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double precision, intent(out) :: f
double precision :: ¢, H
integer, intent(out) :: region, error
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e Finite Element Model using Principal Stress Space
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else if (thigig_ty6é==4) then
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end if
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Summary:

The purpose of this report is to derive and impleme
astrain hardening Mohr-Coulomb model based on
turn mapping in principal stress space by the use

Firstly, the classification of rock materials as we
sented. Afterwards follows an introduction to th

for the generalized Hoek-Brown criterion.

ping in general stress space, including the derivat
of the consistent constitutive matrix used in the gloh
FEM equilibrium iterations. Then the advantages

Following is the derivation of a non-associats
isotropic strain hardening Mohr-Coulomb mod
based on the introduced theory.

Finally, the derived model is implemented in two e
amples. The first example tries to model a strip fog
ing while the second example models a tunnel ex
vation. The obtained results are compared with p
fectly plastic solutions utilizing the peak and residu
strength of the rock material.

as the generalized Hoek-Brown criterion are pre-
Mohr-Coulomb criterion and the approximations used

Next, the fundamentals of plasticity and hardening|i
presented along with the theory behind return map-

return mapping in principal stress space is outlined.

boundary planes. The report aims at modeling strain
hardening rock material through a Mohr-Coulomb ajp-
proximation of the generalized Hoek-Brown criterion.
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CHAPTER 1

Introduction

A large part of the earth’s crust consists of material which can be classified as rock. With advances
within the field of civil engineering and the ever growing need for real estate and infrastructure, more
and more structures are build in or on rock material. For some civil engineering structures, this is a
major advantage, since rock material is often very strong and stiff. Properties which are beneficial for
a foundation. However, rock material also tends to be quite brittle and posses inferior tensile strength.
Properties, which are dangerous to tunnel excavations.

Civil engineering problems involving rock material, as well as many other problems, are often hand-
led by the use of finite element modeling, where the generally non-linear governing equations of the
model are discretized into a finite number of elements, for which the solution to the governing equations
can be approximated with polynomials. Afterwards the system of equations is solved in an incremental
iterative manner until equilibrium is reached. A crucial part in the finite element method is the choice
of constitutive model, which gives the relationship between the strains and the stresses in a given point.

Part of the constitutive model is to predict when plastic straining of the material occurs, which is
dictated by the yield criterion. For rock materials, two often used yield criteria are the old-fashioned
and thoroughly tested Mohr-Coulomb criterion and the fairly new generalized Hoek-Brown criterion.
The Mohr-Coulomb criterion describes a linear relationship between the shear stress in the material
and the corresponding normal stress, which when satisfied, results in plastic straining of the material.
The Hoek-Brown criterion is an empirical non-linear refinement of the Mohr-Coulomb criterion and
is specifically designed for rock-like materials. However, due to the simplicity of the Mohr-Coulomb
criterion, many calculations regarding rock-like material is still carried out using this simpler criterion.

Another part of the constitutive model is to predict how the material behaves under plastic straining.
Generally, materials respond in three difterent ways, see Figlréne possibility is, that the material
strengthens during plastic loading until some ultimate strength is reached, in which case the material is
said to harden. Another possibility is, that the material maintains a constant strength, and the material
is said to be perfectly plastic. The third possibility is, that the material has a peak strength, and weakens
until a residual strength is reached, a phenomenon known as softening. The phenomenon of gaining or
losing strength during plastic loading is sometimes referred to simply as hardening, regardless that the
material is softening.

The rate of change of the strength of the material is also a significant factor, which has to be consid-
ered when modeling materials. The behavior of rock materials generally evolve in three possible ways.
Hard, good quality rock material tends to show an elastic-brittle behavior, in which the strength drops
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A a) Hardening A b) Perfectly plastic A c) Softening
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Figure 1.1:Material behaviour under plastic loading.

rapidly, once the material is introduced to plastic straining, see Fig@reAverage quality rock mate-
rial tends to show a strain softening behavior similar to the one shown in Figlicewhile very poor
guality rock material shows an elastic-perfectly plastic behavior, see Figlike [Hoek and Brown,
1997. Many finite element models rely on the material to behave in a perfectly plastinenarith a

A Elastic-Brittle

Peak strength

Stress

| /___ _|Residual sttength

Y

Strain

Figure 1.2:Elastic-brittle behavior in hard rock material

yield strength equivalent to the residual strength. This greatly reduces the problem and thus makes it
easier to solve. However, it could also possibly lead to over sized structures if the material is softening,
because local zones of high plastic straining dictate the strength of the entire material. For example if a
perfectly plastic approach is used with a strength above the residual strength, material located in plastic
zones is stronger than it should be, and hence the model is on the unsafe side. On the other hand, if the
residual strength is used for the entire material, the model might be too conservative.

Constitutive models based on the Mohr-Coulomb criterion which include hardening/softening are
already available, see e.de Souza Neto et gR008]. However, a model based on the principal stress

space framework presented Byauserf2007] has yet to be developed.
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1.1 Statement of Intent

The aim of this project is to derive a strain hardening/softening constitutive model for use in finite
element calculations based on the Mohr-Coulomb criterion which utilize derivations in principal stress
space, both regarding the updated stress state and the consistent constitutive matrix needed for the
global equilibrium iterations.

To test and demonstrate the usefulness of the model, it is used to estimate the influence of the
hardening/softening properties on the bearing capacity of a strip footing as well as the risk of failure
during a tunnel excavation.

1.2 Prerequisites

Strains and stresses are tensors of the 2nd order and the constitutive relation between them is a 4th
order tensor. However, symmetric properties of the strain and stress tensors allow for a formulation in
which they can be expressed equally accurate as vectors, and the constitutive relation can be expresse
as a matrix. In this report, the latter formulation will be used due to its simplicity and ease of use when
writing computer code. Throughout the report, a number of variables, vectors and matrices are used.
To keep track of these, a number of guidelines will be presented in the following.

A scalar is presented in ordinary text@s, whereas a vector or a matrix is symbolized in bold as
e.g.o or D. By default, vectors are61 and matrices are»66. Vectors and matrices with an overline,
e.g. o and D are related to the principal stress components and have dimensionsloffd 3x 3
respectively. Vectors and matrices with a tilde, égandT are related to the shear stress components
and have dimensions of3L and 3x 3 respectively. Vectors and matrices with a hat, é-.gandf) are
full 6 x 1 vectors and & 6 matrices, where the axes are aligned with those of the principal stresses.

The ordering of the strain vectar, and the stress vectar, is given as

T
E= [gx &y &z ngy 28)(2 28yz] (11)
T
a':[O'X (Ty gz 0'xy O xz O'yZ:I (12)
Stresses are taken as positive in tension unless otherwise stisdthe elastic constitutive matrix
relating elastic strains to stresses and is given by

B 303
D= % 1.3
0 & (1.3)
3x3
whereD and G are given by
1-v v %
5—# 1 (1.4)
@)= o TV Y '
% v 1l-v
E 1 00
G= 15
2(Lev) 010 (1.5)
0 01

E is Young’s modulus and is Poisson’s ratio.






CHAPTER 2

Classification of Rock Materials and the
Generalized Hoek-Brown Criterion

Rock material is a wide expression used to describe a solid made up of minerals. Depending on the size
of a rock sample, see Figupel, rock material typically ranges from isotropic intact rock mass without

any discontinuities, through very anisotropic rock mass with a few dominating discontinuities, to an
isotropic jointed rock mass with an indistinct number of randomly oriented evenly space discontinuities
with the same characteristidslrifield et al.,2006].

Structure

Intact rock i S L

Single discontinuity E

Two discontinuities E

Several =
discontinuities

Jointed rock mass

Figure 2.1: The material which is modeled, should be isotropic compared to the size of the
structure.

If a representative sample of the rock material, which is sought modeled, can be regarded as either
intact rock or as jointed rock mass, then the material can be regarded as isotropic, provided that the
sample size is small compared to the structure at hand. If the discontinuities of the sample are oriented
in a non-random order, it might be necessary to model the rock material as an anisotropic continuum. If
large fractures(faults) dominate the construction site of the structure, it may also be necessary to include
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such fractures in the model mesh. In the following, it is assumed, that therratekial can be modeled
as an isotropic continuum.

In order to be able to include rock material in finite element models, the properties of the rock
material need to be known and somehow quantified. Extensive empirical research has lead to the
formulation of the generalized Hoek-Brown criterion, equation (2.1), which predict the stress states
that cause failure in rock materialslpek and Brown1997].

/ a
ol=05+0g (moﬁ+s) (2.1)
Oci
o1 ando are the major and minor effective principal stresses respectively, where compression is taken
as positive. As the criterion suggests, four parameters are needed in order to asses the strength of

the rock material, namely the uniaxial compressive strength of the intact rock madgyjaind the
constantsmn,, sanda. The constants can be estimated based on the Geological Strength Index(GSlI),
the disturbance factoB), and the intact rock material constamt, by using the following expressions
[Hoek et al.2002]

-
o ool ) -on( 20

The Geological Strength Index is a measure of the rock material’s quality based on field observations,
which takes into account the composition and structure of the in-situ rock material as well as the surface
conditions, see Figur2.3 on page8. Based on this, the GSl is assigned on a scale ranging from 0 to
100, where 100 indicates a very good qualidoek,2007].

