2) 

Yes 

Yes 

(a,) . =0 v 3'min 

°3"° 
a1' = 2ctan(45+(j)/2) 

No 
^ 3'mm 3 

i 
E> 

Yes 

ox={<3x) 3^min 

1 z 

a ' = a 3 t a n (45 + $/2)+2c tan(45 + <j>/2) 

tL 

al=0l 

SET MODIFIED 
IPRINCIPAL STRESSES 

TO MAIN PROGRAM 
SIGN CONVENTION 

CONTINUE 

Figure 8-3. Stress Modification Procedure [108] 
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Original Stress 
State 

r,z plane 

- i ^ + ) 

z compression 
e °i 

(a) Modified state of stresses for aQ < o^ (r,z plane) 

A Original Stress X^ 
* State 

-r,z plane 

1 compression 
e i 

(b) Modified state of stresses for oQ > a^ (r,z plane) 

Note: Soil mechanics sign convention used here. 

Figure 8-4. Tangential Stress Modification 
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This stress ratio is applied to the intermediate stress to 

obtain the modified intermediate stress a?. For the case of 

a < o~ the modified tangential stress a„ - c~ is given by 

a2 = c?3 + Rg (a^ - a3) (13) 

Now the principal stresses associated with the r! - z1 plane 

are transformed to the r,z,6 coordinate axes to obtain the 

modified stresses a , a , a_ and T . 
r' z' 9 r z 

The computation of the stress transformation that 

relates the local coordinate (principal stress) system 

(rf?2
r) and the global coordinate system (r,z) is derived in 

[25,139] and given by 

a' = T a <14) 

or 

T a' (I5) 

where 

af = stress in the local coordinate system, r' - zf 

a = stress in the global coordinate system, r - 2 

and the transformation matrix T is 



160 

T -

20 

cos e 2 
sin e 

sine 0 

cos e o 

0 0 1 

sinecose -sinecose 0 

-2sinGcos9 

2sin0cos0 

0 

2 2 cos e-sin 8 

(16) 

The angle 6 is the angle clockwise from rf to r, as shown 

in. Figure 8-5. 

It can be demonstrated [25] that 

T = T (17) 

To apply equation (15) the angle e is needed between the 

direction of principal stresses and the r,z global axes. 

The angle 8 is defined by computing the angle a that the 

major principal stress makes with the horizontal r axis. 

From Mohr's circle for the corrected stresses, 2a is given 

by: 

2a = cos 
-1 2 a z ' al ~ a3 

al ~ 03 

(18) 

For a negative shear (that produces clockwise moments if 

applied at the face perpendicular to the (+) direction of 

axis r), then a
f gives the angle between the major principal 

stress and the horizontal r axis, computed by 
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Figure 8-5. Sign Convention for Rotation of Axes 

l og E l 

l o g Kj 

l og o 0 

(a) Cohesionless Materials, Resilient Modulus Variation 
with Confinement. 

E^ 4-

EC "*" 

Aa, &a, Ao, Aa 

(b) Cohesive Materials. Resilient Modulus Variation 
with Deviator Stress. 

Figure 8-6. Resilient Modulus Variation with Stress State. 
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2a1 = 360° - 2a (19) 

If a ~ ai n o transformation is required since the direction 

of principal stresses corresponds to the rsz axes and: 

ffr = a 3 (20) 

rz 

To use the matrix transformation T from equation (16) the 

angle G = a and the a . o . an and T stresses can be & r* z* 6 rz 

evaluated with equation (15) . 

Using the computed stresses, the failure conditions at 

each sampling point are evaluated. If a sampling point falls 

outside the failure criterion the stress modification pro­

cedure is applied to that point. 

For the system to remain in equilibriums the difference 

between the originally computed state of stress and the 

modified state of stress is used to determine the nodal 

forces by numerical integration. These corrective nodal 

forces are applied to the system in the next iteration or 

load increment in order to maintain equilibrium. The cor­

rective nodal forces are given integrating numerically the 

following expression: 

F n = / BTA.O rZdv (21) 

~° v 
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where 
T B = strain-displacement matrix 

A0
 r z a a.-a = applied stress modification 
o 1 m r r 

o. - initial state o£ stresses 
i 

a = modified state of stresses. 
m 

In the application of the no tension and plasticity 

procedures, the load increment should be as small as 

practical limits on computer time allows. Use of a small 

load increment will produce stress states in the system that 

are close to the failure envelope and hence only requires a 

small amount of correction. Also using small load increments 

the development can be observed of the no tension or plastic­

ity condition at the sampling points (slip in the case of 

interface elements present). A complete load-deformation 

history of the system is obtained. 

Resilient Modulus of Elasticity 

Considerable attention has been given to the variation 

of the modulus of elasticity with confinement [8,115,138], 

Particular attention is devoted to the resilient modulus of 

elasticity and the application of dynamic repeated loads 

[8,116] used in predictions of base course rutting as a 

function of load repetitions. 

For cohesionless soils the resilient modulus of 

elasticity can be computed with the following formula [8] 

E_ - k, ca r 1 0c (22) 
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where 

k.. = ordinate at log aQ = 0 in the log E-log oa 
X u C o 

plot, constant 

n - slope of the E vs a line on a log E-log-oQ 
plot 

and 

°9C = al + a2 + a3 (23) 

This type of formula is given by several authors. Recently 

more elaborate formulas have been presented [34,78,103], The 

simple nature of equation (22) allows a straight forward 

application in the context of the finite element formulation 

presented here. 

The value of the resilient modulus E^ is computed using 
r 

equation [22) at the start of the iteration using the last 

previously obtained values for the principal stresses. The 

values of k, and n are obtained from triaxial repeated load 

tests for various confining conditions as shown in Figure 8-6a 

For cohesive materials the resilient modulus can also 

be represented in a different form [108] , A bilinear law can 

represent the variation of the resilient modulus with the 

deviator stress as shown in Figure 8-6b. The resilient 

modulus formula for cohesive materials is for (cr.. - a J) < &®r>-
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(AaR-Aa)»(E ~E ) 
Er - % + - ^ M ^ - < 2 4 > 

and for (a.,-a.,) > Aa* 
B 

(Aa-AaM)(E ~ER) 
£ = £ , , + x ~ - — — (25) 
r B ha -Aa,, c B 

where 

E. 5E R JEp = resilient modulus for conditions A,B>C 

Aa.,AaB,Aa« = deviator stresses for conditions A,B,C 

Aa - deviator stress for which E is computed 
r 

Summary 

The computed modulus of elasticity is used in the 

stiffness determination for the next iteration. The cor­

rected stresses in each iteration are used to compute the 

internal forces f the equilibrium of the system and the 

unbalanced forces, that are applied to the system in the 

next iteration. Iterations are performed until convergence 

is achieved as described in Chapters V and IX. 

The variation of the resilient modulus of elasticity 

with confinement is quite important as illustrated in the 

following example. Consider a granular layer 4.5 inches 

thick placed on top of clay. Dynamic triaxial tests on a 

crushed stone gave the following constants: k., = 1242; 

n = 0.762 for E in psi. Using a linear elastic two layer 
r 
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analysis we can compute the resilient modulus due to only 

body weight. The resilient modulus is about 200 psi at a 

depth of 0.75 inches and 750 psi at a depth of 3 inches. If 

a uniform circular load of 10 psi and 3 inches in radius is 

applied at the surface, the modulus increases to 13000 psi at 

a depth of 0.75 inches and reduces to 300 psi at the 3 inch 

depth, due to tensile stresses developed in the radial and 

tangential directions. 

Repeated load triaxial tests are used to evaluate the 

resilient modulus parameters k1 and n for the computation of 

E . From repeated load tests using constant confining 
J. 

pressure, the stress-plastic strain curves are obtained and 

the plasticity parameter H' determined, as explained in 

Chapter VII. 

To evaluate the response of a soil-fabric system to 

load repetitions, the load and unload cycles need to be com­

puted one at a time. As an engineering approximation for 

estimating the permanent deformation in such a system, the 

total number of load repetitions can be divided into several 

intervals. The values of the parameters n, k, and Hs are 

then computed for the average conditions within the interval. 

The total permanent deformation response will be the sum of 

the average permanent deformatiom multiplied by the number 

of load repetitions applied within the interval. 

