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CATEGORY B 

FD31 is a computer program which computes the settlements and rates of settle- 
ment in a multi-layered cohesive soil profile, 

! 

E 
i- 

B 
G 

The settlements and rates of settlement are computed by the use of finite 
difference methods applied by Terzaghi's one-dimensional consolidation 

Standard equipment: Honeywell 600, 6600-series 

Input is read into program in free field from a data file interactively 
from the terminal. 

Output is printed to the terminal and/or the outfile. 

This program is included in the CORPS system, Complete documentation is 
available from the dngineering Computer Programs Library (EcPL), WES. 





0
0

0
0

0
0

 
X

X
X

X
X

X
 

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

 
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
 

X
 

m
 

X
 

X
 

X
 

m
 

X
 

X
 

X
 

X
 

X
 

X
 

I
 

~
W

C
W

-
~

P
~

W
 

X
C

Z
Z

O
0

>
.
 

m
o

w
 

a
c

tx
 

x
x

4
-
1

 
c
m
 

m
rr

 
x 

X
 

<
m

 
x 

X
 

rn
 

x 
X

 
r

-
n

 
x 

x
 

0
0

 
X

 
X

 

Q
9

,
 
W
+
n
 

;
D

r
o

w
r

n
m

~
 

8-
73

 
z

m
;D

 
O

 
w

m
- 

o
 

X
IW

-R
C

W
 

G
) 

o
m

c
~

m
r

n
;F

I 
C

 
X

Q
*

 X
>

 
T

c
z

s
 

a
x

 
Z

M
U

)
;B

;O
W

 
m

c
m

m
rn

m
 

z
n

=
 

r
t

q
~

 
4

ia
r
n

o
w

m
w

 
C

-c
 

W
T

F
r

 
m

 
4

3
b

 
0
0
 

<
o

n
4

s
-+

;O
-n

 
z

z
r
 

6
 

mi
- 

rn
n

u
;F

I 
<

+
-
t
o
 
4

z
z

 
P
C
W
4
J
H
 

a
~

c
r
r
z
z
-
 r

w
 

rn
+

=
+

zn
 

++
= 

~
r

m
c

~
m

m
 

L
n
W
O
R
O
G
B
 

a
+
+
=
>
-
 

Z
<

r
-
-
iP

c
J
 

w
 

Q
4

H
O

4
 

c
-
i 

c
a

o
r

~
s

i
u

r
m

a
r

 
~

n
-

ir
n

o
 
a
 

o
m

~
z

r
n

~
 

m
~

o
x

x
4

u
m

m
o

n
-

i
 o
 

z
z

~
r

n
m

 w
z

 
c
 

x
 

3
2

2
w

r
n

~
0

~
~

4
0

~
n

n
 

rn
 

m
- 

r
m

 
;
n

-
i=

>
r
 

o
=
a
3
3
0
 

z4
 

X
 

D
 

0
 

m
c

o
 

.
X

P
~

R
 mi 

X
 

n
m

 
2-
 

-4 
z

r
n

 



ANALYSIS OF 

ONE D I M E N S I O N U  CONSOLIDATION PROBLEMS 

WITH EMPHiiSIS ON 

PROGRAM FD3f 

This report is intended to serve as a 
rationale for the use of finite difference 
methods of analysis of one dimensional 
consolidation problems and as a user's 
manual for one program, FD31. As the 
name implies, FD31 is one program in an 
evolutionary sequence of programs of 
increasing sophisticarion. h t  continues 
to evolve as deficiencies are found in 
existing versions, We are interested in 
being kept informed of any problems t h a t  
develop in use of chis program. 

Roy E. Olson 
1102 F a r  Vest B l v d .  
hus~in, Texas 78731 

Phone: (512)  345-8996 
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CHAPTER 1 

INTRODUCTION 

The term c o n s o l i d a t i o n  is  used  t o  d e s c r i b e  a  p r o c e s s  whereby f l u i d  

i s  f o r c e d  o u t  o f  t h e  v o i d  s p a c e s  i r ~  a s o i l  t o  a l l o w  t h e  s o i l  t o  d e c r e a s e  

i n  volume. The term i s  a l s o  u sed  i n  a  more g e n e r a l  way t o  i n c l u d e  

s w e l l i n g  a s  we l l  a s  compres s ion .  'I tic t c rm one -d imens io i i~ t l  - c o n s o l i d a t i o n  

r e f e r s  t o  a  c o n s o l i d a t i o n  p r o c e s s  i n  which b o t h  f l u i d  f l o w  and d e f o r m a t i o n  

o c c u r  a l o n g  a s i n g l e  a x i s .  I n  f i e l d  problems t h i * +  a u i s  is  v e r t i c a l .  

Because  s o i l s  a r e  n o t  i n f i n i t e l y  p e r m e a b l e ,  t i m e  i s  needed f o r  e s c a p e  o f  

p o r e  f l u i d ;  t h u s ,  c o n s o l i d a t i o n  is  a  t ime-dependent  p r o c e s s .  

One-d imens ional  c o n s o l i d a t i o n  t y p i c a l l y  o c c u r s  under  t h e  c e n t r a l  

r e g i o n s  o f  s t r u c t u r e s  t h a t  a r e  wide  compared w i t h  t h e  d e p t h  o f  c o m p r e s s i b l e  

s o i l  b e n e a t h  t h e  s t r u c t u r e .  T y p i c a l  s t r u c t u r e s  i n c l u d e  wide  f i l l s ,  

t a n k s ,  and  r a f t  f o u n d a t i o n s ,  One-d imens ional  c o n d i t i o n s  do n o t  o c c u r  

b e n e a t h  t y p i c a l  s p r e a d  f o o t i n g s  b u t  t h e  a s s u m p t i o n  of one -d imens iona l  

c o m p r e s s i b i l i t y  i s  t y p i c a l l y  made t o  s i m p l i f y  a n a l y s i s .  The same 

a s s u m p t i o n  i s  t y p i c a l l y  made f o r  highway e n b a n k n ~ e n t s  and numerous o t h e r  

s t r u c t u r e s .  Sometimes a  one -d imens iona l  a n a l y s i s  i s  per formed and t h e n  

a p p r o p r i a t e  a d j u s t m e n t s  a r e  made i n  t h e  r e s u l t s  t o  a c c o u n t  f o r  e f f e c t s  of 

d e f o r m a t i o n  o r  f l o w  i n  o t h e r  d i r e c t i o n s ;  t h e  a d j u s t m e n t  f a c t o r s  may come 

from improved t h e o r i e s  o r  from p r e v i o u s  e x p e r i e n c e .  

N e a r l y  a l l  p r a c t i c a l  a n a l y s e s  a r e  pe r fo rmed  u s i n g  what w e  w i l l  term 

t h e  " c l a s s i c a l  ~ . i e thod , "  ldl ie~i  t h i s  method i s  a p p l i e d ,  t h e  t o t a l  c o m p r e s s i o n  

i s  f i r s t  c;11 c u l d t e d  u s i n g  cl s u i  t , i b i e  o i l r - d i m e n s i o r ~ ~ ~ l  s t r e s s - s t r a i n  c u r v e  

f o r  t h e  so i l ,  ,i i tct  t 11en  tile t i~:ic r , i te  comi)rc.:;sion i 5  c , i l c u l a t e d  u s i n g  

l e r z a g h i ' s  t h e o r y .  T h i s  t i i eo ry ,  a n d  a number o f  s i m p l e  e x t e n s i o n s  o f  i t ,  

b r i l l  bt' reviewed i n  t t ~ r  nexl t w r )  s e i t i o r i s .  

T h x t  p a r t  of c o n s o l  id , i i  i o n  t 1 1 ; t t  i s  desc-r i t>ed bv ' r e r z n g i i i ' s  t h e o r y  

i s  commonly ternled prin1,ir-?i c c i r ~ x ~ - l  i c i , l t  i o n .  i:f f c c t s  n o t  dcsc.1-ibetf by 
. - - - - - - - - - - - - - - - - - 

Terz;lghi ' .; t h e o r y  a r t b  o i t t n  rct c.rrcci t o  ;is s c ~ c o n d a r v  ---A- --- c.1 i c c  t s .  The 

te rms  s e c o n t i , i r y  ( - ~ ~ ~ s o l  i d < i t  i o i l ,  ( > c  oiidrlrv c ~ r i l p r ~ s s i o n ,  sc'c u l a r  t ime  e f f e c t s ,  - . -3 -- --- - - - - - - - .* -- - - - -- - -- 



and creep, are often used to describe these effects as well. A few of the 

theories involving secoridary consolidation have been developed but, to 

our knowledge, none of these theories have been used for the analysis of 

practical projects nor have they even found their way into commonly used 

text books in geotechnical engineering. 

Based on the discussions of the theories of consolidation, and the 

review of laboratory and field data, it will become apparent that the most 

useful method of analysis at the present time is to apply a basic Terzaghi 

model of consolidation but to generalize most of his simplifying assumptions 

to match field conditions, and to use a numerical method of analysis to 

solve the resulting equationh. 11 s o p h i s t i c a t e d  finite-difference method 

of analysis will be presented and a user's manual will be included for the 

computer program FD31. 

The remaining chapters of chis report are organized as follows: 

Fundamentals of Terzaghi's Theory 

Extensions to Terzaghj's Theory 

Laboratory Observations 

Field Observations 

. Finite Difference Mtthod of Analysis 

Computer Program FD31 

Concluding Remarks 

. References 

T h e r  ive appendices to th 

rograrg FD31, 



CHAPTER 2 

FUNDAMENTALS OF TERZAGHI" TTHERRY 

Because  T e r z a g h i ' s  t h e o r y  i s  d i s c u s s e d  i n  e s s e r i t i a l l y  a l l  t e x t b o o k s  

i n  s o i l  m e c h a n i c s ,  i t  w i l l  n o t  be d i s c u s s e d  i n  d e t a i l  i n  t h i s  r e p o r t ,  The  

e q u a t i o n s ,  and  t h e  a s s u m p t i o n s  upon which  t h e y  a r e  b a s e d ,  w i l l  be  p r e s e n t e d  

a s  a b a s i s  f o r  t h e  d i s c u s s i o n  t o  f o l l o w .  

T e r z a g h i ' s  t h e o r y  of c o n s o l i d a t i o n  i s  b a s e d  on t h e  fo l lowPng 

a s s u m p t i o n s  (Te rzag t l i ,  1 9 2 3 ,  1925;  T c r z a g h i  and F r U l i c h ,  1936) : 

1. The s o i l  i s  a two-pllase s ~ 7 s t e m  composed o f  s o l i d  m i n e r a l  matter 

and  p o r e  w a t e r ,  The  w a t e r  may c o n t a i n  d i s s o l v e d  g a s  b u t  no f r e e  

g a s  b u b b l e s .  

2 .  The s o i l  i s  homogeneous, 

3 .  The s o i l  s o l i d s  a r e  i ncompres s ib l t .  compnr-ed w i t 1 1  t h e  w a t e r  i n  

t h e  v o i d s .  

4 .  The p o r e  w a t e r  i s  i n c o m p r e s s i b l e  compared w i t h  t h e  s o i l  s t r u c t u r e .  

5. D a r c y ' s  law is  v a l i d .  

6 ,  Changes  i n  volunie of  t h e  s o i l  a r e  s o  s m a l l  d u r i n g  c o n s o l i d a t i o n  

t h a t  c o n s t a n t  a v e r a g e  p r o p e r t i e s  and  d i m e n s i o n s  may b e  used  

i n  t h e  a n a l y s i s .  

7 .  The  d e f o r m a t i o n  is one  d i m e t ~ s i o n a l ,  

8.  The f l o w  of  p o r e  w a t e r  i s  one  d i m e n s i o n a l  and a l o n g  t h e  same a x i s  

as  t h e  d e f o r m a t i o n .  

9 .  The  s o i l  s t r u c t u r e  o f f e r s  no t i -me-dependent  r e s i s t a n c e  t o  volume 

change ,  

10.  7'11~ l o a d i n g  i ~ 1  ~ I ~ s L . I L > L ~ I I ~ c ~ ~ ~ : ~ :  

Based on tilesc nssu inp t  i o n s  T c r z n g l t i  d e r i v e d  t h e  f o l l o w i n g  g o v e r n i n g  

c l i f  f ( ~ r c ~ i 1 t i ~ l 1  c ~ c / t i ~ i t i c ~ r ~ :  

) 

a L1 
.-- - ;i - \ I  - ( .  _ - , , . . . . . . . . . - e ( 2 . 1 )  
3 e 

i! % 

w1it:ri. (I  i s  t h e  e>:ce.:;s 1)ort' w;it:fr j ) i - ( ' c ;sur( ly  t is t ime, z i s  d e p t h ,  and  c i s  
v 

tile c-oej-f i c i e ~ i t  o f  c'oiisol i t l , ~ t - i o n .  



The e x c e s s  p o r e  w a t e r  p r e s s u r e  i s  t h e  e x c e s s  above  t h e  s t a t i c  p o r e  

w a t e r  p r e s s u r e :  

where u  i s  t h e  t o t a l  p o r e  w a t e r  p r e s s u r e  and u i s  t h e  s t a t i c  v a l u e ,  i,e., 
S 

t h e  v a l u e  c o r r e s p o n d i n g  t o  f i n a l  e q u i l i b r i u m  w i t h o u t  any  f l o w ,  

The c o e f f i c i e n t  of c o n s o l  i t l n t  i o n ,  c i s  t lcf inct!  as:  
v 

where  k i s  t h e  c o e f f i c i e n t  o f  p e r m e a b i l i t y ,  e  i s  v o i d  r a t i o ,  a  i s  t h e  
v v  

c o e f f i c i e n t  of  c o m p r e s s i b i l i t y ,  a n d  y i s  t h e  u n i t  w e i g h t  of  w a t e r .  The 
W 

coefficient o f  c o m p r e s s i b i l i t y  i s  d e f i n e d  a s :  

- 
where a i s  t h e  e f f e c t i v e  s t r e s s .  

F o r  a coznpres s ib l e  l a y e r  of  th ic l t r iess  514, w i t h  F r e e l y  c l r a i r ~ i n g  u p p e r  

and lower  ho t lndn r i e s ,  and n c o n s t a n t  i n i t i ' l l  e x c e s s  p o r c  w a t e r  p r e s s u r e  
- 
u  t h e  s o l u t i o n  of  E q .  2 . 1  is: 

o 

-- 2 11 
0 = 1 2 . . . . . .  s ic  (>fz/H) exp  (-?I T )  ( 2 . 5 )  

l I  
m - 0  

where  M i s  d e f i n e d  as:  

. . . . . . . . . . . . . . . .  M = ' , jn(2nr+l)  ( 2 . 6 )  

arid T i s  t i m e  iacirijr - defii-it:d as: 

'? 
T = c t / i j 2 -  . . . . . . . . . . . . . . . . . .  (2 .7 )  

v 

I t  i s  c o n v e n i c n t  t o  d e f i n e  the aver , lge  .... degree  of  .... c ~ o n s o l i d a t i o n ,  U ,  a s :  



CHAPTER 3 

T e r z a g h i ' s  t h e o r y  c a n  e a s i l y  be e x t e n d e d  t o  i n c l u d e  c a s e s  i n v o l v i n g  

non-uniform i n i t i a l  e x c e s s  p o r e  w a t e r  p r e s s u r e s ,  t i m e  dependent  l o a d i n g ,  

and  p a r t i a l l y  d r a i n i n g  b o u n d a r i e s .  With more e f f o r t  t h e  t h e o r y  c a n  b e  

e x t e n d e d  Lo i n c l u d e  l a y e r e d  s y s t e m s ,  l a r g e  s t r a i n s ,  non-Darcy w a t e r  f l o w ,  

and  o t h e r  e f f e c t s .  The r e l a t i v e l y  s i m p l e  e x t e n s i o n s  o f  T e r z a g h i q s  t h e o r y  

have  found l i m i t e d  u s e  by p r s c t i c i r i g  e n g i n e e r s  bu t  t h e  more c o m p l i c a t e d  

s o l u t i o n s  seem t o  be of u s e  m a i n l y  t o  researchers. 