The disturbance factoD, is used to take into account the blast damage, that part of the rock mate-
rial might suffer from. It ranges from O to 1, where 0 indicates undisturbed rock material. The material
constanim, and the uniaxial compressive strength of the intact rock matetigljs found using labo-
ratory tests on the intact rock material. The elastic modulus of the rock material can be estimated by
[Hoek and Diederich2006]

1-D/2
Erm = 100,000 Mpa(l+exp((75+25|é—es |)/11)) (2:5)

Once the rock material has reached a stress state which causes failure, it loses some of its strength,

as mentioned irchapter 1. The manner in which the strength drops is not entirely determined, but

three possible characteristics are mentionddaek and Browrj1997]. One possibility is to assume an

elastic-brittle behavior, where the strength of the rock material rapidly drops to some residual strength

once the failure criteria is reached, see Figlr2. Another possibility is to assume a strain soften-

ing relationship between the strength of the material and the plastic straining which it undergoes, see

Figurel.1c. The third options is to assume that the rock material exhibits in a elastictpeplastic

way, see Figurd.1b. In this report, it is assumed that the rock material behaves in a strainisgfte

manner. For an implementation of an elastic-perfectly plastic generalized Hoek-Brown criterion see

Clauser{2007] andSgrensei2012].
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In order to conform with most finite element codes, where tension is takeosits/p, the gener-
alised Hoek-Brown criterion can be expressed as

a

o1

0'3=0'1—0'ci(3—mo_) (2.6)
Oci

where the apostrophes signifying effective stresses have been omitted for simplicity. In order to express

the above as a yield function, resulting in a negative number for elastic states and a positive number for

non-allowable states, it can further be rewritten to the following

a
f (0,00, S,mMp,a) =(rl—03—aci(s—m)ﬂ) =0 (2.7)
Oi
The stress states which are solutions to the above equation form a six sided pyramid along the hydro-
static axis with curved sides as can be seen in FiguzeAny stress state inside the pyramid is elastic,
whereas any stress state located outside is unobtainable.

7/ _vHydrostatic axisg1=02=03

g2

Figure 2.2:The generalized Hoek-Brown criterion visualized in principal stress space.
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Figure 2.3:Geological strength index for jointed rock mass&finos and Hoek2000].



CHAPTER 3

The Mohr-Coulomb Criterion

Even though the Hoek-Brown criterion is specifically developed with rock materials in mind, a lot of the
finite element models made today still utilize the much older Mohr-Coulomb failure criterion, which
states, that once the shear stressand the normal stressy,, is reached in a plane in a continuum,

which satisfies
T=Cc-optan(y) (3.2)

yielding occurs.c is a measure of the cohesion present in the material, whilgsjais a measure of
the friction coefficient between the grains, tiguis denoted the friction angle. In the above expression,
tension is taken as positive. This linear relationship can be visualized as shown inFiure

AT

T=Cc-optan(p)

(____

Figure 3.1:The Mohr-Coulomb criterion iar,-7 Space.

Any Mohr circle situated below the Mohr-Coulomb line denotes an elastic state, whereas a Mohr
circle, which touches the line denotes a state of yielding. From Figurethe shear stress causing

failure can be shown to be

7= 0-1;0-3 cos(y) (3.2)

whereo; andoz are respectively the largest and smallest principal stresses. Similarly, the normal stress
on the failure plane is given by

- ”1;"3 + "1;"3 sin(¢) (3.3)

On
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Substitution back into (3)land rewriting results in
o1-03+ (01+03)sin(¢) = 2ccos(¢) (3.4)

If the implicit function above is plotted in principal stress space, it is forming a six-sided pyramid along

the hydrostatic axis as shown on Fig@#€. This shape represents the yield surface, and it is evident
from the figure, that the criterion is pressure dependent. Any stress state situated inside the stress space
bounded by the six planes is elastic, while stress states outside are non-allowable.

Figure 3.2:The Mohr-Coulomb criterion plotted in principal stress space.

Written as a yield function, the Mohr-Coulomb criterion takes the following formulation
f(o,c,p)=01-03+(01+03)Sin(¢) —2ccos(¢) =0 (3.5)

which can be refined to give

f(o,0¢,K)=ko1—03-0c=0 (3.6)
wherek is given by
1+sin(y)
k=" 77 3.7
1-sin(y) 3.7)

and the uniaxial compressive strengty, is given by

oe=2cVk (3.8)

3.1 Mohr-Coulomb Approximation of Hoek-Brown criterion

In order to use the Mohr-Coulomb criterion to model rock materials, a method of relating the Mohr-
Coulomb parameters to the rock properties obtained using the Hoek-Brown criterion needs to be iden-
tified. According toHoek et al[2002] the friction angle can be calculated using

<p:sin‘1( 6am (S+Mmyoran)® ) (3.9)

2(1+a)(2+a)+6am, (s+Mmyoan)?



3.1. Mohr-Coulomb Approximation of Hoek-Brown criterion 11

and the corresponding cohesion is given by

.- oa ((1+2a)s+ (1-a)Myoan) (S+Myorzn)®
(1+a)(2+a) \/1+ (6am,(s+ rTbO'gn)a_l)/((l-i-a) (2+a))

(3.10)

whereo sy is given by

orgn = Z2max (3.11)
Jci

ando3 maxis the upper bound over which the Mohr-Coulomb criterion is sought fitted, cf. F&jGre
Notice that compression is taken as positive in these derivations.

Approximated Mohr-Coulomb criterio10€k-Brown Criterion /gt

<
Z _____________________ 0'3,r‘rax

Y 03

Figure 3.3:Mohr-Coulomb approximation of Hoek-Brown criterion. Compression is taken as
positive.

The upper boundary of the stress range should be chosen based on the problem at hand, such that i
covers the stress range of the model. For deep tunnels, the following relationship gives a good estimate
[Hoek et al.,2002]

o oem\
Smex _ o.47(ﬂ“) (3.12)
Ocm yH

where L
(rr1,+4s—a(m)—83))(% + s)a_

2(1+a)(2+a)

andy is the unit weight of the rock mass, ahtis the depth of the tunnel below the surface. For slope

stability, the following gives a good estimate®f max

(3.13)

Ocm=0Oci

-0.91
Tamax 0.72(@) (3.14)
Ocm yH

A more general approach is to defimgmaxas [Rocscience Inc2007]

_ Oui
O3 max= —,—

h (3.15)






CHAPTER 4

Plasticity Fudamentals

In this chapter, some of the basics of material plasticity is outlined. However, a detailed description
is beyond the scope of this report. For a more thorough expositionrdes&euza Neto et aJ2008],
Ottosen and Ristinmg2005] andCrisfield[2000].

41 The Yield Function

The strains that develop within a material when exposed to a load can basically be divided into two
separate parts. Part of the strains are what is known as elastic strains. Theses strains are characterize
by the fact that once the external load disappears, so does the elastic strains that developed during
loading. The part of the strains which are not elastic are known as plastic. These strains remain even
after the material has been unloaded. See Figure

A

Stressesy

Strainsg

N

& £

Figure 4.1:Elastic and plastic strains.

So the total straing, are made up of elastic strains and plastic strains, which can be written as
e=£%+gP 4.1)

wheres® is the elastic strain vector and is the plastic strain vector. Plastic strains start to develop
once the material reaches its yielding limit, which is defined by some yield fun€tiob. This could,
for example, be the Hoek-Brown criterion or the Mohr-Coulomb criterion discussed earlier. The yield

13
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function, f, is a function of the stresses as well as some hardening parant€tevhjch describe the
strength of the material, i.e.
f=f(oK) (4.2)

Sometimes, a material might require more than one vyield function in order to be modeled sufficiently
accurate, this is discussedsection 4.7. The hardening parameters are usually determined by some
state parameterg, that determine the internal state of the material

K =K (k) (4.3)

The yield function is a scalar valued function, which gives a negative value for all stress states that are
elastic. Once the yield function reaches a value of zero, plastic strains start to develop. The stress states
which fulfill this criterion form a surface in stress space known as the yield surface, see e.g.Z&ure
and3.2. Further, the yield function remains zero during plastic loading, which implieghaaime
derivative off during plastic loading is zero, which can be written as

ﬂ:ﬂﬂ+(ﬂ)Tdﬁ+(ﬁ)T%dj:0

dt otdt \do/ dt \oK/ ok dt
which is known as the consistency relation. Since the yield function is time-independent, it simplifies
to

(4.4)

df tdo (0f\' K dk
a2 (k) GeaiO (43)
wherea is given by
of
a=— 4.6
g (4.6)

The time-dependency is discussed furthesaation 4.5. A stress state which returns a positive value
of the yield function is inadmissible. The stress state within the material is determined by the elastic
strains through the constitutive matrD, as

o=D&®=D(g-&£") (4.7)
where (4.1) has been used. If no plastic straining has occurred in the material, thesbiatlmetween
stresses and strains is one-to-one. l.e. it is possible to determine the stress state based on the total

strains, which merely consist of elastic strains. However, if plastic straining has developed within the
material, the one-to-one relationship is lost, see Figu2e The stress state is said to be path-dependent.

A

Stressesy

———————————— -—--0p

Strains,e

N
>

Figure 4.2: The one-to-one relationship between strains and stresses are lost once plastic
strains have developed.
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Because of this path-dependence, it is necessary to adopt an increamntzach in order to find
matching strain-stress relations. This is done by taking the time derivativé. of, (vhich can be
written as

= -D—=D
dt - dt

do de de deP
( dt dt ) (4.8)

4.2 Plastic Potential

Once the yield function reaches zero and plastic strains start to develop, it is crucial to know in which
direction they develop. However there is no conclusive way to determine this. A way to get around
this, is to define a plastic potential functiam, The plastic potential is a scalar valued function, which
usually depends upon the stress state and some hardening parameters

g=9g(o.K) (4.9)

The partial derivative of this plastic potential with respect to the stresses define the direction of the
plastic strains. A common choice for the plastic potential is to use the yield function. If this is the case,
it is referred to as associated plasticity. If another function is chosen, it is referred to as non-associated
plasticity. The length of the incremental plastic strain is controlled by a so called plastic muldglier,
which is a non-negative scalar. Thus the plastic strain increment is given by

deP _didg _di

dt  dtdo dt
where the abbreviatidmhas been introduced to improve readability. This relation is known as the flow
rule.