The stress modification procedure used basically 

follows the one given in [108] modified for the axisymmetric 
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conditions and incorporating Drucker-Prager failure criteria. 

An approximate procedure to compute the intermediate principal 

stress is proposed and Mohr-Coulomb law is used to modify 

the stresses and comply with the failure criteria. For 

elements with sampling points in failure, a perfect plastic­

ity is assumed and their contribution to the element stiffness 

is accumulated with the usual numerical integration described 

in Chapter IX. Results for a two layer system and a soil-

fabric system are presented in Chapter X. 

Anisotropy 

The soil-plasticity theory and the no tension procedure 

previously presented assume isotropic conditions. In some 

cases the anisotropic characteristics of the materials are 

too important to be disregarded in the analysis. In the 

present formulation the anisotropic conditions can be intro­

duced for the initial elastic computation. In this way a 

better initial estimate is obtained of the stress state in 

the system where no tension and plasticity are developed. 

For example? a system consisting of a cohesionless material 

placed over a soil and the subgrade elements elasticity 

modulus in the horizontal direction is set equal to zero or 

a very small value. The computed stresses using the 

anisotropic idealization are then used as initial values in 

the analysis. The no tension procedure described in this 

Chapter is used in subsequent iterations and load incre­

ments. In the next paragraphs the derivations for the use 
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of the anisotropic elasticity matrix are presented. 

The anisotropic characteristics of the cohesionless 

materials play a very important role in the behavior of a 

layered soil system and the computations of the stress-strain 

relationships are affected by them. The general three 

dimensional elasticity strain-stress relations [139] for an 

anisotropic stratified layered system in terms of the inplane 

and normal to the strata elastic modulus and Poisson's 

ratios are given as follows: 

o cr o -
z , » _ _ £ . _ _S_ 

La _LJ *-j £* JLJI sy £& J O *% 

z _r_ _0_ 

2 1 1 

where 

(26) 
ov a a ft 

z, __ __r _Q_ 
0 & H r% J. £j i XJI i 

X 

r z Y z r G~ 2 

EpV^ = modulus of elasticity and Poisson's ratio 

that correspond to the in-plane behavior 

E2*V2'G2 " t n e mo<*ulus °f elasticity, Poisson's ratio 

and shear modulus respectively, that 

correspond to the behavior normal to the 

strata. 
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The geometry and axes are shown in Figure 8-7. The 

stress-strain matrix Df is given by 

n(l-nv2 ) nv2(l*v,) (v^nv^ )n 

D! -
XT^jpr 

nv2(l+v1) 

2 (v,+nv2 )n 

0 

(1-vp 

nv2(l+v1) 

0 

nv~(l+v1) 

2 
n(1-nvj ) 

m(l+v1)I 

(28) 

where 

n = 

m = 

E2 

E2 

(27) 

and I - l-v1~2nv ' 

Now the stress-strain relationship for the coordinate system 

with the axis z1 normal to the strata is: 

a* = Dfe (29) 

The stress transformation that relates the local coordinate 

system (rf,z!) and the global coordinate system (x,z) is 

given in equation (16) , the matrix operations are defined in 
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equations (15)-(17). 

In summaryj considering anisotropic soil conditions, 

a better estimate o£ the initial elastic stress distribution 

in the system is obtained which results in a faster conver­

gence when the next load increments are applied. 

Figure 8-7. Local and Global Axes for Stratified Materials 
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CHAPTER IX 

COMPUTER CODE ORGANIZATION AND CAPABILITIES 

General Description 

The theoretical development of the soil-fabric finite 

element formulation given in Chapters III to VIII is imple­

mented into a computer code for the solution of the finite 

element model of the soil-fabric system. The finite element 

program analyzes linear or nonlinear axisymmetric solids, 

models interfaces between dissimilar materials and analyzes 

the behavior of the interface. Higher order strain terms can 

also be included in the analyses by using an option. No ten­

sion analysis for materials with small or nonexistent tension 

capacity is also a feature of the program. Fabric elements 

can be introduced into the system by the special elements 

described in Chapter VI. Plasticity analysis is limited to 

small displacements of the system. The program enables a geo-

technical engineer to model layered systems with interfaces and 

can be applied to other axisymmetric problems like piles, piers 

and anchors. 

The program was written in FORTRAN IV and implemented for 

a CDC-CYBER 74 computer, and has the capability of easily 

increasing or decreasing the total storage requirements 

depending on the size of mesh to be analyzed. As presently 

dimensioned the program needs a total storage capacity of 
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165000 bits and solves problems up to 200 nodal points and 60 

elements where 2 5 elements may be of the interface type. Maxi­

mum values accepted by the computer code are 15 different type 

of materials, 25 pressure loads and a total stiffness matrix 

vector of 18000 storage locations. The maximum bandwidth (MBAND) 

is then MBAND = 18000/NUMNP*2 where NUMNP = number of nodal 

points: For 200 nodal points the maximum MBAND is hence 45. 

For a particular problem MBAND is computed by MBAND = (maximum 

difference between nodal points of an element - 1)2. 

The organization of the program consists basically of 

a main program that handles input, initializations, calls the 

appropriate subroutines and outputs part of the results. 

Twelve subroutines are used to perform the required computa­

tions. The flow diagram of the main program is shown in 

Figure 9-1. The original elastic version of the program was 

written by R. D. Barksdale [6]. 

The input of the program consists basically of geometry, 

type of elements, type of materials and mechanical characteris­

tics of the materials. The boundary conditions and pressure 

loads need also to be specified together with the number of 

load increments and whether a small or large displacement 

problem is to be solved. Examples of several problems are 

shown in Chapter X. 

The finite element method requires the solution of a 

system of equations (refer to Chapter V, equation (33)), 

given by 



MAIN PROGRAM 
_ . . , • | ,  

ISTARTI1 

INPUT 

INITIALIZATIONS 

1 
STIFFNESS OF ALL ELEMENTS I 

1 I ' , 
SET OPERATORS FOR STIFFNESS COMPUTATION 

y 
(ELASPD) 
(BOPER) 
(BLOPER) 

. .M—L 
LARGE DISPLACEMENT STIFFNESS (STIFLD) 

INTERFACE STIFFNESS (SPRSTIF) 

r : I . . ;. .„; 
STORE STIFFNESS (SSTIF) 

AND INITIAL STRESS STIFFNESS (INSTRO) 

_ r ' ' 
COMPUTE AND STORE STIFFNESS. OF FABRIC (FABSTIF) 

I SET FORCES IN VECTOR] 
SOLVE EQUATIONS (COLSOL) 

I -
COMPUTE AND OUTPUT STRESSES (STRES1),(TRANST)CELIMST) 

' — : < ~ _ _ , 
UPDATE AND PRINT COORDINATES 

i 
SET FLAGS, CONTINUE FOR LOAD INCREMENTS 

OR ITERATIONS  

I 
[ENDI 

Figure 9-1. Flow Diagram of the Main Finite Element Program 
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dip = KTdu (1) 

The computation of the stiffness of the elements is 

basic to the solution of the problem. For the eight node 

isoparametric elements the following routines perform the 

numerical computations: BOPER, ELOPER, ELASPD, STIFLD and 

SSTIF. Subroutine BOPER computes the strain-displacement 

operator or B matrix for the small displacement theory of the 

eight node isoparametric axisymmetric elements. The deriva­

tion of this matrix is presented in Chapter III and the 

generalized flow diagram of BOPER is shown in Figure 9--2. In 

order to include higher order strain terms the large displace­

ment option LDFLAG is set to 1 and then subroutine BLOPER is 

called. This subroutine performs the necessary operations to 

obtain the large displacement B, matrix defined in Chapter V, 

In Figure 9-3 the flow diagram of BLOPER is shown. Since 

BLOPER depends on the displacements it is called after the 

first load increment is applied. For the initial elastic load 

increment the anisotropic conditions of the material can be 

introduced in the model, After the initial load increment, the 

program computes the variable modulus corresponding to the 

evaluated confining pressure and uses this value in the 

current load increment computations. When the material behaves 

nonlinear after the yielding point is reached, the elasto 

plastic matrix D is computed by routine ELASPD, The 
~ ep 

theoretical derivation of D limited to small strains was 
~ep 
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SUBROUTINE 
BOPER 

COMPUTE THE JACOBIAN 

Yes RETURN 

EVALUATE B MATRIX 

t 
CALL BLOPER 

1 < 

RETURN 

Figure 9-2. Flow Diagram for Subroutine BOPER: Strain-
Displacement Operator 
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SUBROUTINE 
BLOPER 

GET DISPLACEMENTS OF ELEMENT NODES 

COMPUTE DERIVATIVES AND 
SET THEM IN GLOBAL COORDINATES 

FORM A AND 9 
*v* fMP 

'1 

COMPUTE G MATRIX 

I 
B =A-G 
cu -Li ~ r» 

i 
RETURN 

Figure 9-3. Flow Diagram for Subroutine BLOPER; Strain-
Displacement Operator for Large Displacements 
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presented in Chapter VII and the general flow diagram is 

shown in Figure 9-4. 