I n  t h i s  s e c t i o n  a s e r i e s  o f  c lo sed - fo rm e x t e n s i o n s  of T e r z a g h i q s  

t h e o r y  w i l l  be  p r e s e n t e d  b o t h  because  o f  t h e i r  d i r e c t  u s e  i n  e n g i n e e r i n g  

p r a c t i c e  and  b e c a u s e  t h e y  w i l l  s u b s e q u e n t l y  be used  t o  check  t h e  a c c u r a c y  

o f  n u m e r i c a l  s o l u t i o n s .  

Non-Uniform I n i t i a l  E x c e s s  P o r e  Water  P r e s s u r e s  - 

When t h e  i n i t i a l  e x c e s s  p o r e  w a t e r  p r e s s u r e  i s  a  f u n c t i o n  o f  d e p t h ,  
- 

i . e . ,  u  = f ( z ) ,  t h e  s o l u t i o n  Tor e x c e s s  p o r e  w a t e r  p r e s s u r e  i s  o b t a i n e d  
o  

u s i n g  : 

A number o f  s o l u t i o n s  will be  found i n  T e r z a g h i  and F r 8 h l i c h  (1936) ,  

The o n l y  s o l u t i o n s  of  a p p a r e n t  p r a c t i c a l  s i g n i f i c a n c e  a r e  t h o s e  f o r  a 

t r i a n g u l a r  o r  s i n u s o i d a l  v a r i a t i o n  i n  i n i t i a l  e x c e s s  p o r e  p r e s s u r e .  
?- 

i'or. b r e v i t y ,  t l r t .  t c > r i i ~  c,irc,ss .. --- s r i i f ' , l t  e wi t 1 bc usrlcl t o  i n d i c a t e  t h e  

i n i t i a l  d i s t r i b u t i o n  o f  e x c e s s  p o r e  w a t e r  p r e s s u r e .  

T r i ; i n i : i ~ l ; ~ r  s t r e s s  \rtri ,~c c .  A t r.1 nn;:t! l , l r  5 t r e s s  s u r f , l c e  c'ln b e  - - - - - -- - - - - - - - - - - - - - - - . 
g e n e r < i c e d  l r i  t I lc 1 i i b l i l  I)y s i l c ~ d c r i l  y ( I c ~ ~ ~ l r c t - i ~  ;; , I  l o w c  r sc in i l  l ' t y e r ,  Ly t h e  

d e s t r u c t i o n  of  art n r t e s i , i n  t o n t l i ~ i c o n ,  or- by t h e  sutftlen r i s i n g  o f  t h e  w a t e r  

s u r f a c e  i n  an uppe r  s < t n t l  w], i l c .  n ~ r i  i r i tn in i r lg  t h e  samc w a t e r  1 eve1 i n  a lower 

s t  I ; .  1 )  I t  is c o n v i > n i c % r i t  t o  d e f i n e  t h r ~  z , l x i s  a, b e i n g  nieasured 



Substitution of Eq. 2.5 into Eq. 2.8 and integration yields: 

Oi) 

2 2 
U = 1 - X (21M ) exp (-M T )  . . . . . . . . . . . . .  ( 2 . 9 )  

m= 0 

For the case of a constant coefficient of compressibility it may be 

shown that the settlement (S) due to compression of the layer under 

consideration, is related to the ultimate settlement (S ) by: 
U 

In the classical method of analysis to obtain a time-setelement curve, 

rhe ultimate settlement is calculated first, using techniques presented 

in standard soii mechanics text books. Then the relationship between T 

and U is obtained ( E q .  2.9) from published solutions. Finally, time 

factors are converted to real time using E q ,  2 - 7  and degrees of consoli- 

ddtion to settlement using E q .  2-10. 



Case a: Tr iangular  S t r e s s  Sur face  Caused by I n s t a n t l y  Dropping 
t he  Water T a b l e  i n  a Lower Drainage Layer t o  &T While f Leaving the  Water Table  i n  t h e  Upper Drainage Lager a t  
WT 

o 

Case b :  T r i a n g u l a r  Stress Sur face  Caused by Instaneous Rise i n  
t h e  Water T a b l e  i n  t h e  Upper Drainage Layer Prom WT t o  
WTf While MaintaTning t h e  Uates Table f o r  t h e  ~ o w e r '  
Drainage Layer a t  WT 

0 

Fig,  3 ,1  Examples of Tr iangular  St ress  Surfaces 



inom t h e  apex of t h e  t r i a n g u l a r  s t r e s s  s u r f a c e  p o s i t i v e l y  i n t o  t h e  l a y e r .  

The t r i a n g u l a r  s t r e s s  s u r f a c e  e x t e n d s  e n t i r e l y  through t h e  compress ib le  

l a y e r  and d r a i n a g e  i s  frorn bolrh t ~ o r i z o n t a l  boundar ies .  The s o l u t i o n  f o r  

e x c e s s  pore  wa te r  p r e s s u r e  is:  

The T-U r e l a t i o n s h i p  i s  a g a i n  g i v e n  by E q .  2.5. 

Trapezo ida l  s t r e s s  s u r f a c e .  A t r a p e z o i d a l  s t r e s s  s u r f a c e  is t h e  

sum of a  r e c t a n g u l a r  s t r e s s  s u r f a c e  and t h e  t r i a n g u l a r  one j u s t  d e r i v e d ,  

Thus,  no new s e t  of e q u a t i o n s  need be  d e r i v e d .  

S i n u s o i d a l  s t r e s s  s u r f a c e .  The s i n u s o i d a l  s t r e s s  s u r f a c e  c o n s i s t s  

of a h a l f  s i n e  wave, w i t h  a peak i n i t i a l  e x c e s s  pore  w a t e r  p r e s s u r e  of  

u  a t  mid-height and z e r o  pore  p r e s s u r e s  a t  both  boundar ies  ( P i g ,  3 , 2 ) .  
s 

The  s o l u t i o n s  f o r  e x c e s s  pore  w a t e r  p r e s s u r e  and t h e  T-U r e l a t i o n s h i p  a r e :  

and 

Composite s t r e s s  s u r f a c e .  A s imple  s o l u t i o n  can be o b t a i n e d  f o r  a 

s t r e s s  s u r f a c e  t h a t  i s  t h e  surn o f  two s t r e s s  s u r f a c e s ,  e . g . ,  a  r e c t a n g u l a r  

s t r e s s  s u r f a c e  from j u s t  a p p l i e d  f i l l  and a  s i n u s o i d a l  s t r e s s  s u r f a c e  

from f i l l  a p p l i e d  a t  some t ime p r e v i o u s l y .  For  a composi te  s t r e s s  

s u r f a c e  composed of N s e p a r a t e  s t r e s s  s u r f a c e s :  

where j deno tes  any one stress s u r f a c e ,  A i s  t h e  a r e a  of t h e  j - t h  s t r e s s  
j 

s u r f a c e ,  A i s  t h e  a r e a  of t h e  composi te  s t r e s s  s d r f a c e ,  and U i s  t h e  
j 

average  degree  of c o n s o l i d a t i o n  f o r  t h e  j - t h  s t r e s s  s u r f a c e .  The i s o c h r o n e s  

f o r  t h e  composire s t r e s s  s u r f a c e  can ,  of c o u r s e ,  be o b t a i n e d  s imply by 

adding t h e  e x c e s s  pore  p r e s su re s  of each of t h e  component s t r e s s  s u r f a c e s  

a t  any g iven  t ime. 



f i l l  

clay 

- 
u  i f  a l l  f i l l  
hsd been appl ied  
instantly at 
time zero 

- 
u = e x c e s s  pore 
0 p r e s s u r e  r e m i n i n g  

a t  a n  arbftrary 
t ime when the 
analysis 5s to 

--- begin 
. * ,  , . .  . * .  . , . I  . . . . $  

Fig .  3,2 Example of a S i n u s o i d a b  Stress S u r f a c e  Generated by 
Gradual A p p l i c a t i o n  of F i l l  a t  an I r r e g u l a r  U t e  
During an Unknom Per iod  of Time 



Time-Dependent Loading 

Loading is always time dependent but in some cases the loading time 

may be so short compared with consolidation times chat instantaneous 

loading may be assumed. In the more general case we assume that the applied 

load, q, is any arbitrary function of time, t, such that a stress dq is 

applied during a time period dt (Fig. 3.3a). For the case of double 
- 

drainage and a rectangular stress surface, the excess pore pressure (du) 

remaining in the soil at any time t due to an increment of pressure (dq) 

applied at time t is found from Eq. 2.5 to be: 
i 

- 
- 2 2 
du = 1 (2dq/M)sin(~z/H)exp(-M c (t-t .)/H j . . . . . . . (3.6) 

v I 
m= 0 

A solution is obtained by expressing q as a function of t and integrating 
i 

Eq, 3.6. The most useful solution is for a single ramp loading (Fig. 3,3b) 

in which the applied stress q increases linearly from zero at t=O to 

c at time t where t is conveniently termed the construction time. For 
c ' C 

times less than t the solution is: 
C 

and : 
a, 

U = (TITc) l-(2/~)~(1/~i~) { l - e x p ( - ~ 1 ~ ~ )  I . . . . . . . . . . (3.5) 

where T is the construction time factor defined as: 
C 

For elm~s in excess nf  t the soli~rions are: 
C' 

Relationsl~ips between T ant1 I' f 0 1 -  v<lrio<:c, cons tructJion time factors have 

been published (Olson, 1977). 



(a) A r b i t r a r y  Loading 

t: 
C 

t 

(b) ,S ing l e  Ranp Loading 

/ p - f i r ' s ~  ramp loading 

- -- -- 

-instantaneous loading 
I ---- 

t 

( c )  Composite Loading 

F ig .  3.3 Time Dependent  Loading  Diagrams 



S o l u t i o n s  f o r  most v a r i a t i o n s  of load ing  o r  unloading can e a s i l y  be  

o b t a i n e d  by approximat ing t h e  a c t u a l  l o a d i n g  wi th  a  s e r i e s  o f  i n s t a n t a n e o u s  

l o a d i n g s  o r  un load ings ,  and ramp l o a d i n g s  o r  unloadings  (F ig .  3 . 3 ~ ) .  The 

equa.tion f o r  a  composi te  s t r e s s  s u r f a c e  ( E q ,  3.5) may be  proved t o  be v a l i d  

f o r  t ime  dependene: l o a d i n g  a s  w e l l  but  now A. i s  t h e  a r e a  under  t h e  s t r e s s  
J 

s u r f a c e  of t h e  j - t h  l o a d i n g  ( c a l c u l a t e d  a s  i f  t h i s  l o a d i n g  was a p p l i e d  

i n s t a n t a n e o u s l y ) .  The p rocedure  was demonstra ted  by Olson (1977).  

Impervious  o r  P a r t i a l l y  D r a i n i n m u n d a r i e s  -- 

The p r e v i o u s  s o l u t i o n s  were developed f o r  t h e  c a s e  t h a t  bo th  h o r i z o n t a l  

boundar ies  of t h e  compress ib le  Zay2r were f r e e l y  d r a i n i n g .  S o l u t i o n s  may 

be o b t a i n e d  f o r  a l l  p r e v i o u s  c a s e s  wi th  one o r  both  boundar ies  e i t h e r  

impervious  o r  j u s t  p a r t i a l l y  d r a i n i n g .  

K e l a t i v e l y  impervious  boundar ies  a r e  o f t e n  encountered i n  e n g i n e e r i n g  

p r a c t i c e  bu t  always w i t h  a  r e c t a n g u l a r  s t r e s s  s u r f a c e .  S i n c e  t h e  mid-plane 

i n  t h e  c a s e  of a  doubly d r a i n e d  l a y e r  wi th  r e c t a n g u l a r  s t r e s s  s u r f a c e ,  i s  

a  p l a n e  of symmetry, no f low o c c u r s  a c r o s s  t h i s  s u r f a c e  and t h e  upper and 

l o v e r  h a l v e s  of t h e  double  d r a i n e d  l a y e r  may be s e p a r a t e l y  c o n s i d e r e d  a s  

l a y e r s  w i t h  one f r e e l y  d r a i n i n g  boundary and one t h a t  i s  impervious .  Thus ,  

s o l u t i o n s  p r e s e n t e d  p r e v i o u s l y  i n  t h i s  s e c t i o n  may be a p p l i e d  d i r e c ~ l y  

t o  o b t a i n  a  s o l u t i o n .  S o l u t i o n s  a r e  e a s i l y  d e r i v e d  f o r  c a s e s  of non- 

r e c t a n g u l a r  s t r e s s  s u r f a c e s  b u t  they  seem t o  have no p r a c t i c a l  a p p l i c a t i o n  

and w i l l  no t  be reviewed. 

I n  t h e  c a s e  of  p a r t i a l l y  d r a i n i n g  boundar ies ,  i t  i s  conven ien t  t o  

c o n s i d e r  t h e  s o i l  l a y e r s  n e x t  t o  t h e  compress ib le  l a y e r  a s  be ing  incompres- 

s i b l e  b u t  havrng low enough c o e f f i c i e n t s  of p e r m s a b l l i t y  t o  h l n d e r  t h e  

f r e e  o u t f l o w  of w a t e r  from the compress ib le  l a y e r .  S o l u t i o n s  a r e  o b t a i n e d  

by i n t e g r a t i n g  E q .  2 . 1  us ing  t h e  bound:3ry c o n d i t i o n s :  

. . . . . . . . . . . . . . .  aL(o,  t ) / a z  = ( R , / L ) ~ ( o ,  t )  (3,121 
L 

. . . . . . . . . . . . . . .  ~ T ; ( L ,  t ) / a ~  = (-R, /L);(I., t )  (3.13) 

and t h e  i n i t i a l  condi t io r i s :  
- 
u ( z , O ) = f ( z )  . . . . . . . . . . . . . . . . . . . . .  (3 ,14)  



where  t h e  n o t a t i o n  ( z , t )  i n d i c a t e s  t h e  a p p r o p r i a t e  v a l u e s  of  z and t 

f o r  t h e  p o r e  p r e s s u r e .  The c o n s t a n t s  R and  R are d e f i n e d  a s :  
1 2 

where  W and H a r e  t h e  t o t a l  t h i c k n e s s e s  o f  t h e  l ower  and upper  i n c o m p r e s s i b l e  
1 2 

l a y e r s  r e ' s p e c t i v e l y .  L i s  t h e  t h i c k n e s s  o f  t h e  c o m p r e s s i b l e  l a y e r ,  kl and 

k are t h e  c o e f f i c i e n t s  o f  p e r n l e a b i l i t y  o f  t h e  lower and upper  incompres-  
2 

s i b l e  l a y e r s ,  r e s p e c t i v e l y ,  and k i s  t h e  c o e f f i c i e n t  o f  p e r m e a b i l i t y  o f  

t h e  c o m p r e s s i b l e  l a y e r .  The u s e  o f  t h e  p a r a m e t e r s  R and R was f i r s t  
1 2 

s u g g e s t e d  by Gray ( 1 4 3 6 ) -  Use o f  a g e n e r a l i z e d  F o u r i e r  s e r i e s  l e a d s  t o  

t h e  f o l l o w i n g  s o l u t i o n :  

i n  which  r r e p r e s e n t s  s u c c e s s i v e  p o s i t i v e  r o o t s ,  o t h e r  t h a n  z e r o ,  o f :  
n  

and  : 

The s i m p l e s t ,  and c e r t a i n l y  most  u s e f u l ,  s o l u t i o n  i s  ;or  t h e  c a s e  of  a 
- 

c o n s t a n t  i n i t i a l  e x c e s s  p o r e  w a t e r  p r e s s u r e  u  : 
0 

i n  which:  

I t  i s  e a s i l y  d e m o n s t r a t e d  t h a t  s o l u t i o n s  t o  t h i s  problem p u b l i s h e d  by 

Gray (1936) and  Bishop and  G i b s o n  (1964)  a re  s p e c i a l  c a s e s  of  Eq .  3 . 2 2 ,  

The T-U r e l a t i o n s h i p  is:  



E q u a t i o n s  f o r  o t h e r  s t r e s s  s u r f a c e s  and f o r  t ime-dependent  l o a d i n g  

are e a s i l y  o b t a i n e d  b u t  w i l l  ? o t  be  p r e s e n t e d .  

