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TECHNICAL REPORT SUI1MARY

The objective of this project is to combine a number of recent

advances in finite element theory and computer technology for analyzlng

cavities and structu,res in rock. This computer program applies to general

three-dimensional structures, considers nonlinear material properties includ­

ing homogeneous deformations and inhomogeneous deformations due to joints,

anisotropic and time-dependent material propertoes, gravity loading, and

sequence of construction or excavation.

R-]215-2299

During the first half of this contract, work has been aimed at pro­

ducing a user-oriented computer program. The work of writing the program was

divided into three areas :

a. Input

b. Execution and output

c. Material properties

The Input Section automatically generates the continuum part of the finite

element mesh, Including joint elements, allows the user to add other elements

(beam, shell, truss) to the mesh, plots the result, reduces the bandwldth and

reads loads, material properties, and other quantities necessary to the cal­

culation. The Execution Section forms the glocdl stiffnes~ matrix and solves

equations of equilibrium for displacements by an implicit method. The material

properties ~re represented by subroutines within the Execution Section, which

are written In a modular form so that if the general equations of nonlinear

elasticity, viscoelastlcity, viscoplasticity, or plasticity do not suit a

particular problem they may be easily modified. This wcrk I~ now complete

except for linkage among the various sections to be checked out and for the

efficiency of some operations to be improved.

i i I
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One of the guidelines for this project was that no major new research

was to be done. Accordingly, the program uses existing finite elements, a

proven form of the equation of equilibrium, existing material property descrip­

tions, and an existing bandwidth reducer. However, a small amount of new work

was done. A new joint element wa3 developed and an existing concept for

automatic mesh generation was greatly extended. Also, a ferm of Choleskl

decomposition was modified for efficient use of multlbufferlng, resulting in

substantial Improvement in efficiency of snlvlng equations of equilibrium using

peripheral storage.

During the first six months of this study, some new work was reported

by other ARPA/Bureau of Mines contractors which h~s been Incorporated In the

program. Among these are sowe creep data obtained by W. A. Wawerslk of the

University of Utah and strength/deformability data for faults by R. E. Goodman,

F. E. Heuze, and Y. Ohnlshl of the University of California, BerKeley.

The technical work reporte~ below is divided Into four main parts.

Section 3 describes the equations of equilibrium and the types of finite elements

available In the program, Including t~e new joint element. Section 4 describes

the properties of rock Including anisotropy, rate effects, Joints, and homogen­

eous Inelasticity. Section 5 describes the computer program. Most attention is

given to the processing of Input dat~ and to options available to the Iiser for

mesh generation, sequential excavation, or construction, automatic bandwidth

reduction and plotting of the mesh. Some logical flow diagrams are given.

Section 6 describes some examp~e problems which have been solved during the

checkout of the program.

DLlr Ing the second half of th is project work will concentrate on

applications of the program to field situations In which measurements are

available for comparison with results of analysis.

Iv
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SECTIOIJ I

INTRODUr.T Ion

The purpose of this contract is to combine a number of recent

advances in finite element theory and computer technology into a computer

program for analyzing structures and cavities in rock. This computer program

applies to general three-dimensional structures. considers nonlinear material

properties including homogeneous deformation and inhomogeneous deformation due

to joints. anlsotropic and time-dependent material properties. gravity loading.

and sequence of construction or excavation. ~ince the program is intended for

practical analysls and design. great effort has been made to foresee diffi­

cultIes ln using It. For example. much tedious work, which formerly was done

by the user. has been eliminated by sophisticated mesh generators and a band­

width reducer. Also, ~ince many prospective users may have access to small

or medium-sized computers but may still wish to solve large problems

(4000-6000 equations), the program uses up-to-date multibufferlng techniques

for accessing peripheral storage units, thus dramatically reducing computer run

tlme for out-of-core problems. Finally. an attempt Is made to lengthen the

useful life of lthe program by making It simple to add new elements and to

expand the material property description and by makl nq the program efficient

for and compatible with a wide variety of computers.

The purpose of this report is to discuss what the computer program

now does and what it will do when the present contract is complete. Most of

the ~escription is given from the standpoint of a prospective user. Mesh

generation. the types of elements available. the types of loading and construction

which may be done. arid the material properties and joints which are available are

described. Assurance that the program is working properly is given by comparing

analytic solutions for one-. two-, and three-dimensIonal problems with the finite

element solutions to the same problems. The theory underlying the present finite

element formulation is also described. Also. the structure of the code is

indicated by logic diagrams.
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The work which will be done in the second half of the contract period

involves application of the code to actual mIning situations. During this

phase, general features of the program such as the Joint element and the

material property representations will be refined. Parameters will be

selected for specific field conditions and an attempt will be made to match

field data with calculations. The sites have not yet been selected.