(4.10)

4.3 Hardening and Softening

As mentioned earlier, rock material tend to lose some of its strength once plastic straining occurs,
which is known as softening. However many metals tend to show an increase in strength during plastic
straining, see Figuré.1a, which is known as hardening. Usually both phenomena are simply teferre

to as hardening. If the material is considered perfectly plastic, the yield criterion is independent of the
hardening parametek§, and simply reduces to

f(o,K)=f(o)=F(c)=0 (4.12)

whereF has been introduced for readability and designates a perfectly plastic yield function. If harden-
ing is employed in the model, two distinct methods are normally chosen, namely the isotropic hardening
model and the kinematic hardening model, see FiguBe The isotropic hardening model expands or
contracts the yield surface, which can be achieved by adding or subtracting an appropriate amount from
the yield criterion based upon the state variaklddowever, the position and shape of the yield surface

in stress space is unaltered. This can be expressed as

f(o,K)=F(0)-K=0 (4.12)

On the other hand, kinematic hardening shifts the yield surface from one location in stress space to
another. The size and shape of the yield surface remains unaltered. This can be achieved by shifting the
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stresses by some amount defined by the state variables as
f(o,K)=F(oc-K)=0 (4.13)

The two different hardening models can be used simultaneously, in which case it is referred to as mixed
hardening. Mixed hardening alters the size and position of the yield surface and leaves the shape
unaltered. This can be written as

f (0,K) = F (0~ Kiin) ~Kiso =0 (4.14)

whereKin andKjso are the hardening parameters associated with kinematic hardening and isotropic
hardening respectively.

F (0'— Kkin) - Kiso

\ 4

/
/
3 Vi
>
/ /
/ | /
7 \ 7
s s
- -
- N

F (o) F (o)

-

Figure 4.3:Isotropic, kinematic and mixed hardening.

4.4 State Parameters

The state parameters which control the hardening of the material need to be identified and their time rate
of change has to be established, the so-called evolution law. The two most common state parameters
are the accumulated plastic strain, deno&#dand the dissipated plastic wol/P, defined by

&P T
szfo o7 deP (4.15)

The accumulated plastic strain can be defined in different manners, in which the most common is the
Von Mises accumulated plastic strain defined by

t /2 (deP\T deP
gP = —|—] ——dt 4.16

¢ /0 3 ( dt ) dt (4.16)
Alternatively, the state parameters can also be defined by some potential fupatibich is a function
of the stress state and the hardening variables

j=](0.K) (4.17)
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and a plastic multiplier, using the following expression

de _ didj
dt  dtoK

For instance, if the state parameter is the accumulated plastic ftaamd the hardening parameter is
the cohesiong, the increment of the accumulated plastic strain is given as

(4.18)

deP ~dao]

dt  dtac
If jis assumed equal tb, the evolution law is said to be associated, anflif different fromf, the
evolution law is said to be non-associated.

(4.19)

4.5 Time-Independency

As can be seen from the above equations, there are a lot of first order time derivatives, which represent
the load rate of the problem. If a solution is sought, which is independent of the load rate, these time
rate of changes can simply be thought of as changes in the variables which are being differentiated. For
example, the time rate of change of the plastic strains

deP
- 4.20
at (4.20)
can be replaced with
deP (4.21)

and thought of as a nothing more than an infinitesimal change in the plastic strains, regardless of time.
By adopting this independency, the consistency relation, equatibh €an be written as

T
df:aTdm(ﬂ) Kik-0 (4.22)
oK /) ok
The stress increment, equatighg), can be written as
do =D (de-deP) (4.23)
The flow rule, equation4(.10), can be written as
deP = dab (4.24)

and finally, the evolution law defined by a potential function, equadobd], can be written as

9]
di = —da1 2L 4.25
7K (4.25)

4.6 Infinitesimal Constitutive Matrix

The infinitesimal constitutive matrixD®P, relates infinitesimal strain increments with infinitesimal
stress increments as follows
do = D®Pde (4.26)
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Combining the consistency relation, equation (4.22), the infinitesimal stress increment, equation (4.23),
the plastic flow rule, equatior4(24), and the evolution law, a solution for the infinitesimal increment

of the plastic multiplierd, can be found. If the hardening law is assumed to be defined by a potential
function, j, as in equation4.25),d is found to be

T
A= a' Dde

= T .
T AR
a'Db-+ ((9K ) ok 0K

(4.27)

If this solution is substituted back into equati@nd3), the infinitesimal constitutive matrix can be found

to be b
Dba' D
DP=D- — 5 \T oK 0] (4.28)

4.7 Multiple Yield Functions
Some yield criteria might consist of multiple yield functions
f1(o,K), f2(0,K), ..., fn(0,K) (4.29)

Each yield function defines a surface in stress space. In this case, the elastic stress states are bounded
by the stress states which return a negative value of all the yield functions. See&#§ure

A

fi=0

Discontinuity

f1<0n f, <|0

Discontinuity

Figure 4.4:The elastic stress states (blue) of a yield criterion with multiple yield functions
(green).

In these cases, the combined yield surface contains intersections between the individual yield func-
tions, which require special attention. These intersections can be visualized as curves and points in
principal stress space and is known as yield curves and yield points, see e.g.Z=2&amd Figure3.2.

These intersections usually result in discontinuities where the surfaces of the yield functions intersect,
see Figuret.4. If multiple yield functions are utilized, each yield function typically have a unpjas-

tic potential,g;, and hardening potentiaj;. In such cases, the strain direction at a discontinuous part

of a yield criterion, see Figurd.5, is a linear combination of the difBnt strain directions involved
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[Koiter, 1953]

k
deP = Z dib; (4.30)
i=1

wherek is the number of plastic potentials, that is part of the intersection at hand. Similarly, the
evolution law is given by

dk = —Zk:d/li—' (4.31)

f1<00f2<

Figure 4.5:The plastic strain direction at a discontinues part of the yield criteria.






CHAPTER 5

Return Mapping in General Stress
Space

In this chapter, the theory behind return mapping is introduced. However, a short introduction to the
non-linear finite element method is given first, in order show the need and applicability of return map-

ping. For a more detailed description of the theory behind return mapping and finite element methods,
seede Souza Neto et gR008], Cook et al[2002] andCrisfield[2000]. The derivations of this chapter

rely on a evolution law of the form given by equatiahZ5) and (4.3

5.1 Non-linear Finite Element Method

Problems involving the displacement and stress distribution throughout a model can be formulated
as partial differential equations made up of the governing equations behind the problem and some
boundary conditions, which make the model unique. However, for complex models, an analytical
solution to these boundary value problems is very hard or simply impossible to establish. Because
of this, the problem is sought solved through numerical integration, which is where the finite element
method comes into play.

As the name suggests, the model is discretized into a finite number of elements, for which the
solution to the governing equations can be approximated with polynomials. A large range of different
elements exist, each with advantages and disadvantages, however this is beyond the scope of this report
Based on this discretization, the stiffness of the entire model can be calculated. Because the stiffness
of the model is non-linear and path dependent, the boundary conditions are applied incrementally in
what is known as load steps. The system of equations is solved iteratively in each load step, to make
sure that equilibrium is fulfilled. Usually by the use of a Newton-Raphson scheme. This process can be
schematized as shown in Tallldl. The highlighted points of the procedure are material dependent and
is the main focus of this report. The updated stress state should ideally be found through and integration
of the infinitesimal elasto-plastic constitutive matrix along the path of the strain increment as

Ex-1+Ae Ek_1+Ae

Ok=0k 1+ f d0':a'k_1+f D®Pde (5.1)
Ek-1 Ek-1

where equation4.26) has been used. However, the integration of equation (5.1) is no easy task, since

the strain path is unknown ar@FP is stress dependent. Several methods exist, which try to circumvent
this problem. Return mapping is one of these methods, and is the method used throughout this report.

21
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() Loadstek=1,2,...

o Pk=Pr-1+APk Initiation of thekth load vector

o Au;=0 Initiation of the displacement increment
o OK=0%k-1 Initiation of start guess afy

o ( Global equilibrium iterationg = 1,2, ...

o o r=p«—q(ok) Force residual;, from px and internal forceq
o o K(D®) Form the global tangent stifss matrixK
o o su=K7r Solve the FEM equations

o o AuUj1=Auj+du Update displacement increment

o o Ag=BAuj1 Calculate strain increment

o o ok(ok-1,A€) Update stresses

o o D®%0y) Update consistent constitutive matrix

o @ Stopiterations wherr| < €| pk|| € is a prescribed tolerance

o Ug=Uk1+AUj 1 Update displacement vector

o g&K=Bu Update strain vector

® End ofload step

Table 5.1: Schematic of the incremental nature of the non-linear finite element method and
the Newton-Raphson procedure used in the global equilibrium iterations. Basé&tiaursen,
2007]

Further, if the infinitesimal constitutive matriD®P, relating infinitesimal strain increments with
infinitesimal stress increments, is used in the global equilibrium iteration scheme of the finite ele-
ment code, where finite increments are used, the quadratic convergence of the problem will be lost
[Nagtegaal1983. Because of this, a consistent constitutive matbx?c, is developed, which main-
tains the quadratic convergence by relating infinitesimal changes of the finite strain increments with
infinitesimal changes of the finite stress increments

dAo = D®PdAe (5.2)

5.2 Return Mapping Basics

The fundamental idea of return mapping is to try out, whether the entire strain increxagistelastic
by introducing the elastic predictor stress increment

Ao =DAe (5.3)
Adding this, to the initial stress state, see Fighirg,

ol = Ok-1 (5.4)
the predicted elastic stress stat€, becomes

oB=0"+Ac® (5.5)
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Figure 5.1:Sketch of the updating scheme.