Two Con t iguous  Compres s ib l e  L a y e r s  - 

The s o l u t i o n  f o r  two c o n t i g u o u s  c o m p r e s s i b l e  l a y e r s  w a s  p u b l i s h e d  by 

Gray  (1945) .  F o r  t h e  c a s e  o f  i n s t a n t a n e o u s  l o a d i n g ,  d o u b l e  d r a i n a g e ,  

u n i f o r m  i n i t i a l  e x c e s s  p o r e  w a t e r  p r e s s u r e ,  s m a l l  s t r a i n s ,  c o n s t a n t  

p r o p e r t i e s ,  and  l i n e a r l y  e l a s t i c  a n d  s a t u r a t e d  s o i l ,  t h e  T-U e q u a t i o n s  f o r  

l a y e r s  1 and 2 ( i n t e r c h a n g e a b l e )  a r e :  

m 

s i n  5A ( o s i n  <A + s i n  An) 
n  n  

U 1 = l - 2  -- 
2  

2 2 n  n  
( I - c o s  A ) exp  (-A T) . ( 3 . 2 4 )  

(A ) ( a s i n 2  < A  + E s i n  At,) 
n  11 

n = 1 , 2 9 . .  

m 

s i n  A ( a s i n  f A  + sin A ) 
- 1 - 2  1 -- n - - 11 n -- 2 

2 E 9 7 2 
( I - c o s  <A )exp(-A T )  (3,251 

n  n  
(A') ( o s i n -  <An + jsi n 

n 
n=1,2>. 

"n) 

where  A r e p r e s e n t s  s u c c e s s i v e  r o o t s  o f :  
n 

a c o s A  s i n < A  C s i n A  c o s  < A  = O  . . . . . . . . . .  (3 .26 )  
n n n I I 

and : 

where  El, and M a r e  t h e  t o t ' i l  t l i i c k n e s s e s  of t h e  two l < * y c r s .  
1 2 

For  t h e  case  of s i n g l e  d r a i n a g e ,  t h e  e q u a t i o n s  were  d e r i v e d  w i t h  

layel-  1 d e f i n e d  t o  be  cite In?.er a t  t h e  i n lpe rv ious  hounclnry .  The I - U  

r e l a t i o n s  a r c :  
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' '  s i n  An c o s  A s i n  (A 
n 

U 1 = l - 2  n 2 
2 2 exp(-AnT) . . . ( 3 . 3 0 )  

(A,)(  s i n  C A ~  + ~ c o s ~  A ) 
n 

n=1 ,2$ .  . 

where A r e p r e s e n t s  s u c c e s s i v e  r o o t s :  
n 

o s i n  A s i n  <A - cos  A cos  <An . . . . . . . . . . . . ( 3 . 3 2 )  
n n  n  

and o t h e r  terms a s  d e f i n e d  above.  

A s o l u t i o n  f o r  a sys tem of many con t iguous  l a y e r s  of  compress ib le  s o i l  

has  been pub l i shed  by Schiffrnan and S t e i n  (1.970), 



CHAPTER 4 

LABORATORY OBSERVATIONS 

Stress Strain Relationship 

In Terzaghi's theory the assumption of linear elasticity is made in 

converting average degree of consolidation, U, to settlement ( E q .  2-10). 

If the soil is linearly elastic then the coefficient of compressibility, 
- 

av, must be independent of effective stress, a. Relationships between 
- 

a and a are shown in Fig. 4.1 for a variety of soils. The assumption of v 
constant a is reasonable if the change in effective stress during consolidation 

v 
is small. Significant errors develop if the range in effective stress is 

large and includes the maximum previous consolidation pressure. 

The coefficient of consolidation, c is a derived soil property 
v 

( E q .  2.3) and is affected by variation in k, e, and n . Because all three 
v 

vary with respect to effective sfress, c is also likely to vary with respect 
v 

to effective stress. For sensitive marine or lacustrine clays, k and e are 

relatively constant for stresses (a) less than the maximum previous consoli- 
- 

dation pressure (a ) ,  and then decrease smoothly for iligher effective 
rilax 

stresses, The compressibility is typically very low during reloading 
- - - 
(a < a 1, suddenly increases at a near a and then decreases smoothly 

max m3x ' 
again. As a result, c is typically high for reloading, decreases sharply 

v - 
a e  stresses near o and c h e n  increases slowly for higher stresses max ' 
(Fig. 4.2). The assumption of aconstant coefficient of consolidation may 

thus be acceptable for only small ranges in effective stress provided that 

the range is not in the vicinity of a - 
max 

Secondary Effects -- 

Secondary effects after primary consolidation. '-4 typical curve of - ---- 

settlement versus Logarittlm of time, for (I normally consolidated clay, is 

shown in Fig. 4.3. T h e  dashed ctlrvc was calculated using Terzaghi's 



Note: The arrow indleates the 
maxBrnu312 prevalous 
consolidation 
pressure. 

rt 
\ 

e.4 
4-l 
'4.4 

I X L Q - ~  
cd 

3 

., 
h 
U 
w4 
F-4 
d 
23 
-pl 
W 
u9 
8 )  
br 
%G 

8 
U 

w " 1 x 1 0 ~ ~  
4-4 
d 
QJ O Norwegian quick clay 
a d  

u San Francisco Bay Mud 
S1-I 

w 
(61 

El Glacial Till (Indiana) 
61 
0 

0 Eeda Clay (Toronto) 
U 

1 x 1 0 - ~  

100 
- 

1000 10,000 100,000 
~inai' Consolidation Pressure, psf 

Fig .  4.1  Coefficients of Comprtssibility for Various Cohesive Soils, 
The coefficients have been plotted versus the final consolidation 
pressure for the load increment. The load-increment ratio was 
one. The highest coefficients always occur at the first pressure 
to lie on the virgin consolidation curve. 



Effective Stress, p s f  

F ig ,  4,2  I n f l uence  of Effective Stress on the  Coeff ic ien t  of 
Gsnsolidation of Clay 





theory (Taylor, 1948, pp. 241-242). For this curve, 40% of the total 

settlement occurred after the complttion of primary consolidation. Experience 

indicates that secondary settlements range from less than 10% to 100% of 

total settlement. 

Most investigators find it convenient to assume that the curve of 

secondary settlement versus log of time is linear and define its slope as: 

C - de/d log t . . . . . . . . . . . . , . . . (4.1) 
a 

where e is void ratio and t is time. Mssri (1973) summarizes the various 

definitions that have been used for secondary slopes, 

Linear secondary slopes have been observed in laboratory tests for up 

to seven years (Cox, 1936) b u t  secondary slopes often increase with time 

when observations last oniy few days (Thompson and Palmer, 1951: Lake, 

1361; many others) but seeni to diminish with time for most long tern 

observations (HaefeLi and Schaad, 1948; Lo, 1961), 

Mesri (1973) summarized the effects of numerous variables on Ga, 

and provided extensive references to Che litsrature. In general, C 
a 

increases as the water content increases and is thus high for organic soils, 

For undisturbed clays, C varies greatly with effective stress and 
0 - 

peaks at a stress where the e - log 0 curve assumes its greatest slope 

(Fig. 4.4). 

The above observations indicate that a significant amount of settlement 

may occur after primary compression has been completed and that this 

additional settlement does not vary in any simple way with time. 

In engineering practice, the primary S-t curve is typically analyzed 

using Terzaghi's theory and then the effects of post-primary secondary 

settlement is included simply by exfanding the theoretical S-log t curve 

at a slope C where C is the average value from'laboratory tests at the a c 
appropriate effective stress. 

Secondary effects dtiri::g qrimnry consolidation. The most obvious way -- --t _------------.- 

of estimaling whether or not Terznghi's theory corre:tly models the consolida- 

tior! precess I:; to compare ti;c shapes of laboratory S-t curves with 

reconstrurted tlleoreticnl c ~ i r v e s ,  as in Fig. 4.3. However, this comparison is 

relative1 y inscnsi tive i,c.c<~i~:-c\ tllr, theoretical curve is constrained to 





have  t h e  same S and S a s  t h e  l a b o r a t o r y  c u r v e  and t o  i n t e r s e c t  t h e  
0 100 

l a b o r a t o r y  c u r v e  a t  t h e  f i t t i n g  p o i n t ,  t y p i c a l l y  a t  U = 50%. 

A more s e n s i t i v e  method i s  t o  c a l c u l a t e  t h e  c o e f f i c i e n t  of  p e r m e a b i l i t y  

u s i n g  T e r z a g h i ' s  t h e o r y  ( E q .  2.3)  and  t o  compare i t  w i t h  measured v a l u e s  by 

p l o t t i n g  b o t h  a g a i n s t  v o i d  r a t i o ,  T e r z a g h i  (1923b) and Casag rande  and 

Fadum (1944) found e x c e l l e n t  c o r r e l a t i o n s  be tween measured  and computed 

p e r m e a b i l i t i e s .  T a y l o r  (1942) found t h a t  t h e  measured v a l u e s  were  somewhat 

h i g h e r  t h a n  t h e o r e t i c a l  v a l u e s  f o r  Bos ton  C l a y ,  0 ' ~ e i l l  (1954) found t h e  

measured  v a l u e s  were  up t o  t e n  t i m e s  t h e  t h e o r e t i c a l  v a l u e s  f o r  u n d i s t u r b e d  

Eos ton  c l a y ,  w i t h  t h e  l a r g e s t  d i s c r e p a n c i e s  d u r i n g  r e l o a d i n g .  T y p i c a l  

d a t a  from o u r  o b s e r v a t i o n s  a r e  shown i n  F i g .  4 . 5 .  S u b s t a n t i a l  d i s c r e p a n c i e s  

e x i s t  be tween measured  and  computed p e r m e a b i l i t i e s  d u r i n g  r e l o a d i n g  

b u t  d u r i n g  v i r g i n  c o n s o l i d a t i o n  t h e  two v a l u e s  d i f f e r  by o n l y  a b o u t  t e n  t o  f o r t y  

p e r c e n t ,  w i t h  t h e  measured  v a l u e s  h i g h e r ,  

The e x p l a n a t i o n  o f  t h e  above o b s e r v a t i o n s  i s  a s  f o l l o w s :  The d e l a y  

i n  c o n s o l i d a t i o n  i s  d e r i v e d  from two s o u r c e s ,  The f i r s t  i s  t h e  d e l a y  

r e s u l t i n g  f rom f i n i t e  p e r m e a b i l i t y  of  t h e  s o i l ,  t h e  e f f e c t  of  which i s  

i n c l u d e d  i n  T e r z a g h i ' s  model .  The s e c o n d  i s  a  d e l a y  a s s o c i a t e d  w i t h  t h e  

v i s c o u s  r e s i s t a n c e  o f  t h e  s o i l  s t r u c t u r e  i t s e l f  t o  volume change - t h e  

s o c a l l e d  s e c o n d a r y  e f f e c t s .  Seconda ry  e f f e c t s  r e t a r d  c o n s o l i d a t i o n  d u r i n g  

t h e  p r i m a r y  s t a g e ,  Because  t h e  o n l y  s o u r c e  of  d e l a y  used  i n  T e r z a g h i ' s  

t h e o r y  comes f rom a  low p e r m e a b i l i t y ,  t h e  e x t r a  d e l a y  caused  by v i s c o u s  

r e s i s t a n c e  o f  t h e  s o i l  s t r u c t u r e  a p p e a r s  i n  h i s  t h e o r y  a s  an  e x c e s s i v e l y  

low p e r m e a b i l i t y .  

The l i t e r a t u r e  c o n t a i r t s  numerous p a p e r s  i n  whic-h models  of  combined 

pr i rnary  and s e c o n d a r y  e f f e c t s  aa=r inc l c ided .  T h e  i i r 1 1 ~ 7  s u p p o l  i f o r  i h e  inockeis 

comes from compar i sons  o f  t h e o r e t i c a l  c u r v e s  and t h e  l a b o r a t o r y  c u r v e s  

t o  which  t h e  t h e o r y  was f i t t e d .  'Uo o u r  knowledge, t h e r e  h a s  neve r  been  

p u b l i s h e d  a  cornparisor,  be tweep a t h e o r e t i c a l  t i m e - s e t t l e m e n t  c u r v e ,  

c d i c u l a t e d  u s i n g  n combined i>t-im,:ry/scc.o~ldary t h e o r y ,  'ind a  f i e i d  measured  

t ime- se  t t l e m c n t  curv t l ,  where t l lc  p~1r;ime t e r s  were  o b t a i n e d  f ram l a b o r a t o r y  

t e s t s ,  F u r t h e r ,  t h e  t h e o r i e s  coi l ta ir l  v a r i a b l e s  w h i c h  hdve i ~ o t  been  s u b j e c t  

t o  i n d e p e n d e n t  measurement ,  '1s is  t l ic  c o c f  f i c i c n t  of pc ) rmeab i i i t y  i n  

T e r z n g h i ' s  t h e o r y ;  t h u s ,  t h e y  ' ~ r c  n o t  cvcn  s u b j e c t  t o  i a d e p e n d e n t  l a b o r a t o r y  

measurement .  





To our  knowledge no p r i ~ n ; ~ r y / s e c o n t l ~ i r y  t h e o r y  has  been a p p l i e d  t o  a  

f i e l d  p r o j e c t  d u r i n g  d e s i g n .  Because of t h e  d i f f i c u l t y  i n  making such  

a n a l y s e s  they  a r e  n o t  l i k e l y  t o  be used u n l e s s  i t  can be demonstra ted  

t h a t  a n  extended v e r s i o n  of T e r z a g h i ' s  t h e o r y  cannot p r e d i c t  f i e l d  

behav io r  w i t h  a c c e p t a b l e  accuracy.  



CIIIZPTER 5 

FIELD OBSERVATIONS 

Time Dependent Loading 

No real load of practical inLerest is ever applied instantly in the 

field. IIowever, in some cases,  the load application may be sufficiently 

rapid, or the soil sufficiently impervious, that the assumption of 

instantaneous loading is an acceptable approximation. An example might 

be the rapid filling of an nil storace t a n k  wit11 water to preload the 

subsoil. 