To compute the element stiffness matrix S all matrices 

T are now ready and B DB is evaluated for each sampling point 

of each element. The program utilizes a nine point numerical 

integration scheme shown in Figure 9-5. For the large dis­

placement computations the total stiffness matrix of the 

element is given by formulas (31,32) and (33) of Chapter V. 

T 
Each of the B DB terms are numerically integrated so that 

9 
/BTDB dv = £ B.TDB..WT. f?) 
V 1 = 1 

where WT. is a weight factor for the sampling point i, where 

the numerical integration is performed. For the eight node 

axisymmetric., isoparametric element with nine sampling points 

we have {11,25,14 7] 

WT = CA(N)-CA(n)-2*-RI*det|J| 

RI = RP(N)xDELRH+RAVG 

CA(1) = CA(3) = 0.555556 

CA(2) = 0.888889 

PR(N) = local r coordinate for sampling point N 

DELRH = average half of the element radial length 

det|j| - determinant of the Jacobian matrix (see 

Chapter III). 

After each sampling point is integrated the element stiffness 

is stored into the general stiffness matrix of the system by 

calling subroutine SSTIF. 



SUBROUTINE 
ELASPD 

WITH MEAN AND DEVIATORIC STRESS COMPONENTS 
INTERPOLATE FOR Hf 

COMPUTE YIELD CONDITION 
SET FLAG IF SAMPLING 
POINT IN FAILURE 

SET MATRICES AND VECTORS 
ELASTICITY AND GRADIENT 

VECTOR 
Eq. (39) 

PERFORM MATRIX OPERATIONS 

COMPUTE D 
ep 

Eq. (41) 

RETURN 

E q u a t i o n numbers r e f e r t o C h a p t e r V I I I 

F i g u r e 9 - 4 . Flow Diagram f o r S u b r o u t i n e ELASPD: 
P l a s t i c C o n s t i t u t i v e M a t r i x 
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0.7746 

i ZP 
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r 
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JL 
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• w oLo 

1 1 

Figure 9 - 5 . Sampling Po in t s for the Eight Node 
I s o p a r a m e t r i c Element 



179 

To solve the system of equations a symmetric* narrow 

banded equation solver [11] is used (subroutine COLSOL), 

The stiffness matrix of the system is stored in the following 

way in vector A: 

MBAND 

K 
-system 

all a12 a13 

a22 a23 a24 

a33 a34 

symmetric 

a44 a45 

a55 ° 

•66 

\ J ) 

The elements of K are stored by columns from the diagonal 

term up to the bandwidth, MBAND, in. a vector A as follows: 

A [a u a22 a12 a33 a23 a13 a44 a34 . , . 

a24 a55 a45 ° a66 ° 0 ] (4) 

MBAND is the bandwidth of the matrix and is computed by 

MBAND = (MD+1)*2 (5) 
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where 

MD - maximum difference between node numbers of an 

element 

For the interface elements the stiffness matrix is computed 

in a closed form by subroutine SPRSTIF, The flow diagram is 

shown in Figure 9-6 and the mathematical procedure is 

presented in Chapter VI, The interface element stiffness 

matrix is then stored in the general stiffness of the system 

with subroutine SSTIF. 

The stiffness of the two dimensional fabric axisymmetric 

element is computed and stored by subroutine FABSTIF following 

the computation procedure delineated in. Chapter VI, A general 

flow diagram is shown in Figure 9*7. At this point the general 

stiffness matrix of the system, consisting of stiffness 

matrices from isoparametric eight node elements, interface 

elements and fabric elements is assembled in the vector A. 

In the input preparation the program asks for the 

weight flag LWFLAG. If LWFLAG=0 the total body weight and 

external pressures are applied by increments. If LWFLAG=1 the 

full body weight is applied first in one increment and then the 

external pressures and node loads are applied in NUMLI, a speci­

fied number of load increments. The total specified node dis­

placements and loads are applied in the first load increment. 

The load vector P is assembled in the main program. The body 

forces are integrated numerically and applied as concentrated 

forces to the corresponding nodes. The external pressures 
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SUBROUTINE 
SPRSTIF 

CLEAR ELEMENT STIFFNESS 

FOR SEPARATION AND SLIP SET APPROPRIATE 
STIFFNESS COEFFICIENTS TO ZERO 

FORM THE INTERFACE ELEMENT 
STIFFNESS MATRIX LOCAL AXIS 

COMPUTE ANGLE OF CONTACT OF 
THE INTERFACE ELEMENT 

COMPUTE AXISYMMETRIC DISTRIBUTION 
FACTORS 

ROTATE ELEMENT STIFFNESS MATRIX 
TO GENERATE SYSTEM 

RETURN 

Figure 9-6. Flow Diagram for Subroutine SPRSTIF: 
Element Stiffness Matrix 

Interface-
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SUBROUTINE. 
FABSTIF 

SET FABRIC MODULUS 

1 
COMPUTE STIFFNESS 
FOR ALL ELEMENTS 

F 

AFTER 1ST LOAD INCREMENT FOR NONLINEAR 
CONDITIONS INTERPOLATE TANGENT MODULUS 

STIFFNESS SMALL DISPLACEMENTS 

Figure 9-7... Flow Diagram for Subroutine FABSTIF: 
Element Stiffness Matrix Subroutine 

Fabric 
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are distributed to as concentrated forces the nodes in. a 

consistent form with the axisymmetric distribution functions, 

AV presented in Chapter IV.. 

Boundary conditions and nodal displacements are also 
11 

specified for a given nodal restraint. A. large term (1x10 ) 

is multiplied by the diagonal term and stored in the appro­

priate location of the direction of the restraint in order that 

negligible displacements are computed in the restraint direc­

tion, In the program the vector MAXA.[N] specifies the location 

of the diagonal term, of the general stiffness matrix for the 

N-degree of freedom [11J . This is a convenient way to locate 

the diagonal terms stored in vector A.. The solution of the 

system of equations gives the values of the displacements for 

all degrees of freedom of the system. 

The total external load is applied in NUMLI increments, 

The first load increment is solved assuming linear elastic 

response. The maximum elastic displacement of the system 

when subjected to full load is then, calculated using the 

displacements obtained from the first load increment. A norm 

is set as a percentage of the maximum elastic displacement of 

any node in the system, with appropriate values being between 

Z% and 5%. The maximum, displacement of any of the nodes for 

the iteration is compared with the norm and the program will 

stop iterating for the load increment when the maximum dis­

placement of the iteration is less than the norm. A value of 

5% is taken when no norm is input to the program. 
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In Figure 9-8 a load^displacement curve of the system 

is shown and graphically presents the maximum allowable 

displacement per iteration (norm), The program sets ITFLAG-1 

if the maximum displacement of the iteration is larger than the 

norm and iterates until this value is smaller than the given 

norm. Then the program prints the messages ITERATION 

DISPLACEMENTS LESS THAN:, 

After applying a load increment the program tests for 

equilibrium computing internal and external loads. The 

unbalanced forces given by equation (.23) of Chapter V are 

applied to the system to restore equilibrium, for the case of 

nonlinear analysis. 

Using the computed displacements the stresses and 

strains are computed by means of subroutine STRES1, the 

corresponding flow diagram is shown in Figure SK9, The 

routine initializes constants and computes the elasticity 

matrix of the elements for each sampling point. Computes the 

stresses and strains and. calling the subroutine TRANST, see 

Figure 9-10, the true Cauchy stress and the accumulation of 

stresses is performed by increments as explained in Chapter V. 