If o® returns a negative value of the yield function, if§co-®) < 0, the entire strain increment is purely
elastic, and no further calculations are needed. However, if the predicted stress state falls outside the
yield surface, a part of the strain increment must consist of plastic strains. According to eqd&8)n (

the stress increment must be given by

Ex_1+Ae
Ao = f D (de - deP) = DAe - DA&P (5.6)
&1

where use has been made of the fact, Dia¢ independent of, because linear elasticity is assumed.
Introducing the plastic corrector stress increment, see Figdre

AoP = DAgP (5.7)
together with equatiorb(3), the stress increment is given by
Ao = Acg® - AcP (5.8)
and the final updated stress stat&, becomes
oC =0’ + Ac (5.9)

which can also be written as
o€ =0B-AcP (5.10)

Using equation4.24), the plastic strain incrememsP, used in calculating the plastic correctaer®,

is given by
A+AA

AeP= [ bda (5.11)
/

The integration of equatiorb(11) is just as complicated as equation (5.1), however, in the return map-
ping framework, the plastic strain increment is approximated with

A&P ~ ALD (5.12)
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which results in the plastic corrector increme;®, can be written as
AcP ~ AAD bl (5.13)

and thus the problem boils down to finding the updated stress sfateyhich fulfills equation %.10)

and lies on the yield surface. If the updated stress state belongs to a single active yield function, cf.
equation 4.24), the plastic corrector increment is given as shown above. Howeveg, ifgtiated stress

state belongs to an intersection of two or more yield functions, the plastic strain direction is given by
equation 4.30. Because of this, slightly diffent return mapping procedures have to be deployed,
depending on the number of active yield functions that the updated stresgStabejongs to.

5.3 Return to One Active Yield Function

The updated stress stae;, belongs to the yield surface defined by the yield function hence
f(o©,K®) =0 (5.14)
whereKC are the updated hardening variables
K® =K (k%) (5.15)

and«® are the updated state parameters. In case of a hardening law based upon a potential function,
this could be written as follows

9]
c_.A

=kM AL =
K K 9K c
In order to find the correct updated stress state and the plastic multiplier, eqialiOpgnd (5.14) are
solved using an iterative procedure, for instance a Newton-Raphson procedure, which is used in this

text.

(5.16)

5.3.1 Consistent Constitutive Matrix

DEéPCis derived by taking the total derivative &.8) with respect tae, using (5.3) and (5.13) as follows
dAo B dDAe - 0AADb dAA 6AADb dAc

: - . 5.17
dAe dAe 0Al dAe OAoc dAe ( )
Multiplying with dAe on both sides yields
dAo = DdAg — DbdAA - AﬂD%dAa (5.18)
Rearranging leads to
-1
dAo - (| +A/1D%) D (dAe - dAb) (5.19)
which can be written on the form
dAo = D°dAg - dAADb (5.20)
where
D°=TD (5.21)

-1
T-(1+a02® (5.22)
oo
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T is known as the modification matrix. Using the consistency condition, Jd&2Rexpression failAa
can be found in much the same way as it was foundt¥), and substituted back into (5.20), which
gives the consistent constitutive matrix as
D¢ TDC
D®P°=D°- ba T . (5.23)
aTDCb+(g—|2) 9K 9]

‘o 9K

If ais equal tdb, it is seen, thabD®P¢is symmetric.

5.4 Return to Two Active Yield Functions

If the yield criterion consists of two yield function$, and f,, with the appertaining plastic potentials

g1 andg, and the hardening potentiajgs and j,, it is possible, that the updated stress state belongs to
the intersection of these two yield surfaces, see Figutelf this is the case, the direction of the plastic
strains is given by equatior(30), and thus the corrector stress is also a linear combination of the stress
directions involved giving

AO’p = AﬂlD b1|C + A/lzD b2|C (524)
where
by = 29 (5.25)
oo
b, = 2% (5.26)
oo
(5.27)

Similarly, the hardening law, equation (5.16) expands to

o
KC:KA—A/ll 9l

dj2
_A/l <
oK

5.28
. 29K (5.28)

C

when using the hardening potential method. The updated stress state belonging to the yield curve still
needs to fulfill (5.10) as well af (¢©,K®) =0andf, (¢,K®) = 0. This results in eight equations with

eight unknowns, namely®, A1; andA1,. To find the updated stress star;, an iterative procedure

is implemented in which the residual,of equation $.10) is defined by

r (O'C,A/ll,A/lz) =0 - (O'B -A11D bl‘C -AALD b2|C) =0 (5.29)
Expanding in a first order Taylor series leads to
r (O'i(il, Adq i1, A/lz’i”_) =r (0'|C +do, Adyj+dAL, Al i+ dA/lz)
or or (5.30)

dAdL+ - T dAd
YN Pt Y Mt

or
=r (oC,Adyj,Adpj) + g_dow

where

or _90° do® 0ALDby  9A1;Db

% - do oo oo oo

_1+a1,0%  A2,0%2 (5.32)
oo oo

(5.31)
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and
or
=Db 5.33
TV 1 (5.33)
or
=Db 5.34
FT¥e 2 (5.34)
substituting back into5.30) yields
r (O'-C Ad1is1, Ao 1) =r (O'-C Adqj Aﬂz') + (| +A11Da—bl +A/12D8—b2)d0'+
i+1> S+1s S+ i K] N (90' (90' (535)

+Db;-dAA; +Dby-dAA,

C

and solving forr (o5 1,Ad141,A22.1) = 0 gives

1
do = (| + A/llDaa—bl + A/lzDaa—bz) (—I" (O'iC,A/ll,i,A/lzJ) —Db;dAA, - Dbsz/lz)
g g

(5.36)
=-Tr (o, Ady,Adz;) —~ DbrdAA, - DobrdAL,
where .
T- (l +A/11Da—bl+A/lzDa—bz) (5.37)
oo oo

Having an initial guess (:ri-ic, A1 andAAyj, a Taylor expansion of the two yield criteria results in

f1 (oﬁl,Kﬁl) =f (0',C +do, KE +dK)

_ fl(a-iC,KiC)JraIdo-Jr(a—K) dK
where
oK Ok oK 0Ok
dK =— A — dAaAa
ok oA, Bk oA, 2
9K dj1 9K djs
=— ———dAl1 - ——5dAA 5.39
ok oKt koK P (5.39)
which gives
f1 (O'i(il, K,C) =f (O'ic, Kﬁl) —aITr (O'iC,A/ll,i,A/lz’i) —aIDCbldA/lz —a;D%b,dA -
(afl)T (aK oK oK O ) (5.40)
) (- Edang+ = dA,
oK ok 0AA1 0k 0AA»

and similarly forf,
fo (O'i(il, K,C) =f, (O'ic, Ki(il) - a{Tr (O'ic, A, A/12,i) - azDCbldA/lz - azDCbsz/lz—
T (5.41)
(a—fz) (% oK dA/ll-f- % oK dA/lz)
oK 0K 3A/11 0K aAﬂ.z
Equating (5.40) and (5.41) with 0, leads to two equations with two unknowns, naihgiyand dA1,

which can be found. Ona#AA1; anddAA, are obtaineddo can be found usings(36), which leads to
anewo? ;. FurtherAl; andAA, are updated by

A/l]_’i+1 = A/ll,i +dAA (542)
Adzji1=Ad2i+dAA (5.43)

And new values otiA1; anddAA, can again be found. The above-mentioned steps are repeated until
satisfactory precision is reached.
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5.4.1 Consistent constitutive matrix

The consistent constitutive matrix of a point belonging to two active yield functions is found in much the
same was as it was found for the point belonging to one yield function, namely by taking the derivative
of (5.8) and utilizing (5.24)

dAO'_dDAS_aA/thl dA/ll_aA/llDbl dAO’_aA/lszz dAﬂz_aAﬁszz dAo
dAe  dAe OAl  dAe AN dAe  9Ad,  dAe dAc  dAe

(5.44)

which can be rewritten to

dAo = TD (dAe - dAA1b; — dAA2D,) (5.45)
Using the consistency condition of both yield criteria together with equafid©(and (5.39, results
in

)
aldAc+ (ng(l) dK =al TD (dAe - dAd1b; — dALsby) -

af1\" (0K dj K 9] (5.46)
1 J1 J2 )
— — ——dAl + ——=2dAA | =0
(aK) (61( oK "o Bk oK 002
T
aldAc+ (a—fl) dK -alTD (dA - dAdsb; — dALsby) -
" fr\" (0K dj K 9] (5.47)
2 J1 I2 )
— — ——dAl1+ ——=dAA | =0
(aK) (81( oK "o Bk oK 002
This can also be written as
THC
agDCAs da, 0
where
A Air A2 (5.49)
A1 A
Afi\T 0K djx
T RC |
ik =a Db (—) —_—— 5.50
Ak =a Dby + K) ¢ K (5.50)
Thus,dA; anddA, can be found to be
SR
dA; B a;D°dAe (5.51)
das, _achdAs_
where ) )
B_al_|Bu Bu (5.52)
| Bo1 B2z
Substituting back intoH.45) gives
dAo =D° (dAs— B]_]_a]_— DCdASb]_ - Blzag DCdASbl (5 53)

- lea-{ DCdAsbz - Bzza-zr DCdAsbz)

Using (6.53),D®P° can be derived to

DePc=D° - B]_lbla-{ D°- Blzblag D°- 821b2aI D°- Bzzbzag D¢ (5.54)
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which can also be written as ,

Dere - DC—ZZBijbia-erc (5.55)
i=1j=1

If needed, the infinitesimal constitutive matrix is found by repladdign (5.55) withD.