A review of the literature reveals that rapid loading is more the 

exception than the rule, regardless of the type of structure involved. 

For instance, highway embankments are rarely constructed rapidly, as 

illustrated by over a half-dozen full-scale cases described in the 

literature that involve construction times which vary from LO0 ta 500 

days and degrees of consolidation at the end of construction of from 

50% to 90X (Samson and Garneau, 1973; Weber, 1968; Root, 2958; Kleinan, 

1964; Ilenkel, 1965; Qrtiz, 1966; Aldrich, 19651, Typical examples of 

time-dependent highway embankment construction are given in Pig, 5,l. 

Construction of wide fills for site developmemt in areas underlain 

by compressible soil is likewise rarely rapid. In two cases reported 

in the liaterature (Jonas, 1964; Kotzias and StamatopouEos, 1969), construction 

times varied between 50 and 200 days while the degree c.f conso1idation at 

the end of construction varied between 10% and 50%. Examples can also be 

cited of time-dependent loading of test fills (Herbert and iZowe, 1973; 

Murray, 1971) where construction times of 50 to 90 days resulted in up 

to 405 consolidation at the e n d  of i-c>nst~-uction. E,~rtl~ darns a r e  usually 

built slowly as ill~~strated !,v !.ii!!arcI D?!n w5erc the construction time 

exceclcied thrcle y e a r s  .~nd this scttlcnent during construction was over 

10 feet (Walker, L966). 

A typical load-time c u r v e  for A n  o i l  storage tank prelonded with 

water is sl-iown in F i g .  5.2 (I),~rr~il~, 1 9 6 5 )  . In a similar case, over 200 days 



Fig .  5.1 

T i n e ,  days 

Time, days  

Examples of  Time-Dependent Highway Embankment Loading: 
(A> Atascadero Dypass,  C a l i f o r n i a  (Weber, 1968) ;  
(3) P e t a l m a ,  C a l i f o r n i a  (Root, 1958) 



I 2 3 4 
Time, months 

F i g .  5.2 Example of Time-Dependent Laading Involving Oil Storage 
Tank Pueloaded  with Water (Darsagh, 2964) 



were required to preload a storage tank fully and achieve most of the 

predicted settlement (Varghese and Ramanthan, 1971)- In an example of 

relatively rapid loading of an oil tank (Gibson and Marsland, 19601, 

only three weeks were required to fill the tank; minimal consolidation 

occurred during this period. In a case history involving a grain silo 

(Nonveiller and Kleiner, 1 9 6 9 ) ,  filling the silo for the first time 

required 200 days, at vhich time 60% consolidation had been achieved. 

Construction of buildings '2nd bridges is rarely rapid. The state 

capitol building in California is tllought to have settled about 12 inches 

during cvnsLruction in the 1800's and to have required Inore than 10 years 

to build (Calif. Division o f  fi ighw iys) . Of course, modern structures 

do not require such long construction times, although a few months is 

usually a minimum construction period even for small buildings while 

one to two years may be needed to load large buildings fully. 

Bridge piers usually require several years to construct and load 

fully. For example, piers for the Waterloo Bridge were constructed on 

a deep deposit of London clay (Cooling, 1948); the time required to achieve 

full loading was four years and the degree of consolidation at the end 

of construction was approximately 60%. 

Settlement-Dependent Loading 

Except for the case of a completely immersed (underwater) fill, 

settlement of earthen structures Ls accompanied by a time-dependent 

reduction in effective load. Settlement-dependent loading is only of 

practical concern ff the submergence correction is a significant percentage 

of  the applied load. Soi,e ti~cilli()l~.t, of Cases repoiied i t 1  the iiK.er;tlure 

where settlement-dependent Loading did appear to be significant are given 

in Table 5.2. In one extreme rase reported by Weber (1969, p. 681, a 

seven-Loot-liigh ernban?mrnt p l C ~ t c d  o n  a peat dcposit actually settled 

14 f e e t .  1 r - i  t h i i  case, ii tile ivci ter  L ~ ~ I c  W A S  ioc'ited at a depth of seven 

i c c t  l~elow original t:rorinc! <illti i-c~nl,iirtcd : i t  t11c. samcb c~lcvntion during 

set tic-ment , the subnlergcncc. c i1rri.c i l o n  x.;~)tll ci I)c rou[:l~ly equal to the 

~pplied load. Since Wehcr d i t i  n o t  t lcnrlv st<lte where the water table was 





l o c a t e d  i n  t h i s  p a r t i c u l a r  c a s e ,  i t  i s  n o t  c e r t a i n  t h e  submergence c o r r e c t i o n  

was as l a r g e  a s  100% of  t h e  o r i g i n a l  a p p l i e d  l o a d ,  a l t h o u g h  i t  seems 

a l m o s t  c e r t a i n  i t  w a s  a t  l e a s t  50%. As one  c a n  s e e  from T a b l e  5 . 1 ,  

a t  l e a s t  a ha l f -dozen  l e s s  ex t r eme  examples  c a n  be  g i v e n  o f  c a s e s  where  

t h e  submergence c o r r e c t i o n  was 25% o r  more of  t h e  o r i g i n a l  a p p l i e d  l o a d .  

C l e a r l y ,  where  s e t t l e m e n t s  a r e  l a r g e ,  a  submergence c o r r e c t i o n  is  needed  

i f  s u b s t a n t i a l  e r r o r s  i n  b o t h  t h e  romputed t o t a l  and t i m e - r a t e  of  s e t t l e m e n t  

a r e  t o  be  a v o i d e d ,  

F l u c t u a t i o n s  i n  t h e  P o s i t i o n  o f  t h e  Water  T a b l e  

Anytime t h e  p o s i t i o n  of  t h e  w a t e r  t a b l e  changes  w i t h i n  a  mass o f  s o i l ,  

t h e  e f f e c t i v e  l o a d  on t h e  u n d e r l y i n g  s o i l  a l s o  changes .  

S e v e r a l  c a s e  h i s t o r i e s  can  be  c i t e d  t o  i l l u s t r a t e  i n s t a n c e s  where  

changes  i n  t h e  p o s i t i o n  o f  t h e  water t a b l e  had a s i g n i f i c a n t  e f f e c t  on 

f i e l d  pe r fo rmance .  K o t z i a s  and S t a m a t o p o u l o s  (1969) r e p o r t  s e a s o n a l  

f l u c t u a t i o n s  i n  t h e  w a t e r  t a b l e  o f  f i v e  f e e t  a t  a  s i t e  i n  Greece  t h a t  

was p r e l o a d e d  t o  p e r m i t  c o n s t r u c t i o n  o f  a heavy i n d u s t r i a l  i n s t a l l a t i o n  o n  

s h a l l o w  f o u n d a t i o n s  b e a r i n g  on compacted f i l l ,  The  change  i n  a p p l i e d  

e f f e c t i v e  l o a d  due  t o  w a t e r  t a b l e  f l u c t u a t i o n  ( a b o u t  300 p s f )  was e q u a l  

t o  20% o f  t h e  s o i l  p r e l o a d  ( a b o u t  1500  p s f ) .  I n  t h i s  c a s e  t h e  w a t e r  

t a b l e  was h i g h e s t  i n  February-March and  l o w e s t  i n  September-October .  

S i m i l a r l y ,  W a l l a c e  and O t t o  (1964) o b s e r v e d  f i v e - f o o t  s e a s o n a l  f l u c t u a t i o n s  

i n  t h e  w a t e r  t a b l e  a t  S e l f r i d g e  A i r  F o r c e  Base ,  Mich igan ,  I n  t h i s  c a s e  t h e  

change  i n  e f f e c t i v e  l o a d  due  t o  w a t e r  t a b l e  f l u c t u a t i o n  was a b a r g e  

p e r c e n t a g e  o f  t h e  l o a d  caused  by o n e - s t o r y  s t r u c t u r e s  and i t  was o b s e r v e d  

t h a t  t h e  b u i l d i n g s  on  t h e  a i r  base  seemed t o  r i s e  and s e t t l e  a c c o r d i n g  t o  

v a r i a t i o n s  i n  t h e  p o s i t i o n  o f  t h e  w a t e r  t a b l e .  I n  t h e s e  two examples ,  

f a i l u r e  t o  a c c o u n t  f o r  s e a s o n a l  f l u c t u a t i o n s  i n  . t h e  w a t e r  t a b l e  would h a v e  

l e d  t o  s i g n i f i c a n t  e r r o r  i n  p r e d i c t e d  pe r fo rmance .  

F l u c t u a t i o n s  i n  r i v e r  s t , l gc s  rrlay h' ive n s i g n i f i c , l i ~ t  e f f e c t  on ground- 

w a t e r  l e v e l s  a d j a c e n t  t o  a r i v e r .  A t  one  i n d u s t r i a l  p l a n t  a l o n g  t h e  s o u t h  

s h o r e  o f  t h e  S t .  Lawrence R i v e r  e a s t  o f  M o n t r e a l  f l u c t u a t i o n s  i n  t h e  r i v e r  

s t a g e  o f  1 8  f e e t  seemed t o  have  had a  n o t i c e a b l e  e f f e c t  o n  s e t t l e m e n t  o f  

t h e  i n d u s t r i a l  s i t e  (Casagr , inde,  F i r i n g ,  SchooZ and T u r c k e ,  1965)  . S i m i l a r  



f P u c t u a t i o n s  were  n o t e d  n e a r  N e w  O r l e a n s  where p i e r s  s u p p o r t i n g  a highway 

b r i d g e  a c r o s s  t h e  M i s s i s s i p p i  R i v e r  s e t t l e d  and l a t e r  rebounded i n  

acco rdance  w i t h  changes  i n  t h e  r i v e r  s t a g e  (Kimbal l ,  1936) .  A t  a s i t e  

n e a r  Bangkok s e a s o n a l  f l o o d i n g  r a i s e d  ground w a t e r  l e v e l s  f i v e  f e e t  i n  a 

10-foot -h igh  f l o o d  p r o t e c t i o n  l e v e e ,  t h u s  c a u s i n g  a 25% r e d u c t i o n  i n  

a p p l i e d  e f f e c t i v e  l o a d  (Moh, Brand,  and  Ne l son ,  1 9 7 4 ) ,  

A t  l e a s t  t h r e e  examples  can be  g i v e n  o f  c a s e s  where t h e  c o n s t r u c t i o n  

o f  e a r t h  f i l l s  on s o f t  ground c r e a t e d  e x c e s s  p o r e  water p r e s s u r e s  i n  t h e  

f o u n d a t i o n  s o i l s  t h a t  were  s u f f i c i e n t  t o  c a u s e  t h e  w a t e r  t a b l e  t o  rise 

i n t o  zhe  e a r t h  f i l l  ( T s i e n ,  1955: Burn,  1969 ;  Webber and H i l l ,  l 9 5 5 ) ,  

I n  one  c a s e ,  t h e  w a t e r  t a b l e  r o s e  t e n  Zeet  i n t o  a n  embankment (ldebber and  

H i l l ,  1955) .  

O t h e r  examples  o f  t ime-dependent  v a r i a t i o n s  i n  t h e  p o s i t i o n  o f  t h e  

w a t e r  c a b l e  i n c l u d e  wide-spread  s e t t l e m e n t  caused  by pumping from a  deep  

a q u i f e r  (Lambe, 1969) and s e t t l e m e n t  caused  by drawdown o f  t h e  w a t e r  

t a b l e  i n  c o n n e c t i o n  w i r h  d e w a t e r i n g  a  deep e x c a v a t i o n  (Nu tch inson ,  19641,  

S t r a t i f i e d  S o i l s  

Few n a t u r a l  d e p o s i t s  o f  soil a r e  u n s t r a r i f i e d .  S t r a t i f i c a t i o n s  may 

b e  n e a r l y  m i c r o s c o p i c  ( f o r  example ,  i n  some m a r i n e  d e p o s i t s  such  a s  San 

F r a n c i s c o  Bay mud), may be  v i s i b l e  t o  t h e  naked e y e  ( f o r  i n s t a n c e ,  i n  

va rved  l a c u s t r i n e  s o i l s ) ,  or m<ly be  severa l  f e e t  o r  more i n  t h i c k n e s s  

and d i s c e r n a b l e  from b o r e h o l e  l o g s  ( f o r  example ,  many a l l u v i a l  s o i l s  

c o n t a i n  d i s t i n c t l y  d i f f e r e n t  s t r a t a  o f  c o m p r e s s i b l e  s o i l ) .  

T h e r e  a r e  many examples  o f  s t r u c t u r e s  b u i l t  o v e r  s t r a t i f i e d  d e p o s i t s  

of c o m p r e s s i b l e  s o i l ,  Kuesc l ,  S c h ~ i d t ,  and R a f a e l i  (1973) d e s c r i b e  a 

two- layer  sys t em of co rnpres s ib l e  s o i l  b e n e a t h  a f i l l  i s l a n d  i n  V i r g i n i a .  

T h r e e - l a y e r  s y s t e m s  have  been r e p o r t e d  b e n e a t h  a - b u i l d i n g  (Crawford and 

S u t h e r l a n d ,  1 9 7 1 ) ,  a  t e s t  embankment ( J u s t o ,  1 3 6 9 ) ,  and a highway embankment 

(Stel i i iac,  L o ,  and  R a r s v n r y ,  1 9 6 7 ) .  S i m i l a r l y ,  f o u r  l a y e r  sys t ems  have  

been d e s c r i b e d  b e n e a t h  a n  embankment (FfcAlpin and S i n a c o r i ,  1955) and  a 

t e s t  f i l l  (Chang, Broms and Peck,  1 9 7 3 ) .  Kaufman and Sherman (1964) 

r e p o r t  e n g i n e e r i n g  measurements  f o r  P o r t  A l l e n  Lock which was u n d e r l a i n  by 

f i v e  l a y e r s  of c o ~ t p r e s s i b l e  s i ! t  o r  c l a y .  Moore and C r o s e r t  (1968) 



describe field performance of a I~igl~way embankment built over six distinct 

layers of silt, clay, peat, or sludge. An extreme example of layered soils 

is in the vicinity of the Atchafalaya flood protection levees in Louisiana 

where 12 distinct compressible strata can be found at some locations 

(U.S. Army Corps of Engineers, 1968) .  

Large Strains 

Practical field cases sometimes involve large strains. As indicated 

in Table 5.2, strains of 20% or more are not unconunon and, in one case, 

a strain of over 70% was reported. 

Non-Linear Stress-Settlement RelaLionships 

Several investigators have reported field stress-settlement relationsI~ips, 

either in the form of a void ratio-effective stress curve (Root, 1958; 

Varghese and Ramanthan, 1971; Miyaharn, Kakamura and Takayama, 1967; 

Schmidt and Could, 1968; M i l  and Peck, 1956), or a vertical strain-effective 

stress curve (Ladd, Rixner and Cifford 1972). For virgin compression, 

the field data clearly show that void ratio is not a linear function of 

effective stress, but rather, is approximately a linear function of the 

logarithm of effective stress. In fact the field stress-settlement curves 

follow the general shape of non-linear laboratory stress-settlement curves 

measured in one-dimensional consnlidaiion tests, For example, Ladd, 

Rixner, and Giffoard (1972) published the field and laboratory stress- 

settlement curves shown in Fig. 5 , 3 .  To illustrate the non-linearity sf 

field stress-strain behavior, the left-most field curve in Fig. 5.3 is 

replotted in Fig. 5.4 with a natural scale for effective stress. Also 

shown in Fig. 5.4 is the linearly elastic behavior that would be assumed 

in a closed-form analysis. 