Subroutine STRES1 also computes the principal stresses and 

strains. 

The failure condition is then computed for each 

sampling point. For points in failure outside the failure 

envelope, the stress modification of Chapter VIII is applied 

by calling subroutine ELIMST (refer to the flow diagram in 
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For Afi- < (0.03 - 0,05)6 
1 v ' e 

the iterations are terminated; 
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Figure 8-3 of Chapter VIII). The modified stresses replace 

the original computed stresses which fall outside the failure 

envelope. To maintain equilibrium the forces that produced 

the stress modification are applied to the system in the next 

iteration, 

Subroutine STRES1 outputs the stresses and strains for 

all the elements. The stress is given for the centroid of 

each element although the computation is performed for the 

nine sampling points of each element and can be printed if 

desired. 

The final part of STRES1 computes the internal forces 

for the isoparametric eight node elements, interface elements, 

and fabric elements and stores the internal forces in the array 

PRES, The modification forces due to sampling points outside 

the failure envelope are also stored in PRES. 

In STRES1 using the stresses previously computed the 

slip conditions of the interface elements are defined and the 

appropriate slip forces are calculated. The flow diagram 

showing the slip algorithm proposed by Herrmann [59] is shown 

in Figure 9-11. The complete slip computation process is 

presented in Chapter VI. In formula (21), Chapter VI, the 

unbalanced forces due to slip are given. 

Finally after control leaves STRES1 the main program 

writes the total displacements, updates nodal coordinates and 

writes internal and unbalanced forces. Depending on the value 

of the flag ITFLAG, the program either iterates or increases 
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the load by a load increment. If the program does not converge 

in eight iterations for one load increment it automatically 

stops giving a message: NUMBER OF ALLOWABLE ITERATIONS 

EXCEEDED. A list of some of the causes of no convergence 

follows: 

(i) The load increment is too large 

(ii) Unbalanced conditions exist due to geometry 

(iii) Material near failure produces unbalanced con­

ditions 

(iv) Fabric elements are too large 

(v) Mesh is too coarse to compute the stresses 

accurately 

Input-Output Capabilities 

The processing of the computer code for the soil-fabric 

system requires the following information. Any units may be 

used, but they must be consistent throughout the example, 

The dimensional units are given in parentheses with F - force, 

L = length and (°) = degrees. 

(a) Geometry 

Number of nodes, elements, interface elements and 

fabric elements, nodal coordinates, element 

topology, scale factors 

(b) Material Properties 

For each material the following data is necessary: 

Unit weight (F/L3) 

2 Modulus of elasticity (r and z directions) (F/L, ) 
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Poisson's Ratio (r and z directions) 

2 Shear modulus (F/L ); G = E/2(l+ v) 

2 Tension modulus (F/L ) 

2 Equivalent stress at yield (a )(F/L ) 

Cohesion (F/L ) 

Angle of internal friction (°) 

2 Tensile strength (F/L ) 

The plasticity parameters are defined by a collection of 

pairs of values with a(F/L ) and Hf. For the computation of 

the variable modulus with confinement (following Chapter VIII), 

the following data is required: 

Cohesionless and cohesive materials: The constants 

k-. and n are needed. 

2 
Cohesive materials: Three values of E (F/L ) vs 

2 Aa(F/L ) (resilient modulus vs derivator stress). 

(c) Fabric Properties 

Elastic limit in tension (F/L) 

Tension modulus (F/L) 
o 

Cohesion (F/L ) and angle of friction (°) between 

the fabric and the adjacent materials, 

Fabric incidences 

(d) Interface properties 

Shear subgrade modulus, k (F/L ) , normal subgrade 

3 modulus, k (F/L ) , cohesion and internal friction n 

of interface 

(e) External pressures and concentrated loads 

Number of load increments, nodes of application, 
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magnitude of the loads (F/L ) 

(f) Boundary Conditions 

Fixed, free r and z directions, free r or z 

directions 

(g) Options 

Application of the body weight first, before external 

pressures are applied or combined with external pres­

sures , large displacement strain terms or usual 

small strain definitions, constant or variable 

resilient modulus for clay or silt, output of 

stresses and strains or stresses and principal 

stresses. 

A control card after the execution of the program will output 

incremental displacements, stresses of all sampling points, 

internal and unbalanced forces, 

(h) Norm 

Maximum allowable displacement for the iteration 

from 31 to 5%. The last value taken as a default 

if no value is given, 

The output capabilities of the computer program give a complete 

state of stress, strain and deformation of the finite element 

model. For each load increment and iteration the following 

information is printed out. A list of the output follows: 

(a) Printing of all input data for verification. Then 

for each element or nodal point in each load incre­

ment or iteration the following values are printed: 
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(b) Stresses and strains: radial, vertical, tangential 

and shear for the centroid of each element. 

Optional to print principal stresses and strains, 

(c) For interface elements prints the mode behavior: 

no slipf slip or separation and the shear and normal 

stress at the interface. 

(d) Radial and tangential stresses and strains for the 

fabric elements. 

(e) If the stresses exceed the failure condition of the 

material a message with the element number and the 

sampling point where the failure conditions were 

exceeded is printed. 

(f) The total nodal displacements. 

By including a special control card at the end of the execution 

of the program, the following additional results are also 

printed: 

(g) The computed increment of displacements correspond­

ing to all load increments, 

(h) Stresses and strains for all sampling points, 

(i) The updated nodal coordinates. 

(j) The internal and unbalanced forces after each load 

increment (optional). 

Summary 

The computer program developed predicts the response of 

axisymmetric solids to loads. The material can behave in a 

linear elastic or nonlinear plastic form. The no tension 
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characteristics of the cohesionless materials are taken in 

account and interfaces with or without fabric materials are 

modeled.. The load is applied in increments and a complete 

stress-displacement history of the soil-fabric system is 

obtained. 

The accuracy of the solution obtained with the finite 

element formulation of the soil-fabric system, due to the 

several features of the program depends on the input parameters 

and their correct representation of the nonlinearity of the 

materials modeled. The number of load increments used will 

affect the results and the total computer time required by 

the program. A very small number of load increments will not 

provide enough accuracy and the stress state computed might 

be considered outside the failure envelope. On the other hand 

too many load increments will make the program very costly to 

run. The plasticity example of Chapter X provides interesting 

data on the accuracy obtained as a function of the number of 

load increments used. 

The example No. 4 is used here to compare the results 

for 4, 8 and 12 load increments, using the experimental 

results as basis of comparison. A maximum allowable displace­

ment ratio of 0.0 5 was used. The stress-strain relationship 

is given in Figure 9-12 and the variations are shown in Table 

9-1 for an applied unit load of 6 psi. 
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Table 9-1. Results with Variable Number 
of Load Increments 

Number of Load Strain I of Experimental 
Increments for 6 psi Result 

4 0.0136 42.5 

8 0.0256 80.0 

12 0.0300 93.8 

Figure 9-12 and Table 9-1 show that four load incre­

ments did not give acceptable results, eight increments yield 

an estimate within 20% of the measured value and twelve load 

increments resulted in a difference of 6%. The load level 

corresponded to 50% of the failure load of the specimen. 

Using 4 load increments, the maximum displacement 

ratio of 0.05 was reduced to 0.02. No significant improve­

ment on the computed strains and displacements was obtained, 

If the number of load increments is large the increase in 

stresses for all elements will provide with a detailed sequence 

of the elements (sampling points) that go into failure. Also, 

a better estimate of the stresses in the system can be obtained 

For this reason it is important to keep the load increment 

small. 

Computation of stresses at sampling points near the 

axis of symmetry presents problems due to the tangential terms 

in the B matrix that are functions of — [110] . A centroidal 
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value should be taken for those elements [25] especially if 

r << a, where a is the length of the element in the radial 

direction. Use of the centroidal values were failure to pro­

vide good estimates as shown in the examples of Chapter X. 

The nonlinear material properties input to the program 

should be plotted and verified before using them in the 

finite element model. The interpolation routine of the pro­

gram is based on a Lagrangian interpolation formula [4 5]. 