To summarize, this report describes a finite element computer program

which Incorporates a number of good features which are not all available in any

other program. By means of comparison with analytic solutions, evidence is given

that the program Is consistent with the assumptions under which it was formu­

lated and written, and that It contains no programming errors. The task of

demonstrating that It accurately represents field conditions Is left to the

second phase of the contract.

2
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SECTiOU 2

PtlYSICAL ASPECTS OF ROCK AUD SUPPORT SYSTEMS
WHICH THIS PROGRAM REPRESENTS

..
This section describes the scope a~d sp~ciflc goals of the p~es~nt

co,~uter program. These are representation of gravity and live loadlng.~. ,

properties of homogeneous rock inc1udlng anisotropic, inelastic and v.lscous

effects, properties of jointej rock, excavation and construction, and' geometry

of cavities and support systems.

To illustrate the capability of the program three typical problems
, .

are described below. These problems have not actually been solved wlth lthe

present program, but they cuuld be solved at any time. The first Is l-l l us­

trated In Figure 2-1. A section of tunnel is to be excavated in a regl~n

containing a major joint. The properties of the joint are assumed tq'be known.

The rock adjacen t to the jo in t is assumed to be homogeneous and to have vIs cous

properties which can be represented by a vlsco-plastic model. In Step I, the

tunnel has not yet been excavated. Stress In the rock Is computed by applying

static overburden to the edges of the finite element mesh. Then the tunnel Is

excavated by removing appropriate elements. At each stage of the excavation,

the tunnel roof Is propped by truss and beam elements. Eventually, the

tunnel Is fully open and the final supports are Installed. Each stage Is

associated with an elapsed time, during which the rock flows In a vlsco­

plastic manner. At ea~h intermediate stage and at a stage the user defines

to be final, the stresses In the rock and in the support elements are printed.

The second problem Is Illustrated In Figure 2-2. A bank Is to be
I

excavated In a rock such as ~ h a l e having nonllnear, anisotropic stress/strain

properties and an anisotropi c fracture criterion. In Step I, the In situ states

of stress are computed by applying graVitational forces In a step-by-ste~

fashion throughout the grid. In subsequent steps, elements are removed In any

sequence the user desires. Betwe~n excavation steps the remaining rock will

be checked for fracture which would correspond to spal1 and sliding In an

actual field situation.

3
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BEDDING PLANE

REGION TO BE EXCAVATED
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The third example Is an extension to three dimensions of the first

examp le . The final stage In the calculation, at which the section of tunnel

under consideration Is fully excavated, Is Illustrated In Figure 2-3. Notice

that the plane of the joint Is not parallel to the axis of the tunnel. This

problem Is one of the largest and most difficult which the coue Is Intended to

handle.

Several Important qu~stlons remain unanswer d. First, how much do

such alia lyses cost In terms of computing time and engineering preparation and

Interpretation? Second, are sufficient field data available for nonllnear and

anisotropic properties of the rock and for the properties of the Joints to be

accurately modeled? Part of the answer to the first question can be found In

Section 6 of the present report In which the computer times for solving

simple checkout probl ms are given . Hore Information on costs will be forth­

coming at the end of this project. It appears at present that sufficient

field data are not available for accurate modellng. Hopefully, the deveiop­

ment of analytic tools such as the present program will stimulate the

necessary measurem nts.

6
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SECTlOU 3

APPLICATION OF FINITE ELEMENT THEORY

ThIs section discusses the present formulation of equations of

equilibrIum. The provisions to extend thIs formulatIon to l~rge deformations Is

also descrIbed. Then the typ~s of elements. IncludIng truss. beam. plane straIn

and axlsymmetrlc. three-dimensional and thick shell el ments are descrtbed. In

add!tlon, a new element for representing sltp and debondlng along planar Joints

Is descr Ibed.

3.1 SOLUTIOI' OF ImNLlIIEAR EQUATIOt~S OF EQUILIBRIUM

The matrix equatIon of equilibrIum for a structural system with

material nonllnearlty Is:

(3-1)

where the Instantaneous stIffness matrix (K) Is a nonllnear function of the

displacement vector (u). P Is the vector containing external loads. There

exist numerous methods of ~olvlng the above system of nonllnear equations. In

general. these methods can be dIvided Into two classes: Iterative methods and

Incremental methods.