Stress Dependent Coefficients of . -- P e r r a e a b i l i t y  ----- - - - - 

For analytical purposes the s t r e s s  dependency of the coefficient of 

consolidation is of interest l ) i ~ ~  this p~lr~trneter is not subject to direct 

field measurement. Coefficients of permeability can be measured directly 



Vertical Effective Stress, ps f  

Fig. 5 .4  Non-Linear ~t ress-~ettlemenk Curve RepPat t e d  from 
Fig .  5 .3  



in the field and when coupled with compressibilities can be used to infer 

changes in the coefficient of consolidation. 

Weber (1969) was apparently the first to describe changes in 

in-situ permeability during consolidation. He found 1000 fold decreases 

in permeability of peat deposits underlying three highway embankments in 

California. James (1970) describes in-situ measurements of permeability 

beneath two full-scale trial embankments constructed in Malaya over soft, 

silty clay. He found that permeability decreased by 50% during the 

six months following construction. 

Murray (1971) reports measurements of in-situ permeability beneath 

Avonmouth test emknkment, which w a s  underlain by three distinct layers 

of clay and a stratum of peat. His data, shown in Fig. 5.5, indicate 

decreases in field permeability of the order of 5 to 50 fold over a 

period of three years. 

Effective Stress Denendent Coefficients of Consolidation 

Coefficients of consolidation can be backcalculated by trial-and-error 

fitting of theoretical curves to field settlement-time curves but the lack 

of a suitable closed form theory taking into account the effects already 

documented makes this method difficult to apply. mrther, if only surface 

settlements are known, there will usually be an insufficient number of 

observations to isolate all effects. 

A method originated by Gould (1949) has been used to obtain estimates 

of field cv values, Gould applies E q ,  2.7 to a short time period At  to 

obtain: 

Gould estimates AT fron the Ter~~lghi T-U relationship ( E q .  2.9) using input 

values of U defined froin Eri .  2.10. The method has actually been applied 

to sand drain projertq using c 2 n d  R in pl'lce of c and H but the concept 
I1 C v 

remains the same. 

Published data on values of c = c obtained by fitting theoretical 
v h 

curves to field curves or usii~g Could's method indicate decreases in the 
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Embankment (Murray, f 971)  
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coefficient of consolidation of about two to ten times (Kuesel, Schmidt 

and Rafaeli, 1973; Aboshi and Mondin, 1963; Lindskog and Broms, 1970; 

Noltz and Lindskog, 1972; Moran et al., 1958, N.Y. 3.1) although Herbert 

and Rowe (1973) found a reduction of 1000 times. 

Closure on Field and Laboratory Observations 

The field and laboratory observations just reviewed, and many others 

not reviewed, make it clear that the assumptions included in the classical 

theory of consolidation do not describe, accurately, conditions that 

actually exist on real projects, Further, there is a strange lack of 

field evidence in support of the theory, consi-dering that it has been in 

extensive use for more than forty years, We believe that the lack of 

supporting field evidence results from: (1) lack of a theory that 

reasonably accounts for all known major variables, (2) sampling techniques 

and laboratory testing methods that yield erroneous soil properties, 

(3) inadequate data on field stratigraphy, and (4) lack of field measure- 

ments. The lack of an appropriate theory is probably the major problem in 

that there is little point in working out detailed stratigraphy and soil 

properties if they cannot be used. 

The remainder of this report will cover the finite difference method 

of analysis, and particularly a program FD3l. 



CIMPTER 6 

FINITE DIFFERENCE METHOD OF ANALYSIS 

I n t r o d u c t i o n  

Most ,  i f  n o t  311, o f  t h e  s i m p l i f y i n g  a s s u m p t i o n s  o f  T e r z a g h i v s  

t h e o r y  can  b e  g e n e r a l i z e d  th rough  u s e  o f  a n u m e r i c a l  method o f  a n a l y s i s  

i n  which  a  d i g i t a l  computer  i s  used  t o  i n t e g r a t e  t h e  e q u a t i o n s  i n  s u i t a b l y  

small s t e p s  and  t h u s  o b t a i n  s o l u t i o n s  t h a t  a p p r o a c h  e x a c t  s o l u t i o n s  as  

t h e  s i z e  o f  t h e  s t e p s  d i m i n i s h .  Such a s s u m p t i o n s  as c o n s t a n t  p r o p e r t i e s ,  

s m a l l  s t r a i n s ,  and  homogeneous m a t e r i a l  may b e  made f o r  a s i n g l e  s t e p ,  

e i t h e r  s p a t i a l l y  o r  i n  t i m e ,  b u t  a  new s e t  o f  c o n d i t i o n s  may b e  u sed  f o r  

t h e  n e x t  s i e p ,  t h u s  making i t  p o + s i b l e  t o  v a r y  c o n ~ l i t i o n s  i n  a  way t h a t  i s  

i m p o s s i b l e  i n  c l o s e d  form s o l u t i o n s ,  The problem,  t h e n ,  b e c o ~ e s  o n e  of 

d e v e l o p i n g  a n  a l g o r i t h m  t h a t  t a k e s  i n t o  a c c o u n t  a J l  s i g n i f i c a n t  v a r i a b l e s  

and  a c h i e v e s  a  t o l e r a b l y  a c c u r a t e  s o l u r i o n  u s i n g  a  r e a s o n a b l e  amount of 

computer  t i m e .  

F o r  c o n s o l i d a t i o n  probleins bc>t t~  t h e  f i n i t e  d i f f e r e n c e  and f i n i t e  

e l e m e n t  methods  of  a n a l y s i s  may be  u s e d .  I t  a p p e a r s  t h a t  t h e  f i n i t e  

d i f f e r e n c e  method i s  more e f f i c i e n t  ( D e s a i  and J o h n s o n ,  1973;  S c h i f f m a n ,  

1972)  and i t  i s  v e r y  much s i m p l e r  f o r  one -d imens iona l  problems i n  t e r m s  o f  

t h e  m a t h e m a t i c s .  

P r e v i o u s  Work w i t h  F i n i t e  D i f f e r e n c e s  

The f i n i t e  d i f f e r e n c e  method h a s  been used  e x t e n s i v e l y  i n  many f i e l d s  

of  t e c h n o l o g y  and  s c i e n c e  and i s  c o v e r e d  i n  a  number of  books and hundreds  

of  p a p e r s ,  The f i r s t  a p p l i c a t i o n  of the method t o  t h e  c o n s o l i d a t i o n  

problem a p p e a r s  t o  have  been by  Gibson  and Lumb (1953) a l t h o u g h  S c o t t  

(1953)used  t h e  method s i m u l t a n e o u s i y  i n  a n  u n p u b l i s h e d  t h e s i s ,  S u b s e q u e n t l y ,  

R i c h a r t  (1917) e x t e n d e d  t h e  methcd f rom one  d i m e n s i o n a l  v e r t i c a l  c o n s o l i -  

d a t i o n  t o  two-dintensional  conso  l i d ' i t i o n  a round s a n d  d r a i n s ,  and  h b b o t t  

(1950) i n t r o d u c e d  t h e  inore s o p l ~ i s f i t a t e d  Crank-Nicholson  method o f  a n a l y s i s ,  

I n  t h e  U n i t e d  S t a t e s  two computer  programs were  w r i t t e n  t o  s o l v e  one  

d i m e n ~ i o n ~ l l  c o n s o l i d a t i o n  pt-oblt,:,; , ~ n d  wcrc m,tde w i d e l y  a v a i l a b l e .  The 



first, SEPOL-I, was based on the explicit method of analysis (Schiffman 

and Whitman, 1966; Schiffman, Whitman, and Jordan, 197O), and the second, 

PROGRS-I, on the crank-~icholson method (Schiffman and Stein, 1969). 

Both programs take into account time dependent loading and stratified 

soils, Subsequently, Olson, Daniel, and Liu (1974) developed a sophisti- 

cated program for analysis of sand drain problems and Olson and Ladd (1979) 

reported on a more advanced program for one-dimensional problems. 

Definition of Difference Equations - 

The finite difference method is a technique for integrating differential 

equations. It makes use of three types of differences which are termed 

forward differences, central differences, and backward differences, and 

each comes in a seri-es of orders, e,g., first forward difference, second 

forward difference, .... Only the first forward difference, and the 

first and second central differences will be considered in this report, 

The difference equations are used to integrate a dependent variable 

in terms of one or more independent variables. To preserve generality 

and simplify subscripting for the moment, we will use y for the dependent 

variable (subsequently the dependent variable will be u) and x for the 

independent variable (subsequently to or 2 ) .  We assume that y is some 

function of x, as indicated in Fig. 6.1. Because we are working with 

finite differences rather than differentials, we assume that the variable 

.... y is known only at discrete points denoted by x x x i-2' i-P9 i 9  
x x .... i919 ii-2' where i denotes an arbitrary point on the x axis from 

which we wish to develop the difference equations, 

First forward difference. The symbol A is used to indicate forward 

differences. The first forward difference is defined as: 

. . . . . . . . . . . . . . .  A y i = y  i+l - y i  (6.1) 

If all derivatives of y are known at point i t h e n  a Taylor series can 

be used to find yicL: 



Pig. 6.1 Definition of Nodes for Use i n  the 
Finite D i f f e r e n c e  Hethod 



2 2 where y g  indicates dy/dx, yl'indicates d y/dx , etc., and Ax is the 
spacing of points along the x axis. 

As a first approximation, we assume that the spacing Ax is so 

small that a sufficiently accurate value of y can be obtained by 
i+l 

truncating the series after the y' term. Thus: 
i 

Thus, a first approximation for y' is: 
i 

First averaged central difference. The symbol E is used as the 

central difference operator. Thus, the first central difference is 

defined as: 

This rather strange definition results from the fact that the differences 

are defined over an interval Ax. Eecause the function y is defined at 

only discrete points, it is necessary to replace yi++ by $(Y~+~ i- yi) 

and yi-+ by q y i  + yi-]) to make E q .  6.5 appear as the first averaged 

central difference: 

The Taylor series is applied as before and is again truncated after the 
- 

y; term to obtain: 

Equation 6.7 is the first averaged central difference approximation for 

the first derivative. 

Second central dif fcrcni c . Tlie cent ra l d i f  fercnct operator is 

applied again to obtain: 



The T a y l o r  series is a g a i n  app l - i ed  t o  e v a l u a t e  y  and  y  b u t  t h i s  
i+ l i--l 

t i m e  t h e  y '  t e rms  d i s a p p e a r  and t h e  series is  t r u n c a t e d  a f t e r  t h e  y e "  
i i 

t e r m .  The r e s u l t i n g  e q u a t i o n  i s  s o l v e d  f o r  y t t  t o  o b t a i n :  
i 

E q u a t i o n  6.9 is  t h e  s econd  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  f o r  t h e  

s econd  d e r i v a t i v e  o f  y  w i t h  r e s p e c t  t o  x .  

V a r i a t i o n s ,  The f o r e g o i n g  a n a l y s i s  may b2 e x t e n d e d  t o  i n c l u d e  

h i g h e r  o r d e r  a p p r o x i m a t i o n s  b u t  s u c h  a n a l y s e s  have  n o t  p roved  u s e f u l  f o r  

t h e  t y p e s  o f  p rob lems  o f  i n t e r e s t  h e r e  and  w i l l  n o t  be p u r s u e d ,  

E x p l i c i t  Method 

I n  t h i s  s e c t i o n ,  c o n s i d e r a L i o n  w i l l  be r e s t r i c t e d  t o  a  problem f o r  

which  T e r z a g h i ' s  t h e o r y  i s  a p p l i c a b l e .  T e r z a g h i P s  d i f f e r e n t i a l  e q u a t i o n  

o f  c o n s o l i d a t i o n  (Eq. 2 . 1 )  w i l l  b e  app rox ima ted  u s i n g  f i n i t e  d i f f e r e n c e s  

by r e p l a c i n g  a u / a t  by t h e  f i r s t  f o r w a r d  d i f f e r e n c e  a p p r o x i m a t i o n ,  and 
2- 2 a u / a z  w i t h  t h e  s econd  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  t o  o b t a i n :  

where  t h e  i - t h  p o i n t  i s  now i n d i c a t e d  a s  t h e  ( z , t )  p o i n t ,  and t h e  191 

p o i n t  on the t i m e  a x i s  i s  t + A t ,  and t h e  i-1 and i.+l p o i n t s  on  t h e  d e p t h  

a x i s  a r e  t h e  z-Az and z9Az p o i n t s ,  r e s p e c t i v e l y ,  

A s  i n d i c a t e d  p r e v i o u s l y ,  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n  i s  u s e d  t o  
-- 

d e f i n e  t h e  dependen t  v a r i a b l e ,  u ,  a t  s p e c i f i c  p o i n t s  r a t h e r  t h a n  c o n t i n u o u s l y ,  

The e q u a t i o n  w i l l  t h u s  b e  s a t i s f i e d  a t  a  s e r i e s  s f  p o i n t s ,  termed n o d e s ,  

which are d i s t r i b u t e d  u n i f o r m l y  w i t h  r e s p e c t  t o  d e p t h  and t i m e  ( F i g ,  6,2) 

a t  s p a c i n g s  of  Az and A t ,  r e s p e c t i v e l y .  Thus ,  E q .  6 - 1 0  must  b e  a p p l i e d  

a t  e s c h  node i n  s u c h  a way t h a t  a1.l o f  t h e  p o r e  p r e s s u r e s  c a n  b e  c a l c u l a t e d .  

A l l  o f  t h e  p o r e  p r e s s u r e s  a r e  known a t  t i m e  z e r o  ( t h e  s o c a l l e d  i n i t i a l  

c o n d i t i o n s )  and must  a l s o  be  d e f i n e d  a t  b o t h  b o u n d a r i e s  (boundary  c o n d i t i o n s ) ,  - 
E q u a t i o n  6 , 1 0  i s  f i r s t  npplicd w i t h  t = O ;  t h u s  e v e r y  p o r e  p r e s s u r e  

w i t h  n s u b s c r i p t  "t" is knowit *lnci t h e  o n l y  unknown p o r t  p r e s s u r e  i n  E q .  6 .10  
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F i g ,  6.2 Distribution of Nodes with Respect t o  Depth and Time 



- 
is u Equation 6.10 is solved for this pore pressure to obtain: 

z,t+nte 

Equation 6.11 may be applied to each node at time t + A t  so that all of the 

pore pressures at that time become known. Those pore pressures then 

become the ones at time t and the pore pressures at the next time tCAt 

are calculated, The process is continued until a1.l pore pressures have 

dissipated. 
2 In the analyses it is convenient to replace (c DtlAz ) with the 

V 

symbol. a. Error analysis and experience both show that a stable solution 

will only be obtained with the explicit method if a is smaller than, or 

equal to, 0 , 5 0 .  

I n  making a solution to demonstrate application of E q ,  6.11, it is 

convenient to note from the definition of the time factor, T (Eq. 2,7), 

that: 

and that introduction of: 

reduces the equation for a tor 

A hand solution is conveniently performed using 11 nodes vertically in 

a doubly drained compressible layer (Ac = 0.2), a = 0.25, and thus a 

time spacing of AT = 0.01. Furtller, the initial excess pore water pressure 

Is conveniently set at 100. Because of symmetry, only the nodes from the 

top down to, and incbucling, the central node need be considered. A simple 

hand solution for the pore pressures is shown in'Table 6.1, and the isochrones 

are compared wit11 those obtained from the exact Fourier series solution in 

F i g .  6.3. 