This formula might present problems, particularily at small 

values of H', for the representation of unevenly spaced data 

in higher order polynomials. It is advisable to compare the 

experimental curve with values obtained by interpolation. 

Figure 9-13 shows a problem that can occur. Some authors 

[137] suggest giving a mathematical formula for the variation 

of H'. In these cases extra parameters to define the behav­

ior of H! with a are needed. 
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CHAPTER X 

APPLICATIONS OF THE. COMPUTER CODE 

The computer code developed calculates the 

lô ad application deformation characteristics of a multilayer 

system. At the present even with our advanced computer 

technology it is still not feasible to model the complete 

repeated load test, due to the large number of load applica­

tions. We can analyze the soil-fabric model for material 

parameters obtained at selected numbers of load applications 

and assign a range of load repetitions over which these 

parameters are talken as constants. To • follow any other 

approach would result in excessive computer time. 

For the verification of the program several individual 

tests were performed, this provided means to check the various 

elements that constitute the program, 

The verification of the program consisted of 

(a) Individual tests on the response of the elements 

that form the soil-fabric model* eight node isoparametric 

elements, fabric elements, plastic behavior, no tension, 

interface elements and slip. Laboratory results and theoretical 

solutions were used to evaluate the results of these tests * 

The numerical operations performed by each subroutine were 

hand calculated for numerous test cases and compared with the 

program results. 
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(b) Elastic analysis on the behavior of the complete 

finite element formulation. 

(c) Small and large displacement comparisons of 

obtained results with solutions given in the literature, 

(d) Computations of stresses and deformations for the 

soil-fabric system for parameters selected for a certain num­

ber of load applications and comparison with laboratory 

measurements. All dimensions in the examples are given in 

inches and FEP stands for the finite element program developed 

in this thesis. Several selected examples used in verifying 

the program are as follows: 

Example No. 1: Stress Distribution Boussinesq 

Type Problem 

The application of a circular load over an homogeneous 

half space was solved in 1885 by Boussinesq and is given in 

several textbooks [123,125,127]. This example presents the 

results obtained by the finite element program (FEP) for a 

linear elastic, isotropic finite depth model and compares 

them with the Boussinesq solution. The theoretical Boussinesq 

solution for the problem of a circular, uniform load applied 

at the boundary of an infinite layer needs corrections, due 

to the depth of the rigid layer [107] . 

The soil-fabric finite element model is solved for 

several load increments and iterations, therefore it needs 

an optimum size mesh which gives enough accuracy with the 
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minimum number of nodes. A mesh of only 16 elements is used 

to evaluate the accuracy of a small number of elements mesh 

and the problems associated with the elements close to the 

axis of symmetry of the model. 

The geometry is similar to the geometry of the laboratory 

tests for the soil-fabric system,, The material properties of 

the 16 element mesh are shown in Figure 10-1. An applied 

circular vertical load of 3 inches in radius is applied to 

the system. The stress distribution along a vertical axis 

below the circular load is shown, for the axis of symmetry, 

the theoretical Boussinesq half space solution and the corrected 

stress distribution due to the rigid layer position. 

Boussinesq solution for the vertical stress along a 

vertical axis offset 0,5 radius of the loaded area is compared 

with the finite element program solution for the same axis 

shown in Figure 10-2. Good results are obtained with the 16 

element mesh. It can be observed that the rigid layer correc­

tion is about 101 of the total stress at a depth of 18 inches. 

The program computed values include all sampling points, at 

the 0.5 r offset axis and gives acceptable approximation with 

this small number of elements mesh, 

Example No, 2: Stress Distribution — 

Two Layer Elastic Solid 

Two layer elastic solutions provide the analysis of 

infinite half space where layers of different elastic 
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constants form a two layer system* loaded at the surface with 

a uniform circular load of radius r . The elastic solution 
o 

to this problem [48] provides with approximate results that 

can be compared with the finite element models shown in 

Figure 10-3. 

For the solution of multiple increment/iteration 

problem, .the total number of nodes in the model plays a 

definite role in the total computer time needed. Therefore, 

comparisons of two proposed meshes and their accuracy -on 

stress-strain computations are presented. 

The accuracy of both meshes {.Figure 10-3) , one with 

24 and the other with 54 elements, is compared with the two 

layer linear elastic solution given in [48] where inter­

polated values were used to obtain the corresponding elastic 

constants for the .finite element model. 
The computed stresses given in Figure 10-4 show maximum 

differences of vertical stress for the 54 and 24 element mesh 

•of 5% and .of 15% with the interpolated two layer infinite 

depth solution: the unit weight of the material was included 

in the stress computations and the two layer elastic solution , 

values are interpolated for the centerline of the load. The 

FEP results are for an axis offset 0.5 r from the centerline. 
o 

To verify the accuracy of the interface elements the 

following example was performed: 

• Taking both meshes with homogeneous material the shear 

at the interface was computed and compared with the Boussinesq 
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theoretical solution, both meshes and the theoretical results 

are shown in Figure 10-5. The 54 element mesh gives a maximum 

difference of 61 and the 24 element mesh 19% of the theoreti­

cal Boussinesq result for the shear stress at a depth of 4.5 

inch. As would be expected more accuracy is obtained with 

the 54 element mesh. 

Example No. 3: Horizontally Loaded Fabric Element 

The theoretical exact elastic analysis of a two 

dimensional fabric model loaded in tension in the horizontal 

direction is compared with the results obtained with the FEP 

computer code. The variation of the radial and tangential 

stresses along the radius are presented. All data is shown 

in Figure 10-6. 

To aid the stability of the model four eight node 

isoparametric elements were included below the fabric with a 

very low modulus of elasticity, in order to run this special 

case with the general purpose computer code developed. The 

fabric model consists of eight fabric elements as shown in 

Figure 10-6. 

The theoretical linear elastic, small displacement 

solution can be found in the literature [72]. The radial 

and tangential stresses for an external uniform load are 

given by: 

^2^7 ^i 

"r = -1-7 C1 " "7> W 

K.'J — iv i r 
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where 

R, and R~ = interior and exterior radius 

P2 - external unit load 

The comparison of the theoretical computations and 

the program results is given in.Figure 10-7. As can be 

observed the eight fabric element model gave excellent 

results with maximum differences of 1.4%. 

Plasticity Examples 

In the next two examples applications of the soil-

plasticity theory developed in Chapter VII are presented. 

An unconfined compressive strength test, q¥ -test and a load 
u 

test of a circular footing over soft clay? reported in the 

literature [29] , are analyzed with the finite element program.. 

Example 4: Unconfined Compression Test 

The axisymmetric conditions of an unconfined compressive 

strength test (q test) permit using the finite element 
u 

formulation for the analysis. The soil is a soft gray clay 

used in soil-fabric laboratory tests. The soil index 

propertiesf stress-strain curves and the- elasticity and 

plasticity parameters are all given in Figure 10-8. The 

finite element model having 16 elements used to represent the • 

soil specimen is shown in Figure 10-9... 
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In Figure 10-10 a comparison, is presented of the 

q -test stress-strain results and the elastic-plastic finite 

element results for the small strain and the large displace­

ment options. The results of the small and large displacement 

option show good agreement until strains of 5%. For strains 

larger than 61 the small displacement option still resulted 

in a good approximation of the elasto-plastic behavior of the 

sample, while the large displacement option started to drift 

from the experimental results. There are several possible 

reasons that result in the apparent better approximation of 

the small displacement option: (1) Time and viscosity effects 

are not included, and (2) The experimental results do not 

include measured lateral deformations. Therefore a compari­

son could not be made of lateral strains to further verify 

that correct parameters were used. The maximum allowable 

deformation per iteration used in the example was 0,05. 

Example 5: Circular Footing Over Soft Clay 

Many tests of footings over soft clay are reported in 

the literature. Reference [29] was chosen due to the detail 

shown in the laboratory tests performed on the material. The 

paper also gives the results for rigid and uniform loading 

conditions. The laboratory test of a footing on soft clay 

was modeled by the mesh shown in Figure 10-11 where the 

geometry and the applied load are shown. 