Iterative methods apply the total load Initially and approach the

solution by modifying the stiffness matrix and/or modifying the 10Gd vector.

ModifIcatIon of the stiffness matrIx In general accelerates the convergence

but Is computatlonally co~tly. The optimum may be achieved by occ slonal

stiffness reformulation ;

8
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In Incremental methods the loads are applIed In several steps and an

Incremental form of the EquatIon 3-1 Is solved.

where

6u--n+1

6P--n+1

..

..
u - u-n+1 -n

P - P-n+1 -n

K 6u •-n --n+1 \3-2)

It Is Import~nt to note that the stIffness matrIx Kn can only be formed based

on the dIsplacement vector from the prevIous step u whIch creates some-n
step-wIse error. In thIs sImple Incremental technIque the step-wIse errors

can accumulate and lead to consIderable total error. To prevent thIs accurnul~­

tlon of the step-wIse error, a ~dlfled form of the load vector Is used.

where

K 6u • P - F-n --n+1 -n+l-n (3-3)

fn+1

F-n

• Total load vector at the end of the (n+l)th step

• Vector of the Internal resIstIng forces at the end of the
thn step

By usIng thIs method of load vector correctIon the equilIbrIum Is s{Jtlsfled at

the begInnIng of each Incremental step and thereby the accumulatIon of the

step-wIse error Is prevented. SatIsfactIon of equIlIbrIum Is assured In spIte

of errors or approxImatIons In the stIffness matrIx ~nd, therefore, the reformu­

Iat lon of the stIffness matrIx Is not requl red at every step. Ho\-/ever, the

error In ach step Is dl rectly dependent on the approxImatIon of lns t .an teneous

stiffness m.trlx.

9
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An alternative method Is to apply the total force from the beginning,

in which case the load In Equation 3-3 will be

p • p
n tota I (n-I I'" ,to

It should be noted that the application of the total load~ makes this method

equivalent to an Iterative scheme with load vector cor rect ion which was

previously discussed. However, the loads In general have a specified history

dictated by the sequence of application, sequence of construction and excava­

tion, and the time phenomenon associated with the viscous material properties.

In most practical problems, the specified history of loading Is a series of

step functions. This Is true in case of construction and excavation which can

be considered as a discontinuity In force-displacement relation and an abrupt

change In the Instantaneous stiffness matrix.

An efficient scheme Is to apply the total of the step-wise loading

at each stage and then carry out several Iterations with occasslonal stiffness

reformulation to accelerate the convergence. This scheme Is summarized In the

fo 11 owIng steps.

For each step:

a. COrJ1)ute ~n - ~n-I + 6~n (for first step; u • 0)o

b.

c.

Compute the strains (£ ) or strain Increments (6£ ) using the-n -n
derivatives of the shape functions for e ch element which have

been Ini tially computed and stored

1. For. time-Independent materials compute the stress (0 ) and-n
the Instantaneous stress-stra:n relations (C ) (see section on-n
material properties)

2. For vlsco-elastlc elements

C
I. Compute stresses 2n • ~ (£n - £n-I) where f Is

the elastic stress-strain matrix, £ Is the total strain-n
and cC t Is the total creep strain-n-

to
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11. Using the stresses, compute £C which Is the total
" -n

creep strain at the end of the time step (see section on

material ' properties)

Ill. Compute effective stress

C
a • C (£ - C )-n - -n -n

d. Compute the Internal, resisting forces from

tlve stresses for vlscoelastlc elements).

update cycle, compute stiffness matrix.

the stresses (effec­

If It Is stiffness

e. Solve Equation 3-3 to obtain ~~n+l' Compute y. n-~un+lll .

f. If a specified n,umber of Iteration has been reached or If

y ~ E: (£ Is a specified quantity.), go to Step g; otherwise,

go to Step a and repeat the Iteration.

g. " Apply the next loading step and go to Step a.

3.2 EqUATIONS OF EqUILIBRIUM FOR LARGE DEFORMATIOUS

The method of large deformation finite element analysis to be used In

the present computer program was Initially Introduced by Sharifl and Yates,

Reference 3-1.