55 Return to Three Active Yield Functions

An updated stress state might also be returned to the intersection of three yield suifateand fs,

with the plastic potentialg:, g» andgs and the hardening potentiglg, j» andj3. This scenario is very
similar to the scenario with two active yield surfaces, which was discussed in the previous section, and
will only be touched upon briefly. The plastic corrector is given by

AO'p = A/llD bllC +Aﬂ.2D b2|C + A/lgD b3|C (556)

and the evolution law is assumed to be given by

C A
1(9K

dj2 0j3
-Al —| —-Alz3 — 5.57
. 2 75K | 39K | (5.57)

The return algorithm is almost identical to the one mentioned in the previous section, except that an
extra unknownAls needs to be found, which is possible because of the extra equation introduced
by the consistency condition of the third yield criterion. The derivation of this procedure is omitted,
however the modification matri¥;, is given by

-1
T- (| +a1p 2t A,p %2 +A/13Da—b3) (5.58)
oo do do
Similarly, the consistent constitutive matrix can be found to be given by
3 3 .
DePC= DC—Z Bijbiaj D¢ (5.59)

i=1j=1

whereB is the 3x 3 equivalent matrix to the one in the previous section.

5.6 Determination of Correct Return Type

In the general six-dimensional stress space, there is no easy way of determining, which of the above
mentioned return algorithms, that should be applied to a certain predictor stress. Because of this, a
commonly used strategy is to start out with returning to a single yield surface. The updated stress state
is then evaluated based upon some specific requirements. In case these requirements are not met, the
predictor stress is returned using a return to two yield surfaces and so on. In general stress space, it is
theoretically possible, that an updated stress state has to be returned using as much as six active yield
surfaces. However, in the three dimensional principal stress space, geometric arguments can be applied,
to establish which method is to be applied.



CHAPTER 6

Return Mapping in Principal Stress
Space

If the material in question is isotropic, the stress states within the material can be expressed in principal
stresses through a coordinate transformation, see Figdre Thus the updated stress state can be

@- Coordinate transformation

- O

T
0-:[0-)( O-y (o O-Xy O xz O‘yz]

T
0'2[0'1 (o) 0'3]

Figure 6.1:Coordinate transformation of general stress space into principal stress space

found in principal stress space, and only the three principal stresses need to be found. And since
only three values are involved, the problem can be visualized in 3D space, where advantages can be
made of geometrical arguments, which can be used to simplify the expressions ohagter 5. The
drawback is, that coordinate transformation calculations have to be performed. The predictor stress,
o8, is transformed into principal stresses using ordinary coordinate transformation. Afterwards, the
updated principal stress sta#;, and the consistent constitutive matrix aligned with the principal axes,
D is found and then transformed back into the original coordinate system of the model, cf6Table

The derivations othapter 5should of course still hold in principal stress space for an isotropic
material. Howeverg is reduced from the six components &fZ) to only three components, namely

U:[ffl o2 U3]T (6.1)

where the overbar,, is used to indicate, that we are dealing with principal stresses.

29
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o oB-oP Transform predicted stress state into principal stresses

o o° (EB Find the updated principal stress state

o D% (EC) Find consistent constitutive matrix aligned with principal axes

o ¢ -0t Transform updated principal stress state to general stresses
aligned with model axes

o D pere Transform consistent constitutive matrix into general stresses
aligned with model axes

Table 6.1:Schematic of return mapping in principal stress space.

6.1 Modificaton Matrix

The modification matrix used in finding the consistent constitutive malrixs still created as a full
6x6 matrix, however, it is aligned with the principal stress axes, meaningfiatin the same direction
asoy, oy is in the same direction as; ando is in the direction ofrz. This is denoted by a hat, T

is divided into two parts
T-= [T 0] (6.2)

ofT

whereT relates to the principal stresses dntklates to the shear stresses. For a return to a yield surface

using 6.22) results in
_ (- b\ "
oo

and for a return to two yield surfaces usirtg37) results in

(6.4)
o

- 1
T- (T4 a0, a1,0%02
oo O

and so on. FurtheT. is given by Clausen et al2006

of-05
o1-03
= o] -0
T= —— (6.5)

01703

c_cC
02703

B_ B
02703

OnceT is found, the consistent constitutive matrix aligned with the principal AET, is calculated
analogous to equatio®.23), (5.55), or (5.59 except thaa, b and D is replaced by

a=[a" o0 o o]T (6.6)

-[6" 00 o]T (6.7)
D°=TD (6.8)

o
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6.2 Boundary Planes

As mentioned earlier, the principal stress space is a three dimensional space in which the yield criterion
can be visualized. Further, fror.(L3), it is known, that if a predicted stress state should be returned to
asurface, the directiors, see Figuré.2, of the plastic corrector\o?, is given by

5=Db (6.9)

Figure 6.2:Direction of the plastic corrector of a return with one active yield function

By evaluating this expression along the boundaries of the yield surface, the predictor stress states,
which can be returned to the yield surface is outlined. The principle is shown for a Mohr-Coulomb
criterion on Figures.3. The stress space within these boundaries is known as a return redargibg
to the specific yield surface.

- .y

4

Figure 6.3:0utlining of a return region by the use of boundary planes.
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Similarly, the direction of the plastic corrector for a predictor stress which ie teturned to two active
yield surfaces, see Figufe4, is given by

S=151+0%, (6.10)

Figure 6.4:Direction of the plastic corrector of a return with two active yield functions is a
linear combination of the two plastic corrector directions involved

wheren andp are some arbitrary positive scalars. Similar arguments apply for a predictor stress with
three active yield surfaces and so on. With this knowledge, it is possible to determine which part of
the yield criterion, a specific predictor stress state should be returned to. Further, if the plastic potential
is linear, the different return regions are made up of planes, silcsdependent of the position in
yield space. With this knowledge, it is possible to determine the correct return algorithm, without the
trial-and-error approach of the general stress space updating scheme.



CHAPTER 7

Implementation of Strain Hardening
Mohr-Coulomb Model

In this chapter, the theory of the previous chapters will be applied to a Mohr-Coulomb model using
linear elasticity, non-associated plasticity and isotropic strain hardening, along with the evolution laws
of equation 4.25) and (4.31).

7.1 Basic Premises

As mentioned irchapter 3, the Mohr-Coulomb yield criterion can take the form of
f(o,0¢,k)=ko1-03-0:=0 (7.2)

which will be used in the current implementation due to its simplicity compare8.8). (The yield
criterion is a function of both the friction angle, and the cohesion. In this implementation, it is
assumed, that the friction angle remains constant. Thus, the hardening parameter&ysuotglifies
to a scalar, namely the cohesian,Further the state parameters vectonf the material, is chosen to
be the scalar accumulated plastic strafh, Thus

K (k) =c(&") (7.2)
The plastic potentialy, is chosen as
g=(o.c¥)=01-03+(01+03)sin(y)—2ccos(y) (7.3)

wherey represents the angle of dilation. The evolution of the accumulated plastic strain is given by the
hardening potential function, cf. equation 4.25), and is chosen as

j=(o,cp)=01-03+(01+03)sin(yp)—-2ccos(p) (7.4)

7.2 Derivatives

The derivative off with respect t@r is given by

k
a2t | g (7.5)
oo
-1

33
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The derivative off with respect to the harding variablg,is given by

of ot _ ot doe

—=—= =-2Vk 7.
oK dc o dc vk (7.6)
The derivative ofy with respect t@r is given by
1+sin(y)
b= 8—9 = 0 (7.7)
-1+sin(y)

The derivative ofj with respect to the hardening variables is given by

0] 0]
— = — =-2c09( 7.
oK oc cos(¢) (7:8)

Finally, the derivative of the hardening paramet&swith respect to the state parametasss given

by
oK Jc
—=—=H 7.9
ok O&P (7.9)

whereH is the gradient of the chose? = c-curve at the current point of accumulated plastic strain.
This curve could be modeled as a function, however, in the current implementation, it is defined by
a number of predefine¢eP,c) points, which makes it possible to choose an arbitrary curve, without
changing the computer code . The specific value ahdH is interpolated between these points, see

Figure7.1. Using this approach, the model is able to handle all of the hardening modela &h
Figurel.1as well as the elastic brittle behavior shown in Figlir2.

A

Y

0 gP

Figure 7.1:Example of arbitrarys” — c-curve defined by a set (&, c) points.

7.3 Yield Criterion Regions

As shown in Figure3.2, the Mohr-Coulomb yield criterion consists of six yield surfaces in principal

stress space. However, if by definitiom; is the major principal stress, aic is the minor principal
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stress when transforming the general stress state into principal stress gpa only necessary to
operate with the yield surface, that satisfies this condition, nafeand the two neighboring yield
surfacesf, and fg. See Figur&.2.

o3

o3>01>072 03202201

fs

01203202 f6 f3 02203201

f1 fo

01

02

o1>02>03 02201203

Figure 7.2: The Mohr-Coulomb criterion seen from the hydrostatic axis. The primary yield
surface, {, is shown in blue, while the remaining yield surfaces are faded out.

f1, f, andfg is given by

fi(o,0¢,K) =ko1-03-0¢=0 (7.10)
fo(o,0¢,K) =koa—03-0¢=0 (7.12)
f6 (O',O'C, k) = k0'1—0'2—0'c =0 (7.12)

le. o1 is switched witho, for yield surfacef,, andoj is switched witho, for yield surfacefg. This
leads to the following derivatives

K 0 k
a=(0 a=|k a=|-1 (7.13)
-1 -1 0

The index swapping is also valid for the plastic and hardening potentials belonging to these yield sur-
faces. Thus, the plastic strain direction is given by

1+sin(y) 0 1+sin(y)
by = 0 bo=| 1+sin(y) bs = | -1+sin(y) (7.14)
-1+sin(y) -1+sin(y) 0

The intersection between vyield surfaéeand f, is a line in principal stress space denotgdsee
Figure7.3. Along this lineo; = 02 and is thus given by

01
o, = o1 (7.15)

ko1-0¢
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03

o1 g2

Figure 7.3:Naming convention for the Mohr-Coulomb criterion.