An average modulus of elasticity was used for the clay, 
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The plasticity parameter H1 was computed from the average 

value of three triaxial tests at confining pressures of Q, 

10 and 20 psi. The variation of the plasticity parameter H1 

is given in Figure 10-13. The load was applied in increments 

o£ 1 psi until failure occurred at 11 psi. Figure 10-12 

shows that until 10 psi very good correlation of the computed 

applied stress-displacement relation for the small displace­

ments theory was obtained,. Results show maximum differences 

of 1%. With the large displacement option the maximum applied 

load of 7 psi was not in equilibrium in 8 iterations* At 6 

psi the computed displacements show a difference of 91 with 

the experimental result uncertainties previously mentioned 

in example No. 4 contributed to an apparent better approxima­

tion of the small strain theory., 

Example No. 6: No Tension Analysis in a Two Layer System 

Detailed measurements of the stress and strain distri­

bution of 18 inch diameter footings over compacted sand, com­

pacted crushed stone, sandy clay placed over micaceous clayey 

silt were presented by Intraprasart [68]. The cases of com­

pacted sand and compacted crushed stone are of interest for 

the application of the no tension analysis of Chapter VIII. 

In these tests a rigid circular concrete footing on compacted 

sand overlying a soft micaceous silty clay is studied. The 

computed stress distribution is compared with the laboratory 

measurements of reference [68]. In Figure 10-14, the geometry 
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of the model Is shown, A variable elastic modulus with 

confinement is used in the finite element computations. 

The parameters k, and n for the clayey silt and the compacted 

sand were computed in the form given by equation (2 2) of 

Chapter VIII. A Poisson's ratio of 0.485 was used for the sand 

to account for the high lateral stress due to the compact con­

dition of the sand. The mechanical properties of the materials 

are given in Figure 10-15 and the finite element model is 

shown in Figure 10-16. The computed and measured vertical 

stresses and strains are shown in Figure 10-17. The stresses 

computed by the finite element program are for offsets from 

the axis of 2.25 in and 6.75 inch. The laboratory measure­

ments of reference [68] were performed at 4.0 inch offset from 

the center of the load. The computed vertical stresses and 

strains show for depths with z/D > 1 small differences 

between computed and measured values. The largest difference 

is 201. Large differences with the measured values for depths 

corresponding to z/D' less than 0.5 were obtained with the 

computer program. 

The computed vertical strain distribution is similar 

in shape with strain measurements in sand loaded with rigid 

footing [54,114-]. in the computer solution the entire body 

weight was applied first and the corresponding stress 

dependent elasticity modulus computed. One reason for the 

relatively large differences in vertical stress and strains 

near the loaded area could be due to the initial stress state 
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of the compacted sand in the laboratory model. 

Also the sand had a water content of 8-111 which could 

have induced large surface tension stresses in the sand 

which could have increased the modulus of elasticity due to 

the apparent confining effect. 

Example No. 7: Analysis of a Soil-Fabric 

System Laboratory Test 

Using the finite element formulation the analysis is 

presented of a soil-fabric system ii.od.el. The laboratory 

tests of the system consisted of the application of a dynamic 

repeated load over a two layer fabric reinforced model and the 

measurement of corresponding displacements and stresses for 

a certain number of load applications. The geometry of the 

laboratory model is shown in Figure 10-18. Triaxial repeated 

load tests were performed on the soil and crushed stone. 

Tests of the fabric slip against clay and gravel provided the 

friction parameters of the interface. The laboratory results 

for the soft clay and fabric are shown in Figure 10-18. For 

the clay and gravel the parameters were obtained from dynamic 

repeated triaxial tests; average values of the test results 

were used. Parameters for the clay are shown in Figure 10-19a. 

The fabric tension-strain response and the interface friction 

parameters are given in Figure 10-19b. The gravel tests 

indicate a strong linear behavior with a plasticity parameter 

H1 = 14490 constant obtained from the laboratory tests. A 

ii.od.el
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finite element model with fabric and one without fabric was 

prepared to determine the effect of the fabric. The finite 

element meshes used are shown in Figure 10-20. The circular 

surface loading was applied by a rigid plate. The complete 

state of stresses and deformation of the system was calculated 

for 7 psi load increments to 70 psi. The small strain and 

large strain options were used* Comparisons of a linear 

elastic two layer finite element analysis with the no tension 

procedure presented In Chapter VIII are given* 

The vertical stress distributions for a vertical axis 

offset 2.25 in are shown in Figure 10-21asb for applied 

loadings of 7 psi and 49 psi. The no tension analysis results 

give larger vertical stresses than the elastic analysis for 

7 psi* For higher loads, most of the gravel elements are at 

failure and the computed vertical stresses in the gravel are 

smaller than the no tension analysis for the case of loading 

with a rigid plate. The results of a uniform loading are 

also shown; this condition gives larger stresses than the 

elastic analysis* For an applied pressure of 56 psi? the 

"reinforcing" action of the fabric is quite noticeable. 

Figure 10-21c shows the vertical stress distribution for an 

applied pressure of 56 psi on a horizontal plane at a depth 

of 5.25 inch, which is 0.75 inch below the interface. The 

vertical stress below the loaded area is 14% smaller with the 

fabric than without. The vertical stresses from the fabric 

model are higher outside the loaded area with a maximum 
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difference of 25%. 

The fabric action improves the confining condition 

of the model. The radial stresses at a depth of 3.75 inch 

(0.75 inch above the interface) are given in Figure 10-22. 

The no tension and elastic analysis results are shown for 

models with and without fabric. The tensile stresses in the 

cohesionless materials given by the elastic analysis are 

modified to compressive stresses as described in Chapter VIII. 

The model with fabric results in a large reduction in the 

radial stresses developed in the bottom part of the gravel 

layer. The computed tensions in the fabric are shown in 

Figure 10-23 for the low load level of 7 psi and for the 56 

psi loading. A large increase in the tensile stress in the 

fabric with load increase is obtained mainly due to the increase 

vertical deformation and the more effective geometry condition 

of the fabric to take the tensions developed by the external 

load. Slip started to occur at 63 psi between the fabric and 

the gravel at the element shown in Figure 10-24b? for'a com­

puted shear higher than the maximum shear stress at the inter­

face. The elements in failure for 7 psi and 56 psi load levels 

are shown in Figure 10-24 for both models. At 7 psi only the 

gravel elements in the tension zones are at failure. By a 

load of 56 psi almost all gravel elements are in failure, 

with the exception of the sampling points located under the 

rigid footing. Without fabric at the same loading all sampling 

points under the load except one are at failure. 



230 

For 10 load increments of 7 psi of applied pressure the 

total load displacement history of the footing is shown in 

Figure 10-25 considering elastic-plastic material response. 

The total deformation at the surface and at the interface is 

compared in Figure 10-26 showing that under the rigid footing 

the gravel deformed uniformly. The models with and without 

fabric were analyzed for elastic effects with no tension 

analysis. The difference of the elastic-plastic and the 

elastic displacements provides an estimate of the plastic, 

nonrecoverable displacements of the system for the correspond­

ing load application for the number of cycles for which the 

initial parameters were given. 

With the results obtained and given in Table 10-1 

using a weighted value for the permanent deformations for 

each of the average conditions from the laboratory tests, an 

estimate of the total permanent deformation for 100 cycles 

was computed and compared with the measured values. The 

results are shown in Table 10-2. They show a maximum dif­

ference of 25%, an acceptable difference for a 100 times 

repeated load test. The deformed mesh is shown in Figure 

10-27 for a single load application. 

Finally, a finite element model with an initially 

deformed bowl shape fabric with a maximum centerline vertical 

displacement of 1.5 inch was analyzed to establish the reduc­

tion in vertical displacements with a more efficient position 

of the fabric. The total elastic-plastic settlement was 
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Table 10-1. Computed Response of the Soil-Fabric Model. 
Vertical Deformations for the Center of the 
Loaded Area. Example No. 7 

Total Applied Pressure 70 psi. in 10 Load Increments. 