The averagc degree of consolidation ( C q .  2.8) can be obtained by 

u s i n g  a graphical integratio~i ~ , r ~ ~ ~ . t ~ d u r e .  l'hc a r ea  uncler  the stress surface 

is 2.11; = 200Ii. T h e  <irC,i u n d c r  , i n \ '  ~ubst~quc.nt isocttrone may be approximated 
O 





Fig. 6.3 Comparison of Pore Pressure Isochrones Calculated using 
Terzaghi's Theory and the Finite Difference Method. 
Data are shown for the upper half of a doubly drained 
compressible l a y e r  oshich is subjected to an instantaneous 
loading. Conditions f o r  both analyses eonfom to 
TeszaghiPs assmpfions. The solid lines are the ieochrone~ 
calculated using Terzaghi's stheory. The hollow points 
are the pore pressures at nodes used in the finite 
difference analysis, The finite difference alplalysis 
was performed by hand, using the eleplicit method, 
and a = I f 4 .  Linear interpolation was used to obtain 
the pore pressures at the appropriate t b e  factors 
when the finite difference method was used. 



using trapezoidal integration: 

or Simpson's one-third ru1.e: 

In Figs. 6 . 4  and 6.5, values o f  L1 calculated using the explicit finite 

difference method are compared with the values obtained using the Fourier 

series solution. A range in values of a and N was used, and integration was 

performed using Simpson's one-third rule. 

The explicit method is i dc , i l  for simple hand solutions but it is 

cumbersome to use in computer programs where an attempt is made to model 

realistic conditions, and the lirnit of 0.5 on a is excessively restrictive 

arid leads to very inefficient operation in certain types of problems. The 

restriction on a results from the fact that the two sides of E q .  6.10 are 

out of synchronization in time in that the average time for the left side is 

t+$At whereas the right side contains all terms at time t. This lack of 

time coordination leads to instability unless the time steps are very small, 

a severe restriction. 

Crank-Nicholson Method 

Both sides of E q .  6,lO can be written for the time period £row t to 

t + A t  if the right side is replaced by the average of the pore pressures 

at times t and t+At, i,e.: 

It is convenient to re-introduce ( L  and Lo factor Eq. 6.17 to place all 







known p o r e  p r e s s u r e s  ( t h o s e  a t  t i m e  t )  on t h e  r i g h t  s i d e  of  t h e  r e s u l t i n g  

e q u a t i o n  and a l l  unknown p o r e  p r e s s u r e s  ( t h o s e  a t  t ime t+At) on  t h e  l e f t  

s i d e .  The r e s u l t i n g  e q u a t i o n  is: 

- 2(ICor) ; - 
-u 3- - U - - 

z-nz, t + A t  C1 2, t+At z+A z , t-l-A t 

Because  t h e  l e f t  s i d e  o f  E q .  6 . 1 8  c o n t a i n s  t h r e e  unknown p o r e  p r e s s u r e s ,  

t h e  e q u a t i o n  c a n n o t  b e  s o l v e d  e x p l r c i t l y .  However, i n  a  doubly  d r a i n e d  

l a y e r  w i t h  N n o d e s ,  r h e r e  arc. 5-2 u r ~ i i l ~ o w r ~  pore p r e s s u r e s  and E q .  6.18 

c a n  be  w r i t t e n  once  f o r  e a c h  i n t e r i o r  node ,  i . e . ,  N-2  t imes .  Thus Che 

unknown p o r e  p r e s s u r e s  a r e  found by s o l u t i o n  o f  N-2  s i m u l t a n e o u s  e q u a t i o n s .  

A t  a n  imperv ious  boundary  an  i m a g i n a r y  node i s  c r e a t e d  o u t s i d e  t h e  bounda ry  

w i t h  t h e  same p o r e  p r e s s u r e  a s  t h e  f i r s t  node i n s i d e  t h e  l a y e r  and  Eq .  6 , h 8  

is  w r i t t e n  f o r  t h e  boundary node ,  i . e . ,  a t  t h e  uppe r  imperv ious  boundary  
- - 

set u  = u  a t  a l l  t i m e s  and a t  a l ower  imperv ious  boundary set 
- z-Az z+Az 
U = U 

z+Az z-Az' 
Because  b o t h  s i d e s  o f  E q .  6 , 1 8  a r e  s y m n e t r i c a l  w i t h  r e s p e c t  t o  b o t h  

d e p t h  and t i m e ,  t h e  s o l u t i o n  is  i n h e r e n t l y  s t a b l e  and v a l u e s  o f  a w e l l  

i n  e x c e s s  o f  0.5 may b e  u s e d .  However, i t  i s  found t h a t  o s c i l l a t o r y  s o l u t i o n s  

a r e  o b t a i n e d  i f  u i s  l a r g e  i m m e d i a t e l y  a f t e r  a p p l i c a t i o n  of  a s t e p  l o a d i n g .  

I n  p a r t i c u l a r ,  t h e . p o r e  p r e s s u r e  a t  t h e  f i r s t  node i n s i d e  a  d r a i n a g e  boundary  

o s c i l l a t e s  be tween p o s i t i v e  and n e g a t i v e  v a l u e s  f o r  a  series of  i t e r a t i o n s  

a f t e r  a s t e p  l o a d i n g ,  Such o s c i l l a t i o n s  c a n  be  reduced  t o  n e g l i g i b l e  

p r o p o r t i o n s  by u s i n g  a s m a l i  v a l u e  of G immed ia t e ly  a f t e r  l o a d i n g  b u t  t h e n  

i n c r e a s i n g  i t  g r a d u a l l y .  

CO"1IJ:'TI:R PROGRAM FD31 

F u r t h e r  d i s c u s s i o n  oi t h e  use o f  f i n i t e  d i f f e r e n c e  methods f o r  t h e  

s o l l r t i o n  of  r e d l l s t i c  problems i s  f a c i l  i t  a t c d  i f  n p a r t i c u l a r  computer  

program i s  u s e d .  The program i s  ~ a l l e d  TD31. A l i s t  o f  a l l  v a r i a b l e s  u sed  

i n  t h e  progrdm i s  i n c l ~ l d c t i  i n  ,\pper-idix A. ?'he f l o w  t i iagrams f o r  a l l  



subroutines are included in Appendix R and the program itself is listed in 

Appendix C. A user's guide for FD31 is presented in Appendix D,and 

example problems, including input and output, are solved in Appendix E ,  

In the program it is convenient to use I and J to denote depth and 

time nodes so Eq.  6.18 becomts: 

where : 

It is convenient to organize this section in terms of the assumptions 

made in Terzaghi's basic theory. The results of finite difference analyses 

w i l l .  be compared with the exact Fourier series solution for Terzaghi's 

problem first, to show the accuracy of the program in that particular case, 

and then to generalize on the assumptions of the theory one by one. The 

capabilities of this program will thus be demonstrated in an orderly progressive 

manner. The details of the actual algorithm itself will be discussed sub- 

sequently. 
5 

Comparison with Terzaghi's Theory -- -- 

In the context of this one scctior?, the term "Terzaghi's Theory" means 

the theory that fits the assumptions listed at the beginning of Chapter 2. 

Once a general metliod of ,in,!i ysls is adopted i t  is no longer convenient 

to use :me factor because of tfic i d ~ t  that variatio11s occur in both c and 
V 

Ii with time. Thus, all plots wil! be presented using real time. On the 

other hand, it is convenient io dilride values of settienLent by the ultimate 

settlement ani] call t5is r , i t i n  tli,' <ivcr,tX:s tiegrc~e of consolidation, U ( E q ,  2.10). 

In ttie first te;t pros,lc~l, t l , c ~  soil prcl l l c  cons,sts of one foot of 

sand oiler ten feet of c1,ly. i r i i  v~itel- table is one hundred feet above the 

ground surface (so t ha t  < i l  1 r i , t t i i r , i l  \ o i l  and i ill are subnierged throughout 

settlement). Consolidation 1 5  c, iu\eu by t i l e  j'nstantarieous application of 

rwenty feet of f i l l  at time z - r o .  All ~011s are asslgrled submerged unit 

6-14 



weights of 50 pcf. For the clay, the void ratio is assigned a value of 
-5 2.0000 at mid-depth, of a = 2.50~10 sq.ft./lb. (this low value is used 

v 
to'ensure small strains and make a direct comparison with Terzaghi's theory 

possible), and c = 0,05 sq,ft./day. 
v 

The theoretical ultimate settlement of the clay is: 

= 0,08333 feet, 

The U-t curve is then calculated following standard procedures (t3500T days). 

The finite difference U-t curves were obtained using a range in values 

of number of nodes in the clay layer (MZ) as shown in Fig. 6.6. The 

ultinate settlements calculated using the program were 0.08333 feet. The 

finite difference U-t curve is essentially exact for barge times but diverges 

from the correct solution ae small times by an amount that increases as the 

number of nodes decreases. The explanarion for this divergence is as 

follows: The program does not integrate pore pressures to obtain average 

degrees of consolidaEion (Eq. 2.8) but for this particular problem the method 

of solution is equivalent to such an integration using the trapezoidal method. 

When trapezoidal integration is used and the pore pressure at a drainage 

boundary is specified to be zero, i hen there is an instantaneous dissipation 

of pore pressures as shown in Fig. 6.7 and the average degree of consolidation 

at time zero is given by: 

where NZ is here taken as the number of nodes in a doubly drained layer, 

The finite difference U-t curves is Big. 6.6 demonstrate the validity of 

Eq. 6,23, Accurate solutions for very small timhs require the use of a 

rather large nunlber of nodes, c . g . ,  101, but sucli a close spacing of nodes 

leads to uneconomical running times (see later discussion) because it also 

reduces the time steps when '1 1 i r n i  t is put on a :  





- u actually used in the 
fynite difference analysis 

Fig. 6.7 Distribution of Initial Excess Pore P r e s s u r e s  
at t h e  I n s t a n t  sf a S t e p  Loading 



The program could be modified to operate with more nodes at the 

beginning and fewer later but it complicates the program unnecessary. The 

fact is that embankments are not constructed instantly but rather over a 

period of time; thus the relevant comparisons will be with exact solutions 

for time-dependent loads. 

Time Dependent Loading 

The most convenient way of taking into account time dependent loading 

in a finite difference program, and the way followed in FD31, is to replace 

the actual load-time curve with a series of step (instantaneous) loads 

but to make the steps sufficiently small so that the presumed load-time 

curve is followed with reasonable accuracy. Fill is actually applied in a 

series of small steps corresponding to 6"-12" of soil per lift. The time 

steps could be set to correspond to actual loading steps but such a level of 

refinement is unnecessary. In the program, the magnitude of the next time 

step, At, is calculated by methods to be discussed subsequently. The 

increase in applied stress that will occur during this time step, if any, 

is calculated and the load is applied instantly st the beginning of the step 

as a 1 oad f~,q . 
In FD31 it is assumed that the applied stress comes from an embankment 

(fill). If the stress conies from some other type of structure, the actual 

stress can easily be converted inLo an equivalent height of fill for purposes 

of analysis. The thickness of fill is specified by defining elevations of 

the top of the fil1, Ef, at the beginning and ending of each stage of 

construction, and at one final point, as shorm in Fig. 6.8. In the program 

the elevation of the top of the fill relative to a datum at the original 

ground surface is EFL(JL) where JL is the subscript indicating a point on 

the loading curve. The times corresponding to values of EFL(JL) are denoted 

by T L ( J L ) .  The final value of JL, denoted by JLFIN, must be at some large 

time Secabse ralculdt.io~~s sLop ci:, so(jii <is t l ~ e  calculation time reaches 

TL c JLF I:!) . 
It is also necessary to tell tile program when corlstruction begins 

and ends. Times at the b c ~ g i : ~ n i i ? g  :incl ending of a construction stage 

( l z i g .  1). 8) a r e  det~o~<.tl ;IS ' i ' i : ( : l : 1 ' ( ;  ( . I  I:) an<! 'I'I:C13NI)(JF;) , rcsi)ecti.vely (rerid 



The n u m b e r s  i n d i c a t e  v a l u e s  of JL 

7 

TI, ( JL)  

TFCSEG (JF) and TFCEKD (JF) 

Fig .  6 - 8  Means u s e d  So Specff,y Loading T h e s  and F i l l  Elevations 
a t  t h e  End of  C o n s t r u c t i o n  



TFCBEG a s  - t i m e  - f i l l  - c o n s t r u c t i o n  &gins  and TFCEND a s  t i m e  f i l l  c o n s t r u c t i o n  - - - 

e n d s ) .  The t o t a l  u n i t  w e i g h t  of  f i l l  d u r i n g  any  o n e  l o a d i n g  o r  u n l o a d i n g  - 
s t a g e  i s  GF(JF) .  

The t i m e  a t  t h e  b e g i n n i n g  of  a t i m e  s t e p  i s  T  i n  t h e  program, and 

t h e  f i n a l  t i m e  i s  TC ( r e a d  a s  - t ime  of  - c a l c u l a t i o n ) ,  and  t h e  t i m e  s t e p  is  

DT ( r e a d  - d e l t a  - t i m e ) .  The u s e r  s p e c i f i e s  t h e  times f o r  which o u t p u t  o f  d a t a  

i s  d e s i r e d  a s  TO(J0 ) .  I n  c h o s i n g  a  t i m e  s t e p ,  t h e  program starts  a t  t h e  

t i m e  T and a t t e m p t s  t o  jump d i r e c t l y  t o  t h e  s m a l l e r  o f  t h e  n e x t  TL(JL) 

p o i n t ,  o r  t h e  n e x t  TO(J0) .  The r e s u l t i n g  v a l u e  o f  DT is t h e n  used  t o  

c a l c u l a t e  t h e  v a l u e  o f  a f o r  e a c h  s u b l a y e r  of  s o i l ,  whe re  a  s u b l a y e r  i s  d e f i n e d  

t o  b e  t h e  zone o f  s o i l  be tween any two a d j a c e n t  n o d e s .  The s u b l a y e r s  a r e  

i ndexed  w i t h  I N  s o  A(IN) d e n o t e s  t h e  v a l u e  of  u f o r  t h e  IN-th s u b l a y e r ,  

The l a r g e s t  v a l u e  of  A ( I N )  i n  t h e  sys t em of l a y e r s  i s  d e n o t e d  a s  ALPMAX. 

The uppe r  l i m i t  on iiLP3NX i s  te rmed ALPLIM, I f  ALPMAX e x c e e d s  ALPLIM, 

t h e n  t h e  t i m e  s t e p  DT i s  r educed  t o  a s m a l l e r  t i m e  s t e p  ( h e r e  te rmed DT* 

b u t  j u s t  t e rmed DT i n  FD31) a c c o r d i n g  t o :  

DT* = (DT) (ALPLLM) / (ALPMAX) . . . . . . . . . . (6 .25 )  

I f  t h e  t i m e  s t e p  DT i s  d u r i n g  a  p e r i o d  o f  l o a d i n g ,  i.e., between TFCBEG(JF) 

and TFCEND(JF), t h e n  ALPLIM i s  s e t  eqclal t o  a n  i n p u t  v a l u e  ALMX2. The v a l u e  

of ALPLIM a t  TL(JLF1N) i s  an i n p u t  v a l u e  ALMX3 and d u r i n g  t h e  f i n a l  non- 

c o n s t r u c t i o n  p e r i o d ,  which i s  from TL(JLF1N-I) t o  TL(JLFIN),  ALPLLM i n c r e a s e s  

l i n e a r l y  from ALNX2 t o  ALPfX3. T h i s  method o f  l i m i t i n g  A(IN) h a s  p roved  

b o t h  e f f e c t i v e  and economica l .  