Similarly, the intersection betweef and fg is denotedg whereo, = o3, and is given by

o1
Olg = | ko1—0o¢ (7.16)

ko1 —-o0¢

The intersection ofy, f, and fg is a point in principal stress space, and is denategiven by

1
_ ()
= 7.17
Oa Kk—1 1 ( )
1

Any predicted stress state falling outside the yield criterion is to be returned to either the primary yield
surface,f1, the yield lines]; or lg, or the apexa.

7.4 Return Regions and Boundaries

The region of principal stress space, that return§; tis denominated R. Stress points which are to
be returned td; is denominated R and similarly for R, and R,. Due to the linearity of the Mohr
Coulomb criterion, the different return regions are bounded by planes. Based on the predictor stress
state’s location relative to these planes, the correct return region can be established and hence the
correct return algorithm can be applied. A plane can be defined by it's normal viectord a point
belonging to the planeg, as

n' (x-%) =0 (7.18)

Any vector, X, for which the above is satisfied is situated on the plane. A point lying below the plane
gives a negative number, and a point lying above the plane results in a positive number. Thus, it is
necessary to identify the normals of each plane, which can be calculated based on the directions, in
which the planes span.
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The plastic corrector direction belonging to a surface return to yield suffds given by

£ 1+sin(¢)-2v
§ =Db; = —m 2vsin(y) (7.19)
2v—1+sin(y)

and the intersection between tlgyield surface and thé,-yield surface is fully determined by,
(7.19, which by difteentiation gives the direction of the intersection ling, see Figur&.3,

1
o
r, = 87'11 -1 (7.20)

By taking the cross product between ands;, the normal of the plane separating the return region
belonging to yield surfacé;, and those belonging to lifgcan be established as

anl_’Rll =§;|_><l'|l (721)
where the arrow designates, that the normal of the plane is pointing from the region belonginip to

the region belonging th. Similarly, the direction ofg is given by

1
oo
iy = (%'f -k (7.22)

and thus the normal of the plane which creates the boundary between the region of predictor stresses
belonging tof; and those belonging tg can be found to give

MR, Ry, =81 xIyq (7.23)

The boundary plane separating Rom R; is spanned by the direction 8f andS,, which is the plastic
corrector direction belonging t&. Thus

anlﬁRa =51 xS (7.24)
and similarly for the boundary plane which separatgdi@m R,
MR, R, = 8681 (7.25)

In order to completely define the boundary planes, a point on each plane is also needed. Since all the
planes go through the apex of the criterion, this point is simply chosen to represent all four boundary
planes. Based upon this, four boundary planes, see Figdyean be defined by

PR, R, (0 B):ngf R, (68-7a)=0 (7.26)
pRIGQRfl( ) an SRy (0' a'a) 0 (7.27)
PR, R, (0 ):an R, (G-Ta)=0 (7.28)
PR, ~Ra (0 B) = an R, (@%-Ta) =0 (7.29)

Using these boundary planes, a rule set can be set up, which determines the correct return algorithm
based upon the evaluation of these planes, which has been done if7Tlable
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’ Rule # \ Conditions \ Return to
1 prlﬁRll (O'B) <0nA pRl6%Rf1 (O'B) >0 f1
2 prlﬁRll (O'B) >0A pRllﬂRa (O'B) <0 I
3 pR'ﬁ"Rfl (O-B) <0A pRIG—’Ra (O-B <0 |6
4 pRllQRa (O'B) >0n pR|6_>Ra (O'B) >0 a

Table 7.1:Rule set for retun algorithms. See Figured for further details of boundary plane
location and naming.

Zi/ PRy -Ra

prl_’R'l

02

Figure 7.4:Boundary planes of the Mohr-Coulomb criterion. The visible side of each bound-
ary plane in the figure is defined as the positive direction of the normal.

7.5 Return Algorithms

The return algorithms used for the Mohr-Coulomb criterion are particularly simple. Because of the
linearity of the plastic potential, which has been utilized, the plastic strain direction is independent of
the stresses. This means, that the plastic strain direction is the same, whether it is evaluated at the
predictor stress poind;C, or at the updated stress poia€;. Thus, equation (5.13) can be simplified to

Ao ~ AAD b (7.30)

This means, that the only unknown in calculating the plastic corresidt, is the plastic multiplienA.

7.5.1 Return to yield surfacef;

If the predictor point qualifies for a return tia, only one yield surface is active, and hence only one
plastic multiplier needs to be found. The updated stress #ttés given as

¢ =2 AoP =a° - A1Db, (7.31)
which have to satisfy the condition

f1(0%,05,k) =kof -5 -aS =0 (7.32)
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With the use of equation (7.31)$ and o5 can be expressed as

O'% = 0'1B -AAS11 (7.33)
oS =P -Als3 (7.34)

wheres; 1 ands; 3 is the first and third component 8f respectively. Further, with the use of equation
(5.16), the uniaxial compressive strength of the updated stress s{atelepends on the accumulated
plastic strain at the updated stress stat&, which is given as

9]
ac
where equation (7.8) has been used. Thus, the compressive uniaxial strength of the stpelsgestate,
o<, is given by

gPC =gPA_ALZ =5PA 4+ A12c0s(p) (7.35)

0§ =2¢(eP°) vk (7.36)
Substituting back into equatio.32) gives
f1 (A1) =k(0F—Ads11) - (05 - Adsi13) — oS =0 (7.37)

which is solved using an ordinary Newton-Raphson iteration procedure with respectTbe gradient
of the equation with respect t is

df do$ dc® dsPc
-k e 7 2Tk d 7.38
Al OMTIRT G gepC gay T oA (7.38)
where C oC pC
dog dc~ deP
doe=-—%——=—— =4Hcos k 7.39
76774 dgPC dAa (¢) VK (7:39)
using equationq.9), (7.35) and (7.36). An initial guess &fl is made and then updated via
AL —A/l-—(ﬂ )1f (AL) (7.40)
i+1= i dAL i 1 i .

until the required precision is reached.

7.5.2 Returntoyield linesl, andlg

Returning to one of the yield line$; andlg is a simple expansion of the procedure used for fthe
return. However, in this case, the plastic corrector is given by

7C =02 - AoP =52 - A1.Db; — A1, Db, (7.41)

whereA1; andAl, are unknowna< has to fulfill both yield criteria. For thi return, this results in

f1 (EC,O'g,k) =ko§-05-05=0 (7.42)
f2(0%,05.k) =ko§ -5 -aS =0 (7.43)
where
o =oBAlS 1 - Al (7.44)
05 =05 - Al1S1 - AdoSy 2 (7.45)

0§ =08 - Alusi 3- Aoy 3 (7.46)
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The accumulated plastic strain of the updated stress state is given by

2 i
P AT ﬂi% ~PA_2c08(p) (Ady + Ady) (7.47)
i=1

The two yield criteria are embedded in the residual veEtas
[ £ (A1, AL)

F (All) ) -fz(A/ll,Aﬂ.z)]

(7.48)
_ k(O‘? -A1S11— A/IZSQ’]_) - (O'g -AA1S13— A/1282,3) — O'g _ 0
~k(O‘ZB - A/l]_Sl,z— A/leQ,z) - (0‘5’ - A/11$1,3— A/lez,g) - O'g 0
where
AA
A=|"" (7.49)
Ao
The gradient is found to be
(9_FT _ —k81,1+ S13+ dO'C —kSZ,1+ S3+ dO’c (7.50)
0AA —kS]_,2+ Sl,3+d0'(; —kSz’2+ SQ,3+dO-c

wheredo is given by (7.39). The system of equations is solved using a Newton-Raphson iteration,
where an initial guess dfA is made, an afterwards updated as

oF

1
e i) F(AL) (7.51)

Adis1 = Ad —(

until the required precision is reached. The return algorithm fof¢heturn is analogous to the above,
except that thd; yield surface is replaced by tHg yield surface. This gives

[ £, (AL, A
F(A2) 1(A11,AN2)
fe (Ad1,A2)
- (7.52)
_ k(O'lB - A/l]_Sl,l— A/lz&,l) - (O'g’ - Aﬁlsg,g— A/1282,3) - O'g _ 0
_k(O']E_; -A1S11— A/IZSQ’]_) - (O'ZB —-AA1S12— A/lez,z) — 0'8 0
with the corresponding gradient
aFT _ —k81,1+ S13+ dO'C —kS271+ S3+ dO’c (7.53)
oA —ksp1+S12+doe —kS1+So+doe

7.5.3 Return to apex pointa

The return algorithm to the apex of the Mohr-Coulomb criterion is a further expansion kfanellg
algorithms, in which casé,, f, and f3 needs to be fulfilled. The approach is similar to the above and
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only the main results will be given here. The residual vector is found tousadiy

[ f1(Ad1,Ad2,A03)

F (A1) =| f2(A11,A12,A13)

| f6 (A11,A2,A03)

k(0B -AA1S11-AdoSp 1~ AdzSzr) — (05— AliS1a— AdoSp 35— AdsSg3) — 05

= | k(o8- Al1S12- AdoSp - Adsss2) — (05 - AdiS13— AdaSp3—Adssgs) —oS | (7.54)
k(0B -Ad1811-AdoSp1-AdzSzn) — (05— AliS12— AdoSp 20— AdgSg2) — 08

i

o O O

where
A1
A=A, (7.55)
A3

and the gradient matrix is given by

—kS]_,1+ S]_’3+d0'c —k82,1+ 52’3+d0'(; —kSg’1+ Sg’g+d0'c
=|-ksip+s13+doe kS o+S3+doe Ko+ S33+doe (7.56)
—kS_|_’1+ Sg_’2+d0'c _kSQ’]_"F SZZ"FdO'C —kS3’1+ 53’2+d0'c

OF_
OAAT

7.6 Consistent Constitutive Matrix

In the evaluation of the consistent constitutive matrix, the modification matrix aligned with the principal
stresses] is needed. The part related to the principal stresEesee equation (6.3), simplifies to the
unit matrix

100

T=|l0 1 0 (7.57)
0 0 1

because the derivative bfwith respect tar results in the zero-matrix

b 0 0O

—=/0 0 O (7.58)

oo
0 0O

The part ofT, that relates to the shear stressksjs simply evaluated by equatioB.6). Thus it is
possible to evaluatB®. Afterwards, the consistent constitutive matrix aligned with the principal axes,
D°" is calculated using either equatidnZ3), (5.5% or (5.59), depending on the return algorithm used
in finding the updated stress state.