Gravel Execution 
Model Thickness 

inch 

6 
ep 

inch 

6 
e 

inch 

6 
P 

inch 

Time 

sec 

No Fabric 4.5 0.364 0.198 0.166 790 

With Fabric 4.5 \J 9 ,̂Li O' bS 0.194 0.095 750 

No Fabric 7.0 0.226 0.175 0.0 51 571 

With Fabric 7.0 0.207 0.175 0.032 620 

where 

ep 
= Elastic-Plastic Deformation 

= Elastic Deformation 

= Plastic Deformation 

Table 10-2. Permanent Deformation for 100 Cycles of Load 
Applications. Example No. 7 

Model 
Gravel 

Thickness 
Computed 

Value 
Measured 
Value 

Ratio 
Computed 

Inch Inch Inch Measured 

4.5 2.7 2.4 1.13 

4.5 4.72 4 .6 1.03 

7.0 0.90 1.2 0.75 

7.0 1.44 1.8 0.80 

With Fabric 

No Fabric 

With Fabric 

No Fabric 
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reduced by 33% at 60 psi of applied pressure, compared with 

20% reduction with an initial horizontal fabric, with respect 

to the no fabric model. The finite element models used in 

Example No. 7 were also analyzed with the large displacement 

option of the program. Results for the model with 7 inches 

of gravel are very close to the results obtained using the 

small displacement option. The total elastic-plastic dis­

placements were 0.2 2 inch and 0.24 inch with and without 

fabric, respectively. Small displacement theory resulted 

in displacements of 0.21 and 0.22 inch which is a 10% dif­

ference. 

For the model having a 4.5 inch layer of gravel the 

results of the large displacement option show a large increase 

in deformations compared with the small displacement option. 

For the thinner gravel layer the elements began failing earlier 

during the application of the loads. The large displacement 

option for the model without fabric resulted in a total dis­

placement of 0.52 inch compared with 0.36 inch for the small 

displacement option. For the model with fabric, slip also 

occurred at a load of 63 psi. Slip first occurred at 63 psi 

with the small displacement option. For the large displace­

ment option at 70 psi the elements below the rigid plate are 

all in failure and the applied loads can not be equilibrated. 

Therefore, the program stopped at this point. 

The attempt to use the experimental results to validate 

the finite element program is limited since important 
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parameters that define the soil behavior are not included in 

the formulation. In general the computations of the settle­

ment with the program give an acceptable approximation for 

the complex soil-fabric multiple load application problem. 



CHAPTER XI 

CONCLUSIONS 

A mathematical finite element formulation was presented 

to analyze the soil fabric problem. The program was verified 

with theoretical and laboratory measurements. The theoretical 

verification consisted in separate analysis of various 

components of the system. The result of the computations show 

that the program provided very good answers for this type of 

verification. Measured response during laboratory tests 

provided a second verification of the program. The plasticity 

solution was compared with laboratory measurements and 

resulted in good approximations for small displacements. For 

the two layer soil fabric problem the program provides reason­

ably good answers accounting for the complexity of a multi 

load application problem. The general limitations of the 

finite element formulation presented include no provision to 

consider viscosity and consolidation effects, although labora­

tory tests can be performed to at least indirectly consider 

these effects. Inertia forces3 rotation of local axis in the 

individual elements? strain softening and pore pressure 

effects are also not included. Laboratory measurements are 

needed for the verification of the plastic behavior of the 

elements with large displacements and the no tension con­

ditions developed in cohesionless materials. The present 
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formulation is a definite improvement over current analysis 

of multilayer interface reinforced systems. The following 

specific conclusions can be made: 

1. An axisymmetric finite element formulation for 

the computation of multilayer soil-fabric systems with inter­

faces, plasticity^ nonlinear response, large displacements 

and no tension analysis was presented. The formulation can 

be successfully used to approximate the complex soil-fabric 

behavior under repeated load application. 

2. The eight node isoparametric element is useful to 

reduce the total number of elements and corresponding number 

of equations of the system. This is a very important advan­

tage when the system is solved a number of times for incre­

mental analysis. 

3. A soil-fabric model can be represented by approxi­

mately 50 element mesh formed by isoparametric and interface 

elements. 

4. The load increments should be kept small to about 

1/10 of the total applied load to compute the fabric response 

accurately and not to be too far out off bounds of the 

failure criteria for the individual elements. 

5. Repeated load tests for soil and gravel used in 

the soil mechanics practice can be used to obtain representa­

tive elastic and plastic parameters of the materials and 

interfaces of the problem. 

6. The present model can be applied to study the 
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relative behavior of different types of fabrics and geometry 

of the models to compare their behavior. 

7. The present formulation does not include the con­

sideration of local punching of individual particles of 

aggregate into the fabric or the soil if a fabric is not 

present. 

8. For the examples presented the soil-fabric system 

had a better response to the applied loads, and the computed 

elastic-plastic and plastic deformations were smaller than the 

system without fabric. The behavior of the fabric with only 

4.5 inch of gravel was more effective than with 7 inches. 

9. The soil-fabric computations and parameters with 

respect to repeated load tests needs further comparisons with 

experimental models. 

10. With the use of the soil plasticity theory failure 

zones can be determined along with the distribution of 

stresses for the elastic-plastic condition. 

11. The no tension analysis resulted in general in 

increased vertical stresses in comparison with an elastic 

analysis. Under a rigid loaded plate the elements near the 

centerline give a lower stress with respect to the elastic 

analysis and elements or sampling points very near the edge 

of the plate increase their vertical stresses as their con­

fining stress increases. 

12. The initial no tension analysis resulted in 

increased vertical stresses in the gravel and clay layers. 



240 

13. The strain distribution in the gravel loaded 

with a rigid plate results in low strains near the rigid 

plate with maximum strains at a depth of z/D = 0.5 

14. The failure zones in a two layer model increase 

very rapidly in the gravel layer due to the initial horizon­

tal tensile stresses. In the soil-fabric model the failure 

conditions develop slower than in the no fabric model. 

15. The interface model presented provides a simple 

way to compute shear stresses at both sides of a reinforcing 

element. 

16. For the examples presented the large displacement 

option resulted in larger deformations than the small dis­

placements option. However, in the literature large 

displacement computations show larger or smaller computed 

values of deformations than the small strain computation, 

depending on the problem type [22,137], New research on 

large displacement computation for soils, including plastic 

effects should incorporate the corotational stress rate in 

the development of the constitutive relationship. For 

certain problems the effect of the rotation of the elements 

might not be significant, due to small total displacements. 

Updating the geometry of the soil-fabric problem will take 

care of geometry and stiffness changes and could improve the 

results. . 

17. The equilibrium condition of the system has to be 

maintained so that meaningful results of a nonlinear problem 
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are obtained. The number of load increments used might change 

the number of iterations per load increment needed to satisfy 

the equilibrium conditions of the system. 

18. Viscosity, consolidation or time effects are not 

included in the present formulation. Instantaneous deforma­

tions which include the plasticity effect are computed. This 

plasticity effect depending on the laboratory test used to 

evaluate the properties might already include viscosity, con­

solidation or time effects in a general way. The need of 

defining appropriate parameters and laboratory verification 

is needed. 

19. The relative dimensions of the laboratory model 

and the computer model shows that the effects of the rigid 

lateral boundary of the model are important for the behavior 

of the fabric in the system, these effects affect the per­

formance of the fabric. 

20. The computer hardware used can affect, the solution 

of equations involving large stiffness of interface elements. 

A CDC-CYBER 74 computer was used which provides 16 decimal 

points in single precision and 32 in double precision. 

Single precision was used in the solution of the soil-fabric 

model. 
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CHAPTER XII 

RECOMMENDATIONS FOR FURTHER STUDY 

The computer formulation presented can be applied to 

other geotechnical problems directly. Piles and anchors 

are easily analyzed with the program.. Elastic-plastic, 

no tension materials, and nonlinear fabric elements can be 

included in the formulation. Additional work is needed in 

the following important areas: 

1. Full measurements of the response in a granular 

material under the application of rigid and semirigid foot­

ings- The results need to be compared with the analytical 

no tension solution presented. The conditions of the initial 

state of the granular material and the mechanical properties 

including the fictitious tension capability, due to grain 

interlocking needs to be measured. 

2. The repeated load application analysis can be 

included in the formulation with the appropriate parameters. 

Analysis of the resulting stresses and deformations after 

each load application are needed for subsequent analysis. 

3. The implementation and testing of the plane strain 

solution of the finite element model can give additional 

information and provide solutions to other geotechnical 

problems. 

4. The formulation of the fabric finite element model 
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to incorporate different tension modulus in orthogonal 

directions is needed, also laboratory tests to define the 

fabric material properties and their influence in the actual 

response of the fabric in the soil-fabric system. 