I f  t h e  u s e r  d e s i r e s  t o  l i m i t  t h e  t i m e  s t e p s  d u r i n g  a l o a d i n g  p e r i o d  

d i r e c t l y ,  t h e n  a  s e r i e s  of c l o s e l v  s p a c e d  v a l u e s  o f  TO(J0)  a r e  u sed  and  

t h e  program i s  i n s t r u c t e d  n o t  t o  o u t p u t  d e t a i l e d  d a t a  a t  t h e s e  times 

( o t h e r w i s e  a  m a s s i v e  aiilount o f  p'iper i s  g e n e r a t e d ) .  

G e n e r a l l y ,  t h e  u s e r  would L i k e  f o r  t h e  program t o  c o n t i n u e  o p e r a t i n g  

u n t i l  a l l  e x c e s s  p o r e  p r e s s u r e s  llave d i s s i p a t e d  t o  suitably low v a l u e s .  

T h i s  c o n d i t i o n  c a n  be e n s u r e d  b y  s p c c i f y i n t ;  1 s u i t a b l y  l a r g e  v a l u e  f o r  t h e  

f i n a l  o u t p u t  t i m e ,  ' T O ( J 0 T I N )  b u t  i l l en  t i l e  program may w a s t e  a  s i g n i f i c a n t  

mc>un t  o f  conlput e r  t i m e  i.!orking w i  t i 1  z e r o  po re  p r e s s u r e s  b e c a u s e  TO(J0FIN) 

would g e n e r a l  l y  be a t ime wr.1 l p . i ~ , t  t l ~ c  p o i n t  w l ~ e r e  p o r e  p r e s s u r e s  have  

d i s s i p a t e d .  To a v o i d  t h i s  incfticiency b u t  s t i l l  e n s u r e  f i n a l  d i s s i p a t i o n  



of  pore  p r e s s u r e s ,  t h e  u s e r  i n p u t s  a v a l u e  PPLIM ( r e a d  a s  E o r e  E r e s s u r e  
- 

l i m i t ) .  A s  soon a s  t h e  a b s o l u t e  v a l u e  of t h e  pore  p r e s s u r e ,  u ,  a t  e v e r y  - 
node is s m a l l e r  than  PPLLM, t h e  program a u t o m a t i c a l l y  t e r m i n a t e s  bu t  t h e  

check a g a i n s t  PPLIM is  made on ly  For v a l u e s  of  TC g r e a t e r  than  TL(JLFIN-1). 

The accuracy  of  t h e  program f o r  a  s imple  c a s e  w i l l  be  demonstra ted .  

The same s o i l  p r o f i l e  w i l l  be used a s  f o r  Fig .  6.6 except  t h i s  t ime a s i n g l e  

ramp load ing  i s  used w i t h  a  c o n s t r u c t i o n  t ime of 20 days .  The p e r t i n e n t  

c o n t r o l s  were ALMXl=0.5, ALMX2=0.5, and ALMX3=50. The f i n i t e  d i f f e r e n c e  

s o l u t i o n  (Eq.  6.19) and t h e  e x a c t  s o l u t i o n  (Eqs. 3 .8  and 3.11) a r e  compared 

i n  F ig .  6 .9 .  C l e a r l y ,  u s e  of j u s t  21 nodes l e a d s  t o  a s o l u t i o n  w i t h  a n  

accuracy  g r e a t e r  than  r e q u i r e d  f o r  p r a c t i c a l  work and t h e  problem of i n a c -  

c u r a c i e s  immediately a f t e r  a  s t e p  load  d i s a p p e a r s .  

Because t h e  program t r aces  any d e s i r e d  l o a d i n g  curve ,  i t  i s  e s s e n t i a l l y  

a s  s imple  t o  run a  problem wi th  a  compl icated l o a d i n g  diagram a s  f o r  a 

s imple  diagram, Thus t h e  a r t i f i c i a l  use  of i n s t a n t a n e o u s  l o a d i n g s  can 

be d i s c o n t i n u e d .  

Layered Systems 

I n  t h e  f i n i t e  d i f f e r e n c e  method of a n a l y s i s  i t  i s  e s s e n t i a l l y  a s  s i m p l e  

t o  ana lyze  a  l a y e r e d  sys tem a s  a homogeneous one.  The o n l y  d i f f e r e n c e  

i s  t h a t  t h e  e q u a t i o n  f o r  nodes a t  i n t e r f a c e s  d i f f e r s  s l i g h t l y  from t h a t  f o r  

nodes w i t h i n  a  l a y e r ,  Two c o n d i t i o n s  must be s a t i s f i e d  f o r  i n t e r f a c i a l  nodes.  

The pore  p r e s s u r e  must be t h e  same i n  t h e  two l a y e r s  a d j a c e n t  t o  she node 

and t h e  f low o u t  from one l a y e r  must e q u a l  t h e  f l o w  i n t o  t h e  o t h e r  l a y e r .  

The c o n t i n u i t y  e q u a t i o n  a t  an  i n t e r f a c e  of u n i t  a r e a  between a n  upper Layer, 

denoted w i t h  t h e  s u b s c r i p t  v, and  a lower l a y e r ,  denoted wieh the s u b s c r i p t  

W, is: 

where k i s  t h e  r . o e f f i c i c n t  o:  pc.1-riclnbility a n d  y i s  t h e  u n i t  weight of w 
w a t e r .  Averaged f i r s e  cen t r , l l  d i ~  i ' c r e n ~ ~ s  ( E q .  6 . 7 )  a r e  used f o r  t h e  two 

derivniives t o  o b t < ~ i n :  

-- - 



Consolidation T h e ,  days  

Fig. 6 .9  Comparison of a Finite Difference Solution and an Exact So%utian 
for the Case of a Single Ramp Load on a Doubly Drained Compressible 
Layer with Constant Properties and Subject to Small Strains 



However. t h e  node s ~ a e i n g s  w i l l  n o t  be  t h e  same i n  P a v e r s  u and w, n o r  

w i l l  t h e  p r o p e r t i e s  b e  t h e  same, s o  t h e  p o r e  p r e s s u r e s  (f; ) and - i-t-1 v 
) a r e  i m a g i n a r y  p o r e  p r e s s u r e s .  To make t h e i r  imag ina ry  n a t u r e  

(Ui-l w  
c l e a r  i n  e q u a t i o n s ,  ) w i l l  be  r e p l a c e d  by v  and (G ) by 

("i-i-1 v i.tl i-1 w 
w I t  is  c o n v e n i e n t  t o  rewrite E q .  6 .27  as: 
i-l" 

v - u  - Y ( u ~ + ~  - w 1 (6.28) - . . . . . . . . . . . . .  i+l i-l i-l 

where:  

y  = k Azv/kvAz . . . a . e . . . . . . .  ( 6 . 2 9 )  
W w 

E q u a t i o n  6 . 2 8  was w r i t t e n  w i t l i i ) ~ i t  :i t i m e  s u b s c r i p t  b e c a u s e  i t  a p p l i e s  a t  

a n y  t i m e ,  I t  may be  w r i t t e n  a t  t ime  j and t i m e  j + 1 9  t h u s  i n t r o d u c i n g  

two e q u a t i o n s  c o n t a i n i n g  f o u r  imag ina ry  p o r e  p r e s s u r e s ,  v v 
i+1,j9 i+19ji-19 

w and w  
i-19j 

. E q u a t i o n  6 .29  i s  t h e n  w r i t t e n  t w i c e ,  once  f o r  t h e  
i - I ,  j+1 

v l a y e r  c o n s i d e r e d  c o n t i n u o u s  and once  f o r  t h e  w l a y e r  c o n t i n u o u s .  A t o t a l  

o f  f o u r  e q u a t i o n s  now e x i s t  w i t h  f o u r  imag ina ry  p o r e  p r e s s u r e s .  The 

imag ina ry  p o r e  p r e s s u r e s  a r e  e l i m i n a t e d  t o  o b t a i n  t h e  F i n a l  e q u a t i o n :  

where  : 

I n  a  l a y e r e d  s y s t e m ,  E q .  6 . 1 9  may be used  f o r  i n t e r i o r  nodes  and  E q .  6.30 

f o r  nodes  a t  i n t e r f a c e s .  

To d e m o n s t r a t e  t h e  u s e  of t h e  program,  a n a l y s e s  were  per formed f o r  a  

two- layer  sys t em.  The l a y e r s  had t l~c '  p r o p e r t i e s  shown below: 

Laye r  e c ;i k Y' 
0 

No. 3 V  
f e h / r i n v  

2 "  
i t  / l h  f t / d a y  pcf  



The v a l u e s  of  av  were  s e l e c t e d  t o  e n s u r e  t h a t  s t r a i n s  would be  small. 

C o n s o l i d a t i o n  was i nduced  by a p p l y i n g  a  s t e p  l o a d  o f  500 ps f  a t  t ime  z e r o .  

The  f i n i t e  d i f f e r e n c e  a n a l y s i s  i s  compared w i t h  Gray" s o l u t i o n  ( E q s .  3 . 2 4 -  

3.32) f o r  t h r e e  c a s e s  a s  shown below: 

Case  1: b o t h  b o u n d a r i e s  f r e e l y  d r a i n i n g  

Case 2: s i n g l e  d r a i n a g e ,  l a y e r  l a d j a c e n t  t o  t h e  i m p e r v i o u s  boundary  

Case  3: s i n g l e  d r a i n a g e ,  l a y e r  2 a d j a c e n t  t o  t h e  i m p e r v i o u s  boundary  

The c u r v e s  o f  a v e r a g e  d e g r e e  o f  c o n s o l i d a t i o n  v s ,  t ime  ( F i g .  6 .10 )  i n d i c a t e  

t h e  a c c u r a c y  o f  t h e  f i n i t e  d i f f e r e n c e  method i n  a  two l a y e r  sys t em.  

L a r g e  and Non-Uni f orm S t r a i n s  
-. -- 

The a s s u m p t i o n  o f  s m a l l  s t r a i n s  o c c u r s  i n  t h e  c l a s s i c a l  method o f  

a n a l y s j  s when i l ie  d r a i n a g e  d i s t a n c e ,  I i ,  i s  assurned c o n s t a n t  d u r i n g  

c o n s o l i d a t i o n .  The r e s u l t i n g  e r r o r s  a r e  n e g l i g i b l e  f o r  p rob lems  o f  b u i l d i n g  

s e t t l e m e n t  where  on!y s m a l l  s t r ' l i n s  can  b e  t o l e r a t e d  b u t  f o r  embankments, 

and  o c c a s i o n a l l y  o t h e r  s t r u c t u r e s  l i k e  t a n k s ,  on s o f t  c l a y s  and  p e a t  t h e  

e r r o r  may become l a r g e .  Fo r  example ,  hreber (1969) r e p o r t e d  a  c a s e  where  H 

d e c r e a s e d  by n e a r l y  80% d u r i n g  c o n s o l i d a t i o n .  

S e v e r a l  a t t e m p t s  have  been  made t o  s o l v e  one -d imens iona l  c o n s o l i d a t i o n  

p rob lems  i n - ~ o l v i n g  l a r g e  s t r a i n s  (G ibson ,  Eng land ,  and Hussey ,  1967 ;  Mesri 

and  Rokhsa r ,  1974)  b u t  s u c h  s o l u t i o n s  a r e  m a t h e m a t i c a l l y  c o m p l i c a t e d  and  

i n v o l v e  t h e  i m p o s i t i o n  of  s e v e r e  r e s t r i c t i o n s  on  o t h e r  s o i l  p r o p e r t i e s  s o  

t h e  s o l u t i o n s  l a c k  t h e  g e n e r a l i t y  t o  b e  g e n e r a l l y  u s e f u l .  

L a r g e  and  non-uniform s t r a i n s  a re  e a s i l y  t a k e n  i n t o  a c c o u n t  i n  t h e  

program FD31 u s i n g  a new method.  A t  t h e  b e g i n n i n g  of a n  a n a l y s i s ,  nodes  

a r e  spaced  u n i f o r m l y  t h r o u g h o u t  e<tch I-iomogeneous l a y e r  of  s o i l .  The s p a c i n g  

w i l l  t y p i c a l l y  d i f f e r  from one  sucl,  i a i e r  t o  a n o t h e r ,  however. The s o i l  

between a d j a c e n t  nodes  i s  now c o n s i d e r e d  t o  c o n s t i t u t e  a  new l a y e r ,  t e rmed a 

s u h l a g c r ,  qo t h a t  t'vPr:j i n t e r i o r  ncdc i s  now lociitecl at nn i n t e r f a c e  and 

d i s s i p a i i o n  of  p o r e  p r e s s i i r e s  i s  t nri t r o l l e d  by  t h e  same e q u a t i o n ,  t h u s  

s i m p j i f y i n g  t h c  e q u a t i o n .  

A n  " x [ l t ~ ~ - n o d e "  is t ' s t a !~ l i s t l (> ( !  'lt t11e c c n t e r  of e<~t:h s u b l a y e r .  I n  t h e  

a n a l y s i s ,  p o r e  p r c s s u r c s  a i , d  e f f e c t i v e  s t r e s s e s  a r e  f i r s t  e v a l u a t e d  a t  t h e  

nodes .  T h e n  t h e  e f f e c t i l r e  s r r c s s c 5 ~  a r e  found a t  t h e  i n t e r n o d e s  by a v e r a g i n g .  





The internodal effective stress is used to find the void ratio or strain in 

the sublayer, which is then used to calculate the compression of the sublayer 

and thus the new thickness of Az. Thcse values of Az are summed to obtain 

the surface settlement and are ~ilso used as the node spacings for the next 

time step. The result of using sublayers is a reduction in the length of 

the computer program and an autom<ltic adjustment for both large and non- 

uniform strains. 

To demonstrate the effects of large and non-uniform strains, analyses 

were performed for a highly compressible soil subject to instantly applied 

loads that would cause ultimate settlements of l%, lo%, 50%, and 80% of the 

original thickness of the layer. T h e  time-settlement curves calculated 

using finite differences (symbols) are compared with the theoretical curve 

calculated using Terzaghi's theory (solid curve) in Fig. 6.11. The finite 

difference and Fourier series solutions compare well for the case of small 

strains but significant errors develop for large strains. It should be 

emphasized that the finite difference solutions in Fig. 6.11 were obtained 

assuming the soil to be linearly elastic and to have a constant coefficient 

of consolidation. 

Mon-Linear Stress-Strain Curves 

If the derivation of Taylor (1948) is followed, the assumption of a 
- 

linear e - o relationship is first required in the derivation of E q .  2-10 

where it becomes necessary to assume a constant coefficient of compressibility. 

Soils are not linearly elastic but the error resulting from such an assumption 

is generally ignored. One dimensional consolidation theories containing 

generalizations of this assumption have been published (Davis and Raymond, 

1965; Gibson, England a n d  Hussev, 1967; Elesri and Rokhsnr, 1974) but 

complete generalization is feasible oniy for numerical methods of analysis. 

In t h e  finite-difference mcthod of analysis, a non-linear stress-void 

ratio (or strain) curve is c1c.i i ~ i e d  fur  eacl~ Layer at ci series of selected 

points as shown in Fig. b . 1 2  i.1iet-e I: denotes void ratio or strain, and P 

effective stress. rile c n l c u l , l t  d t~ffective stress in each sublayer is used 

with the stress-strai:~ curve of t h e  layer to trace the proper stress-strain 

curve during consolidation. 