CHAPTER 8

Computational Example: Strip Footing

To test the hardening Mohr-Coulomb model, a simple bearing capacity calculation of a strip footing is
carried out in plane strain. This has been done by implementing the strain hardening Mohr-Coulomb
model in FORTRAN and then utilizing it in a FEM-code written in MatLab, which rely on a Newton-
Raphson procedure in the global equilibrium iterations, as shown in Bable

8.1 The Model

The model consists of a rigid rough foundation resting on top of a strain hardening Mohr-Coulomb
material. Since a strip footing in plain strain is examined, advantage is made of the symmetry line of
the problem, see Figu&1. The domain size is governed byand H, which has been set to 30 m and

20 m respectively. The total width of the foundation is 2 m. The domain is meshed using 2-dimensional
6-node triangular linear strain elements utilizing a gaussorder of 6. The load of the foundation is
modeled using a prescribed displacement of 1000 mm in the negadivection of the nodes situated
directly under the foundation.

Y Rigid foundation

X

Strain softening
Mohr-Coulomb

c

Symmetry line

L

Figure 8.1:Sketch of the model of the foundation. Not to scale.

43
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8.2 Material Parameters

The parameters of the Mohr-Coulomb material are found based on an approximation to a material with
the Hoek-Brown parameters listed in TaBld.

State GSI | my Ui D a my S E % 0%
Peak 50 |12 | 80MPa| O | 051|201 0.0039| 9GPa| 0.25 | 20 kN/ma
Residual| 25 | 12| 80MPa| 05| 053 | 0.34 0 9GPa| 0.25 | 20 kN/mz

Table 8.1: Hoek-Brown material parameters of the peak and residual strength of the rock
material at hand.

As can be seen, for the peak strength of the rock material, intact rock is asddm8dwith a uniaxial
compressive strength of 80 MPa, a GSI value of 50 angl @onstant of 12. For the residual strength,
the GSl value is lowered to 25, and the disturbance faEtpis set to 0.5. The Hoek-Brown constants

a, my ands are calculated based on equati@®2}-(2.4. Young’s modulus is assumed to be 9 GPa.
The parameters orignate frofharar{2008] and the material associated with it is described as average
guality rock mass, which according koek and Browrj1997] should behave in a strain softening way.
Further, the rock mass is assumed to have a specific wejgluff 20kN/m3. Using the equations in
chapter 3, the corresponding Mohr-Coulomb parameters can be seen ir8Tahblenere the general
approach of equatior3(15) has been applied.

Parameter ¢ C
Peak 32.0r° | 4.21 MPa
Residual | 17.93° | 1.91 MPa

Table 8.2:Mohr-Coulomb approximation of the Hoek-Brown parameters listed in Taldle
The approximation utilizes equatidB.15).

Due to the restrictions of the current model, where only the cohesion changes during plastic loading, the
model is unable to account for the change in friction angle. Because of this, the peak friction angle is
used for the residual strength as well. In order to fully implement the strain softening behavior, itis also
necessary to know how fast the strength drops. l.e. a relationship between the accumulated plastic strain
and the cohesion. In the current example, this is modeled using three curve segments, as illustrated on
Figure8.2. The first segment consists of a linear softening curve with a constastaléf) which is

defined between the two poin{d,cpeax) and the intermediate poitﬁﬁfm,cmt). The second segment,
defined between the intermediate poi&f,,cint) and the residual poinfgR, s Cres), is modeled as a

Bézier curve, with an initial slope dfi, and an end slope of 0. The last segment defines a perfectly
plastic behavior, once the residual strength is reached. This is done by modeling a line segment with a
slope of 0, which extents to infinity. The intermediate cohesigy, is taken as

Cint = CRes+ 0.3 (Cpeak— CRes) (8.1)

The intermediate and residual accumulated plastic strafysandzh,, are varied, to study the influ-
ence on the results. For simplicity and numerical stability, associated plasticity is assumed. The final
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Cohesiong

A4

0 Accumulated plastic strai@P
Figure 8.2:Sketch of theP - c-curve used in the example.
parameters used in the model are listed in T&®8e Further, two perfectly plastic cases are computed.

Namely one where the strength is equal to the peak strength, and one where the strength is equal to the
residual strength.

Parameter ¢ CPeak Cint CRes Y
Value 32.07° | 4.21 MPa | 2.60 MPa | 1.91 MPa | 32.07°

Table 8.3:Material parameters used in the model.

8.3 Mesh Coarseness

In order to estimate the needed coarseness of the mesh, a convergence analysis has been performed c
a model, where] . andzh,  have been set to 1 and 2 respectively. The mesh has then been generated
with increasingly more degrees of freedom in order to estimate the influence on the peak and residual
bearing capacity of the model. Based on this, a mesh coarseness is chosen, where further refinement
only results in minor changes of the bearing capacity. As can be seen from Bi@uthe peak and
residual bearing capacity is dependent upon the coarseness of the mesh. However, at around 1000C
degrees of freedom, the bearing capacities start to stabilize, and only minor differences in the bearing
capacities can be observed. Based on this, the model is meshed with 3825 elements, giving a total of
15692 degrees of freedom and 22950 gauss points. The mesh is shown in8-gure

84 Results

The load displacement curve for five different scenarios along with #eic-curves are shown in
Figure8.5and FigureB.6 respectively. The curves named “Perfectly Plastic Peak Strength” aard “P
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Figure 8.3:Convergence analysis of the peak and residual bearing capacity of a model with
g’ =1andzsP =2.
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Figure 8.4:Mesh used in the current model, consisting of 3825 elements, 15692 degrees of
freedom and 22950 gauss points.

fectly Plastic Residual Strength” are the perfectly plastic models using the peak and residual strength

respectively, which give a load carrying capacity of 309'2, and 141.8"N/,,.
To verify these results, they are compared to the analytical solution given by Terzaghi’s bearing

capacity formula
R= %yb2N7+quq+chc (8.2)
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whereR is the bearing capacity is the foundation widthg is the overburden pressure aNg, Ny and
N¢ are the dimensionless bearing capacity factors giverOwggen et al2007

Ng = exp(rtan(y)) —ij: EZ; (8.3)

N, = % ((Ng-1)cos(g))*? (8.4)
N1

°" tan(y) (8.5)

Using the values of Tablg.3together with equation (8)2results in a peak and residual load carrying
capacity of 296.4"/, and 137.2'N/.,. However, equatiorg(2) is known to give a conservative bearing
capacity, and thus, the perfectly plastic models seems to be in tune with the analytical solutions. The
load carrying capacity of these models should mark the upper and lower bound of the expected load
carrying capacity of the strain softening materials.

The three other curves of FiguBe5 utilize strain softening, where the numbers indicg}gandeg,
respectively. The figure shows, that the strain softening materials never reach the load carrying capacity

350
300
250+
£
=z
2200t
o
k=]
a
L 150r
Q
£
-l
100+ —— Strain softening 0.10-0.20
——— Strain softening 0.15-0.30
50 Strain softening 1.00-2.00
— — — Perfectly Plastic Peak Strength
—— Perfectly Plastic Residual Strength | -
0 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1.0

Displacementy [m]

Figure 8.5: Load displacement curve of strip footing. u is the vertical displacement of the
foundation. The numbers following the strain softening modelgfy@andeh,  respectively.

of the perfectly plastic model utilizing the peak strength. On the other hand, they do not approach the
load carrying capacity of the perfectly plastic model utilizing the residual strength either. This seems
realistic, since some gauss points reach plasticity before others and weakens, and thus should not be
able to carry the peak load. Similarly, not all gauss points reach the residual strength in the model, and
should thus be able to carry more than the residual load.



48 Chapter 8. Computational Example: Strip Footing

4.5 r

—— Strain softening 0.10-0.20
—— Strain softening 0.15-0.30
Strain softening 1.00-2.00
— — — Perfectly Plastic Peak Strength
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Figure 8.6:The strain softening behavior of the models shown in Fi@.be

Figure 8.7 shows the relationship between the residual accumulated plastic $ifginand the
peak and residual bearing capacity of 12 different strain softening models, as well as the peak and
residual strength of the perfectly plastic models. Together with Figuget can be seen, that smaller

300-__'_'__'_';_'_'__'_'__'_'__'_'__'_'__'_'_'o_”__
-~ . o o e ©) :
£ O
3 5
L.? 250 O Peak bearing capacity
< x  Residual bearing capacity
g — — — Perfectly Plastic Peak Strength
o 200 r Perfectly Plastic Residual Strengti
£ ‘ : -
% :

150 | oox XXX X XX 8

0.0 0.5 1.0 15 2.0
=P
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Figure 8.7:The peak and residual bearing capacity of 12 different strain softening models as
a function ofeP. The bearing capacity of the perfectly plastic models is also shown.