5. The finite element model should be extended to 

include incremental construction. 

6. For soil plasticity applied to large displace­

ments, an appropriate rate of stress should be incorporated 

in the development of the elasto-plastic constitutive 

relationship. The corotational rate also called the Jaumann 

rate of stress should be implemented in the formulation to 

improve the large displacement plastic predictability. 

7. The appropriate laboratory parameters and the 

computer solution compared to the laboratory measurements 

can provide more confidence in the use of the program. 

8. The laboratory parameters input to the program 

need to comply with the derivations developed for the finite 

element model. Complete sets of laboratory parameters should 

be determined to correctly model the problem. 

9. The mesh size of example No. 7 with 56 elements 

provided with good approximation. Improvement can be 

achieved by using smaller elements with the corresponding 

increase in computer time. Here the total storage required 

for the largest example, 56 elements and 187 nodes, was 

165000 bits and 1840 sec. of running time. 
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10. The soil-fabric system for the resilient modulus 

computations performed can give acceptable answers. If a 

static analysis is performed with the mathematical formula­

tion presented, viscosity and consolidation effects need to be 

included and a new formulation has to be de\reloped. The 

material laboratory testing techniques need to be developed 

and carefully programmed to provide the parameters needed in 

the computation. 
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APPENDIX A 

DEFINITIONS 

The definitions given here follow reference [85] . 

True Cauchy Stress Tensor--T--
, 1 1 3 

The true Cauchy Stress Tensor also called true stress 

tensor or Euler stress tensor is the stress that results from 

the application of the force acting on an oriented surface 

in the deformed configuration of the body (Figure Al-a). The 
stress vector T per unit area in the deformed configuration 

dF is given by: T = T— and the Cartesian components of the Cauchy 

stress T-- are defined by: 
ij J 

dF. 
V • T - - = T - - j—<*-
i ij j as 

or 

dF = (v.T..ds)e. 
l ij „j 

where 

e. = unit base vectors 
~J 
dF = force acting on the deformed surface 

ds = differential area in the deformed surface 

v. = components of the unit normal to the deformed surface 
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First Fiola-Kirchhoff Stress Tensor--t.-
, , ]_ j 

The first Piola-Kirchhoff stress tensor, also called 

Pio la- .Li arrange stress tensor or nominal stress tensor, is the 

stress per unit area in the imdeformed configuration of the 

body. First we translate the force vector dF acting on the 
deformed area ds to the undeformed area ds (Figure Al-b). 

° dFi 
The stress vector per unit undeformed area is t = T—— e. and 

-s, CIS ~ 1 

o 
the Cartesian components of the Piola-Kirchhoff stress t.. are 
defined by: 

dF. 
n. t. . = -T—J-
1 ij ds 

or 

dF = (n. t.. ds )e. 
l ij 0^3 

where 

n. = components of the unit normal 

dF. = component of the force acting on the undeformed 

surface 

ds = undeformed surface o 

e. = base vectors in the undeformed surface 
~3 

Second Piola-Kirchhoff Stress Tensor--S.. 
, , _ xj 

The second Piola-Kirchhoff stress tensor also called 

second Piola stress tensor or Kirchhoff-Trefftz stress is a 
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stress per unit area in the undeformed configuration of the 

body and is a purely mathematical quantity. The force 

vector is decomposed with respect to the convected base 

vectors g^ defining an alternative force vector dF s with: 

dF = dF g. and the respective Cartesian components: 

dF = dF e-. This vector is translated to the undeformed area 

ds (Figure A l - c ) . The stress vector t per unit area in the 

° ^ a t . ~ 
i 

undeformed configuration is: t = -3—- e. and the Cartesian 
fo ds ~i 

o 
components of the second Piola-Kirchhoff stress, S..? are 

13 
defined by: 

dF. 
n. S. . = t. = T-J-1 n 1 ds 

or 

dF = dF. g. = (n. S. . dS )g. 
J ~J 1 ij Q ~3 

where 

n. - components of the unit normal 

ds = undeformed surface 
0 3y. 

?i = 3x. ei 
1 J 

y. - coordinate system for the deformed configuration 
J 

x. = Cartesian coordinate system in the undeformed 

configuration 
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dF--force acting on deformed surface 

v--normal to plane 

Deformed configuration 
,ic '1 as 

(a) Cauchy stress tensor, T. 
ij 

d F = dF.e. 

(b) Piola-Lagrange 
stress tensor, t 

ij 

x2 * 

dF = dF.e. 
~J~ J 

Undeformed 

y 2 i 
dF = d F . e . 

-3 -3 
v 

/ i 

/ g? . 
y ds 

y, 
y i 

Deformed 

dF = dF.g. 
-1-3 

force vector 
decomposed 
hen translated 

y-

Deformed 

(c) Piola-Kirchhoff stress tensor s 
5 ij 

Figure Al. Stress Tensor Definitions 
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Now the force vector dF can be related to the three stress 

measures given: 

dF = (v. T.. dsle. (Cauchy) 

dF = (n. t. ds )e- (Piola-Lagrange) v i i o j 

dF = (n. S.. ds )g. (Piola-Kirchho££) 
i ij o ~j 

The change in volume of an infinitesimal element can be 

3 v related by J where Jdv = dv and J = det I 7i|. 
J O l7C ' 

3x. 
J 

For the axisymmetric axes the following transformation 

formulas apply: 
1. Transformation of coordinates 

x = r cos8 

y = r sinG 

z = z 

9 = angle (Figure A'2) 

where 

(x,y,z) Cartesian coordinates 

(r,z,0) Cylindrical coordinates 

2. Base vectors 

e = cos9 e-. + sin9 e0 r I l 

en = -r sine e, + r cosO e0 0 1 2 

e = e7 z 3 

3. Metric tensor 

e - • = e • e-- the covariant components 

e = 1 rr e n = 0 rO e „ = 0 rz 
eer = ° 

2 
eee r eQ = 0 0z 

e = 0 
zr 

ez0 = ° e' = 1 
zz 
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and using also the contravariant components: 

z e = e 
r r 

e • • e = 1 
r r 

O 

e °e = 1 

e = e 
z 

e .e = O1 

r z 
e e,e e - 1 

2 
r 

e *e 
z z 

e • e 

e e 

= 1 

4, 

where 

5. 

Deformed state 

6 = z+w 

6 = position vector in the deformed state 

w = displacement 

w = ue + ve r z 

Note 9 = 0 and ~ = j& = 0 
do do 

Deformation gradient, F, the transpose is 

given by: 

1 + 7 T -

3r 

3v 
9r 

0 

T du 
3z i + IT 

oZ 

0 

0' 0 1 + H. 
r 

from [4A] and [85] additional notes. 

6. Green Lagrange strain, e.. 

e = 1 (Q-V • e4j 
1 1 

e eJ 

G = deformation tensor, I = Identity Matrix 
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du . 1 rr3u,2 . ,dv^2 
TT 8 r 2 L 9 r Sr J 

rz zr 2 L8z 8r 3r 3z 3r 3zJ 

„ 3v 1 rr3u.2 r9v.2, 
ezz " 9Y + 2 [ (9l } + (9Y} ] 

eee = ru + I ( u } 2 

7. Physical components of the Green-Lagrange strain, 

e . . 
11 

e0 = I [2ru + (u )2]e0e0 = [2 £ + (^)2] (re9)(re 

where re" = unit vector 

Then the other components are, 

\^ -y* y O -v» "V* 

e =• e = e = e rz rz zr zr 

* 

e = e 
zz zz 

* u . 1 ,u^ 2 
T' 

and eee = r + 2 (~} 

8. The strain expressions for the axisymmetric 

case are then: 

. _ du 1 rr3tu 2 A r3vs2, er " 87 + 2 [(3F} + ^ ] 



the engineering definition of y = e + e , then 
rz rz z r 

F9u 9^ 9u 3u_ 3v 3v_n 
Yrz L3z + 9r 9r 3z 9r 3zJ 
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dv , 1 r r 3 u u 2 , fdv^21 

3z 2 lv3z 3z-

y. + I rHi2 

r 2 ^rJ 

y 

Figure A2. Axisymmetric Axes r,z,e and Cartesian 
Ax e s x , y , z 
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