Fig. 6.12  Input Curves of ~ o i d '  Ratio and Coeff icirnt of Consolidation 
f o r  use in t h e  F i n i t e  Difference Program 



To demonstrate the possible magnitudes of the effects of non-linearities, 

a problem was selected wherein a constant stress of 5000 psf was applied to 

5 ft of clay having double drainage, an average initial effective 

stress of 2800 psf, and c = 0.05 sq.ft./day. Analyses were performed using 
v 

the three compression curves shown in Fig. 6.13, i.e., Case 1 with a constant 

coefficient of compressibility, a Case 2 with a constant compression index 
v ' 

Cc, and Case 3 for an overconsolidated clay with a maximum previous consoli- 

dation pressure of 6000 psf. The time-settlement curves calculated using 

finite differences, Fig. 6,13, indicate significantly retarded rates of 

settlement for the overconsolidated clay. In the case of a real soil the 

existence of a higher coefficierlt of consolidation for the overconsolidated 

clay during the reloading stage would reduce the delay indicated in Fig. 6 . 1 3 .  

Preloading of compressible foundation clays is often accelerated in the 

field by applying surcharge fills that are removed after some predetermined 

degree of consolidation has occurred. Unioading frequently occurs at such 

a time that excess pore pressure exist in the middle of the Layer under the 

reduced load. Thus part of the l n y t r  will undergo virgin compression while 

the remaining portions arc rcbounJ ini; along 3 much flatter swelling curve. 

Classical theory cannot handle this condition and it is difficult to apply 

judgment to properly predict field bellavior (.Johnson, 1970, discusses the 

practical problems that can arise from this situation). 

In the finite difference method of analysis it is a simple matter to 

allow for swelling. It is sufficiently accurate to assume that the swelling 

curve is linear on an e-log a plot with a slope C . idhen unloading occurs, 
r 

a11 excess pore pressures are suitably reduced and the analysis continues 

as b e f o r c .  If the effective stress at any internode decreases, the maximum 

effective stress and associated void ratio are stored in memory and the new 

void ratio at each internode is calculated using a constant swelling index 

and a curve that is unique to that particular internode (sublayer). 

The soil profile s e l c c ~ c ~  to dzmonstrate the efLects of unloading 

consists of one foot of f r e c . 1 ~  Jr,i i i i i r ~ g  sand (y' = 70 pcf) over 

20 it of clay (y' = 40 pcf) over cdditionsl sand, with the water table at 

the ground surface. The clay ll<~s t = 0.05 sq. f t. /day and a compression v 
curve defined by Lhe poi~ts ( e ,  (7) -- (2.520, 1 psf), (0.92, 8001 psf) with 

a constant compression i r idex .  '4 r-Qin!p loading of 1400 psf was applied during 

tl~irtv c l<~y . s .  f ia l  f 0 1  t 1 1  i t; ioclci 1.1 i t  removed ;kt t h c  elid of various times 
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between 30 days and 1000 days. The rebound slope was set at 20% of C and 
c 

the time-settlement curves shown in Fig. 6.14 were calculated. The insert in 

Fig. 6.14 shows the effect of choosing different slopes of rebound curves. 

Submergence-Settlement Correction 

In a typical hand analysis of a problem involving a partially immersed 

fill, a submergence correction is applied at once and the applied load 

is assumed not to vary'thereafter. In cases where large settlements are 

expected a trial-and-error analysis may be used to account for the effects 

of settlement-induced submergence of fill but the correction applies only to 

the final settlement, not to t h e  time rate of settlement, and ignores such 

a problem as the rapid consolidation of soil near drainage boundaries under 

the originally applied stresses and then the rebound of this soil as the 

stresses are reduced by settlement-induced submergences of the fill. 

In the finite difference analysis, corrections for submergence are  made 

as the analysis progresses using the following method. The effective 

stress (z) at any point is given by 

where a is the total stress and u is the total pore water pressure. The 

total stress is given by: 

where a is the total stress resulting from any free water ponded above 
fw 

the fill, q is the toial srress resulting i r o n  fill, and a is the total 
ns 

stress resulting from t h c  natural soil. If there is no water ponded above 

the surface then a is zero. 
f w  

The total pore water pressure is given by: 

- 

where u a n t i  u are the s t a t i c .  ' I I I C !  c':<cc)ss :)ore pres:;llres respectively. The 
S 

static pore water pressure b e l o w  tile wntcr table (see Later discussion of 





conditions above the water table) is defined as follows: 

where E and E are the elevations of the water table and the point under 
WT 

consideration, respectively, relative to any arbitrary datum. 

Equations 6.32 through 6.34 are inserted into E q .  6.31 to yield; 

In the analysis, the algorithm provides for a constant updating of all teams 

in Eq. 6.35. Note that during consolidation a diminishes as a result of 
n s 

extrusion of pore water. The "submergence correction" is thus seen as 

actually a correction for lost total stress. 

Submergence corrections are likely to be of consequence for embankments 

on highly compressible soils where a large strain correction is also needed. 

As an example of such 3 problem, analyses were performed for settlement of a 

forty footthick fill (y = 132.4 pcf) applied instantly to a soil profile 

consisting of one foot of sand (y = 132,4 pcf) over twenty feet of clay 

(y' = 4 pcf), over sand. The water table is permanently at the elevation of 

the original ground surface. The coefficients of consolidation and permeability 

of the clay were 0.1 sq. ft./day and 0,005 ft,/day, respectively. The 

consolidation curve of the clay passed through the following points (e,;) 

= (2-52, 1.000 psf), (0.92, 80001 psf) with a linear e-a relationship. 

Three methods of analysis were used. In Method A (Fig, 6-15), a hand analysis 

was performed with no corrections for the effects of submergence, or large 

strain. In Method B (Fig, 6.15) a trial solution was used to calculate the 

final settlement with a submergence correction and the drainage distance 

was taken as $(2H0 - Su). In 'letllod C' ( F i g .  6.15) a finite difference analysis 

was performed with continuous cot-rectjons for submergence, and large and 

non-unif orm stra ins. ' i ' l l t ~  t11ri.i. c,lrrvcs are s iirii l nr because of cour~terbalancing 

c r r o r s  i r ~  tlie I ~ , l n d  sol r t t  io11'~. 111 L i ~ e  rrrti1t.s~ a ~ i , i l y s i s  (Curve A) , the 
excessively large ultimate scttler:~cnt lowers the entire curvc but use of too 

large J. drainagt~ dist , In( e i l f  t cht t ivi.1 y r,li:,es tlie c u r v e  by increasing the 

consolid,> tion tirne:j. 111 tt~c ir!~,~rovc.d Itand solution (Curve B )  the final 

settlement is exac t ;  the differerire between curve B and the finite difference 





solution results from use of a constant average H, the assumption of small 

strains, and the assumption of full fill submergence throughout consolidation, 

in the hand solution. 

Effects of Changing Elevation of the Water Table 

The elevation of the water table may be changed as a result of construc- 

tion operations that alter surface drainage or involve either dewatering or 

ponding. Changes in the elevation of the water table alter the effective 

stresses (Eq. 6.35) and thus influence settlement, Such effects are easily 

included in finite difference analyses simply by updating u (Eqs, 6.34 and 6.35). 
S 

Program FD3l provides the foll.owing options: (1) the elevation of the water 

table remains constant, (2) the water table rises from E to E 
WT,f 

as 
\a,o 

a result of construction operations, (3) the water table remains at the 

ground surface as it settles, and (4) the water table drops instantly from 

%T, o 
to E 

m , f  
at time zero as a result of dewatering operations. 

Pore Pressures above the Water Table 

The analyst may either assume zero sratic pore pressures above the 

water table or negative values equal to the distance above the water table 

times the unit weight of water. 

Problems with Included Sand Layers 

The presence of a sand layer within a clay layer poses two types of 

problems, one practical and one analytical, 

The practical problem is to decide whether the sand layer is sufficiently 

e x t e n s i v e  to pro~ride dra in :?ge .  In FD31, the analyst may specify hhar 

included sand layers are either freely draining or are sealed off. 

The analytical problem results from the need.for inordinately large 

numbers of nodes in clay layers when one or more sand layers are present, 

thus leading to long running times and large round-off errors. To avoid 

this problem, in program FD31 the presence of sand layers is taken into account 

i n  calculating total stresses but tile hydraulic gradient in sand layers 

is considered negligible so tile sand layers are provided with only top and 

bottom nodcs arid the exccx:;s pclrt, w,lter pressures at these nodes are identical, 



The inclusion of provisions for the efficient handling of sand layers 

simplifies the analysis, improves the efficiency of the program greatly, and 

also makes it possible to take into account the presence of a surface layer 

of incompressible, freely draining material. The entire overburden is 

conveniently replaced by a single sand layer with a density chosen to give the 

proper stresses, and computer time is not wasted on unnecessary computations. 

Variable Coefficients of Consolidation -- 

Experience in both the laboratory (Moran, Proctor, Meuser, and Rutledge, 

1958) and the field (Moran, Proctor, Meuser, and Rutledge, 1958; Olson, 

Daniel and Liu, 1974) show ihc3 t  the coefficient of consolidation may undergo 

substanLiz1 changes during consoliddtion, especially during recompression 

and for sensitive soils and pcats. Although theories have been presented in 

which tIae coefficient of permeability varied in some analytically simple 

fashion (Mesri and Rokhsar, 1974; Schiffman, 1958) no usefully simple serfes- 

type solution is likely to be developed that would allow the designer to 
- 

use realistic c - a curves. 
v 

In the finite difference method of analysis ir is a simple matter to 

account for any realistic variation of the coefficient of consolidation with 

effective stress for increasing loads. The coefficients of consolidation are 
- 

read into computer memory at selected points on the c -log o curve as 
V 

shown in Fig. 6,12. At the end of each iteration time the effective stress 

at each internode is used to obtain the first approximation of the c for v 
the next iteration, by linearly interpolating between points on the input 

- 
c -log a curve for that layer. The program then selects a value of At such 
v 
that acceptably small values of a are used, performs the calculations needed 

to obtain all values of a A L  the next calculation Lime, tc, and obtains 

the new values of c for each layer. The fractianal change in cv at any v 
internode, between times t and t termed R, is defined as: c ' 

where c and c a r c  ~ 1 1 ~ '  \ ~ ~ i l ~ l t ~ s  of c at any internode at times t and t: 
v, t V,tC v c" 

respectively. The value of R is evaluated for each internode. If every value 



I 
of R is less than an input value, 

Rmin' 
then the analysis proceeds to the 

I next time step. On the other hand, if any value of R exceeds an input upper 

limit, R then the time step is reduced from dt to ~ t *  where: 
max 

At*=At(R/R )0,9 . . . . . . . . . . . . . . . . . . ( 6 . 3 7 )  
max 

and calculations are begun again for the new time step. If any value of R 

exceeds R but no value exceeds R then the calculations are repeated 
min max 

for the same time step, At, but the value of c used in each sublayer is 
v 

the average of the values perviously calculated at times t and t . 
C 

Numerous analyses have been performed in which variable-property finite 

difference solutions were compared with either constant-property finite 

difference solutions or with classical analyses. The only general 

conclusion that can be drawn from such comparisons is that there is a 

possibility of gross error when classical analyses are used, As an example 

of the results obtained, the following case was analyzed. The soil consists of 

14 ft of inconpressiblg sand (y' = 70 pcf) over 10 ft of compressible clay 

( y e  = 20 pcf), over sand. The water table remains at the elevation of the 

original ground surface. Twenty feet of fill (y = 132.4 psf) was placed 
- 

during a construction period of ten days. The e-log a and c -log u 
'9 

relationships for the clay are shown in the insert of Fig. 6-16. A curve of 
- 

U vs log time was calculated using the proper c -log a relationship (Fig. 6-16). 
v 

Then a constant-property analysis was performed using a c of 0.75 sq, ft/day, v 
which was the average of the initial and final values (Fig, 6.16), A second 

constant-properties solution was obtained using a c of 0.35 sq. ftlday, v 
which was the average value in the stress range where most of the compression 

was occurring. Note that for all solutions corrections were made for large and 

non-uniform strains and submergence of the fill, and all utilized the same 
- 

e-log a curve. Significantl). different constant-properties curves result 

ever1 thcugh either sceii~ed b ; , s ~ d  on n reasonable averaging process to obtain 

c . However, neither constant-property solution yields a settlement curve 
v 
of the proper shape. In the re~ll case (variable properties), the effective 

stresses near drainage bou11cl~1t-ics incrcasc. rapidly to values in excess of 

200 psf where cv is a minjnium. Tllus, a rompsratively impervious skin formed 

adjacent: to the drainage bouiit1,ir i e s  and ri.tarded consolidation. 





CHAPTER 7 

CONCLUDING REMARKS 

The beginning of modern soil mechanics was at the time Terzaghi 

published his theory for one-dimensional consolidation. The resulting 

elucidation of the principle of effective stress and of the role of pore 

water pressures in influencing the response of soils to changed loads, 

led to rapid evolution in essentially all aspects of geotechnical engineering. 

One of the fundamental building blocks of college education in soil mechanics 

has been an understanding of Terzaghi's theory of consolidation. It is 

also a widely used tool among practicing foundation engineers. 

In considering the fundamental nature of the theory and its wide 

application, one is struck with the curious lack of field evidence that the 

theory actually describes what happens on real projects. A careful study of 

the available literature suggests that in the case of one-dimensional 

problems, at least, the difficulty is not so much in the basic formulation of 

the theory as it is in achieving solutions under realistic conditions, 

Thus, field problems typically involve stratified soils subject to time 

dependent loading, soils are not linearly elastic, they may be subjected to 

large and non-uniform strains, the coefficients of permeability and 

compressibility vary with effective stress, and stress conditions are 

altered by a changing water table and settlement-dependent submergence o f  

soil, Only when these complications are taken into account will it be 

possible to examine field data for evidence of the accuracy of the underlying 

asscirnptisns of the Llieory. 

Closed-form mathematical solutions are unlikely ever to describe field 

conditions in a generally useful way. The firsc problem with closed form 

solutions is that soil properties must be described using analytic functions 

so the equations can be integra~ed. Soil properties are not well described 

by simple functions. The second problem is simply that inclusion of all 

rclevallt e f f e c t s  reL;tilts i n  s t i c  1 1  severe mathematical problems that a solution 

cantlot be achieved. ?'fit. third problem is that even if suitable fui~ctions 

were found and in tegr<~t <. t i ,  i 1 1 ~ 5  t - c . c , t ~  l t ing c,cjrl,li ions wo~ild be too cumbersome 

to be applied to real problenis. 



A comparatively simple solution can be achieved using numerical 

methods. Realistic properties and field conditions are fed into a computer 

and calculations are controlled by a relatively simple set of instructions 

to the machine. Each practical problem is thus solved explicitly and no 

attempt is made to come up with design corves or tables. 

The finite difference program FD31 was written to achieve such a 

"solution" for one-dimensional consolidation problems. As discussed in 

Chapter 6, this program makes i t  possible to analyze many practical 

problems with an accuracy never before attainable, It will now be necessary 

to improve our methods of measurement of soil properties and our ability 

to determine actual field conditions so t h e  full potential of this method 

can be realized. 

Further developments are needed to account for multidirectional 

effects, for three phase systems, and for creep. 
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