Elpnt and Eges result in a lower peak bearing capacity, as well as a more rapid decrease in the load
carrying capacity towards a residual bearing capacity. The maximum load bearing capacity of the strain
softening models is influenced by the choiceRf andeh, . The 1.06-2.00 model predicts a maximum
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bearing capacity of 298"/, while the 0.15-0.30 model predicts a maximum bearing capacity of
268.1MN/.,, which is significantly less than that of the bearing capacity of the perfectly plastic model
utilizing the peak strength. However, it is also almost twice the size of the bearing capacity of the
perfectly plastic model using the residual strength. The 2200 model predicts a residual bearing
capacity of 157.2N/.,, while the 0.15-0.30 model predicts a residual bearing capacity of 180/g.
An improvement compared to the bearing capacity of the perfectly plastic residual model of about
5-10%. Thus, using the perfectly plastic model with the peak strength results in an unsafe model,
while use of the residual strength results in a very conservative estimate of the bearing capacity.
Further, it is noticed, that the 0.2®.20 model failed to converge, at some point just after the peak
bearing capacity was reached, see Fidike The 0.5-0.30 model was the steepest model, which was
found to converge. This is troublesome if even steeper drops in the load carrying capacity is needed.
However, this might be solved by utilizing a more advanced global equilibrium iteration procedure than
the standard Newton-Raphson. For example an arc-length method.
Figure8.8 shows a plot of the cohesion throughout the soil of th&0.0.30 model, which shows,
that the material located along the slip lines have reached the residual strength. This is consistent with
the fact, that these zones experience the most plastic straining. The zones outside these slip lines are
almost unaftected by the softening behavior.

c[MPa]
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Figure 8.8:Plot of the cohesion throughout the soil at the end of the 0.15-0.30 model.

Figure 8.9 show a comparison of the accumulated plastic strains around the rupturefztire
model. The topmost graph shows the perfectly plastic model utilizing the peak strength, and the bot-
tommost graph shows the perfectly plastic model utilizing the residual strength. The model in the
middle is the strain softening 0.12%.30 model. From the figure, it is seen, that the accumulated plastic
strains of the softening model are more concentrated around the slip lines compared to the perfectly
plastic models. This is probably due to the fact, that once plastic strains has developed in a point, the
point weakens and thus further plasticity is more likely in this point, than in the neighboring material
which surrounds it.
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Figure 8.9:Plot of the accumulated plastic strain throughout the soil of the perfectly plastic
peak strength model, strain softening 0.15-0.30 model and perfectly plastic residual strength

model.



CHAPTER 9

Computational Example: Tunnel
Excavation

To further test the approach, a tunnel excavation is carried out using an axisymmetric model, where the
purpose is to estimate the tunnel wall displacement as well as the plastic zone.

9.1 The model

The idea behind the model is to simulate a tunnel excavation in an infinite rock mass. This is done by
reducing the pressur@, on the tunnel wall, from the in situ stress stgig;, to zero, see Figur8.1,

and record the ensuing tunnel wall displacement. The radius of the tunnel is given Wwjich has

been set to 2,5 m. The tunnel axis is aligned in the z-direction.

Figure 9.1:Concept of the tunnel model.

The axisymmetric properties of the problem is utilized, and a 1 m section of the tunnel n the
direction is modeled, see Figuge2. Further, the infinite rock mass is bounded by a domain with a
radius ofrgc, which has been set to 50 m in the example at hand. As with the exangiieter 8, the
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Figure 9.2:Sketch of the tunnel model.

mesh is generated with 2-dimensional 6-node triangular linear strain elements.

9.2 Material Parameters

The model tries to simulate an excavation in rock material with the Hoek-Brown parameters listed in
Table9.1.

State GSl | m Ui D a my S E % 0%
Peak 30 | 8 | 20MPa| 0O | 0.52 | 0.66 | 0.0004 | 1.4GPa| 0.3 26"N/m3
Residual| 15 | 8 | 20MPa| 05| 0.56 | 0.14 0 1.4GPa| 0.3 26kN/m2

Table 9.1: Hoek-Brown material parameters of the peak and residual strength of the rock
material at hand.

The parameters of the peak strength are taken 8bararf2008], which describe the rock material
as very poor. According téloek and Browr{1997], very poor rock material tends to behave perfectly
plastic. However, in the current example, it is assumed that the material softens during plastic straining.
Thus the residual strength is found in much the same way as it was datajmer 8 Namely by
reducing the GSl-value to half of the original value and setting the disturbance factor to 0.5.

Assuming the excavation takes place 100 m below the surface and using the approximations of
chapter 3along with the estimate af; yux based on deep tunnels, equation (3.12), the Mohr-Coulomb
parameters listed in TabR 2 are obtained.
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Parametern ¢ C
Peak 33.74° | 256 kPa
Residual | 19.28° | 103 kPa

Table 9.2:Mohr-Coulomb approximation of the Hoek-Brown parameters listed in Taldle
The approximation utilizes equatidB.12).

Similarly to the example of the strip footing, the friction angle of the model is taken to be given
by the peak friction angle, and the softening behavior is modeled according to Biguned equation
(8.1). Thus, the final material parameters are given in Takde

Value 33.74° | 256 kPa| 149 kPa| 103 kPa| 33.74°

Table 9.3:Material parameters used in the model.

The in situ stress state of the rock magsg;, is assumed to be a hydrostatic pressure, given by the
depth, and the unit weight of the rock

Pinf = 26"Y/5-100 m= 2.6 MPa (9.1)

The effects of gravity are neglected in the model. Similarly to the example of the strip footing, the
model is tried with different values of the intermediate and residual accumulated plastice§yaind

Eges, as well as two perfectly plastic cases with the peak and residual strength respectively.

9.3 Mesh Coarseness

Similar to the example athapter 8, a convergence analysis has been made in order to find an appropri-
ate mesh coarseness. This has been done with a model fher®.025 andsh, = 0.050. The tunnel

wall displacement as a function of the number of degrees of freedom is shown in Biguferom this

figure it is seen, that only minor changes in the wall displacement is found once the number of degrees
of freedom is above 10000. Based on this, the model is meshed using 4800 elements, resulting in 28800

gauss points and 19602 degrees of freedom. The mesh can be seen irBHEgure

94 Results

The load displacement curve of the tunnel wall of eight models is shown in F8y&tegether with

a close up in Figured.6. The strain softening behavior of the models can be seen on F&jdre

From the figures, it is seen that the perfectly plastic model using the peak strength gives a tunnel wall
displacement of 30 mm, while the model using the residual strength gives a displacement of 126 mm.
Using the analytical solution for the perfectly plastic case presenté&hmanza-Torre§2003], the

tunnel wall displacement is found to be 30.5 mm and 130 mm respectively, which suggests that the
finite element model is sound. All of the strain softening models predict wall displacements in between
the two perfectly plastic models, which is what was expected. Further, the extent of the plastic zone,
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Figure 9.3:Displacement of the tunnel wall as a function of the number of degrees of freedom
of a model wittel,, = 0.025and &R, = 0.050.
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Figure 9.4:Mesh used in the current model, consisting of 4800 elements, 19602 degrees of
freedom and 28800 gauss points.

sketched in Figur®.8, ranges from 4.2 m for the peak strength model to 5.8 m for the residual strength
model as shown in Figui@9. The analytical solution d€arranza-Torre2003] results in plastic zones
of 4.11 m and 5.72 m for the perfectly plastic peak and residual models.
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Figure 9.5: Displacement of the tunnel wall. The numbers following the strain softening
models ares,, andzh, respectively.
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Figure 9.6:Close up of Figur®.5.
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Figure 9.7:The strain softening behavior of the models.

Figure 9.8:lllustration of the extent of the plastic zone.



9.4. Results

57

0.200

0.150

0.100

0.050

Accumulated plastic stria@P, [-]

7

0.000 \\r\

— Strain softening 0.005-0.010
Strain softening 0.010-0.020

———— Strain softening 0.025-0.050

——— Strain softening 0.050-0.100

Strain softening 0.100-0.200

Strain softening 1.000-2.000

— — — Perfectly Plastic Peak Strength

—— Perfectly Plastic Residual Strength

2.50

3.0 3.50 4.00 4.50 5.00 5.50

Figure 9.9:The extent of the plastic zone of the models.

6.00






CHAPTER 1 O

Conclusion

The successful derivation and implementation of the strain hardening Mohr-Coulomb criterion de-
scribed inchapter 7shows, that it is possible to make use of return mapping in principal stress spa
for materials, which exhibit hardening/softening properties.

The proof-of-concept examples of the strip footing and tunnel excavation show the expected results,
where the strain softening materials result in solutions somewhere in between the two extremities of the
perfectly plastic models using the peak and residuals strengths. Thus the hardening properties allow for
a more detailed description of the problem at hand, which should result in a more safe solution, than a
model utilizing perfect plasticity along with the peak strength, as well as less conservative solution than
a model utilizing perfect plasticity along with the residual strength.

Since the implemented model can handle any arbitrary development of the cohesion during plastic
straining, it should be applicable to a great deal of problems. However, as is evident from the examples,
approximations to the Hoek-Brown parameters with a Mohr-Coulomb failure criterion suggest, that the
friction and dilation angles change during plastic straining as well. Something that the current model is
unable to account for.

To further test the use of hardening properties along with principal stress updating schemes, a more
advanced constitutive model, utilizing several hardening and state parameters could be developed. For
example a Mohr-Coulomb model, where the friction and dilation angles are dependent of the state
parameters of the material. Moreover, the expressions for the consistent constitutive matrix of two and
three active yield surfaces, equatidngb) and (5.59), together with return mapping in principal stress
space, allows for a fairly straight forward way of developing a hardening Hoek-Brown model, which
eliminate the need for the Mohr-Coulomb approximation of hardening rock material.

Next step would be to implement these models into commercial finite element programs, in order to
be truly useful for the professional engineering community, which require ease of use and accessibility.
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