The matrix equ~tlons of equilibrium (or motion) are derived from an

incremental virtual work expression and the original configuration of the finite

element system Is taken as the reference configuration. This choice of the

referenc~ state eliminates the need for updating of the 'coordlnates of the

nodal points which Is computatlonally a costly operation.
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The Incremental virtual work expression Is

I

,
• j

f

•

.fAo

(t + 6t ) 06U dA
..n n . n _0

\~

where

• Component of displacement vector

6Uk • Incremental component of displacement vector

t k • - Component of traction vector

6tk • Incremental component of traction vector

.' Slj ... Componen't of Plola stress tensor

6S Ij • Incremental component of Plola stress tenspr

6£lj • Linear component o'f lhcremen ta l strain tensor

6nlJ • Nonllnear compon~nt of Incremental strain tensor

(3-4)

r.

.-'.

The stresses and traction are referred to the area and the coordinates

of the original configuration':

(3-5a)

(3-5b)

I·

The total and Incremental dlsplacements within each element can- be

expressed In terms of the nodal point values of the dlsplacements through

shape functions

12
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(3-6a)

' I;~

where ~ is the 'vec to r of the. shape functions and ~i an<;l . ~I are the
, '

vectors .of the total and lncvemente l displacements of the element nodes•
.~ .

Without loss of ~enerallty the ~emainlng part of this section will

be devoted to the derivatio~ of the appropriate matrices for the two-

dimensional quad~llateral element.
\ . . ' .

Substituting the Equation 3-6 Into .Equa t ion, 3-5 w'i11 result In

the following expressions for the strain Increments ion terms of -.the nodal

point dlsplacerncnts:

I
I·

.'

l1e: xx
,.,. H l1U + (HtU.) (H t l1U.) + , (H" U .) , (H l1U.), .

-'x -x - x -x - x -x - - x -y -'x --"I. '

l1e: = H. l1U + (Ht U' .) (H. l1U ) + (HtU) (H. l1U)yy - Y -y - Y -x - Y -x - Y -y - Y --y
(3-7)

.-

l1e: ., H l1U + H l1U + (H U.) (Ht 6U .) + (H. U)xy - "x -y -'y -x -y -x -. y .- x - y -y

(Ht l1U) ~ (Ht U) (Ht l1U) + (Ht l1U)- x -y - x -x - y -x - y -y ;

The above equations can be written as matrix form

1..-

I

<3-8)

where I Is the identity matrix and

....,

13
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e:

· 1:::I fl U · {:~:I (3-9)

~'X Q

B 0 H g [~X
H,x Yl ~.x] (3-10)• =-'y H,y ~y ~,y

~'x ~'y
-x

B is the usual strain-displacement matrix for Infinitesimal deforma­

tion and E is the large deformation contribution.

The linear and geometric stiffness matrices and the load correction

vector are

Iv aT c -
~e ::: B dv- - m

m

~g • f BT
S l! dvmvm

f ... I aT s dvmvm

(3-11 )

(3-12)

where v Is the area of each element in original configuration, and C is
m

the Insr.antaneous stress-strain relation

A~ • C A ~

Finally~ the matrix equat ;on of equilibrium is

14

(3-14)
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It Is important to note that for the computation

only the derivatives of the shape functions H,x and H,y

of each element Is required. Therefore, these derivatives

points, can be computed In the first part of the program.

3.3 STRUCTURAL FlU ITE ELEt1ElJTS

R-7215-2299

of the above matrices

at o riginal geometry

at Integration

A description of the structural elements incorporated in this computer

program are given here. The beam and thick shell elements have linear elastic

properties. All other elements are capable of represen~ing nonlinear properties.

3.3.1 THREE-DIHENSIOUAL TRUSS ELEMENTS

The truss element is the conventional space truss member which can

resist compression or tension along its axis. It can also be used to model

bolts. The truss member is subject to three translations at each end of the

member as shown in Figure 3-la. The member stiffness matrix Is of order

6 x 6. The material and geometrical properties are defined by the tangent

Young's modulus, and the cross-sectional area of the element.

3.3.2 THREE-DIMENSIONAL BEAM ELEMENTS

The three-dimensional beam element Is subject to three translations

and three rotations at each end of the member. The generalized forces and the

generalized displacements associated with the slx-degrees-of-freedom (OOF) at

each end are shown in Figure 3-lb.

The geometrical properties of the beam element are specified by an

axial and two shear areas and three principal moments of inertia, two associated

with bending dnd one with torsion. Young's modulus and Poisson's ratio are

required to define the material properties of the beam element.

The element stiffness matrix Is of order 12 x 12 and is obtained

from the classical beam theory including the effects of the shear deformations.

15
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FIGURE 3-1. TRUSS AND BEAM ELEMENT
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A provision for the member end boundary conditions accounts for

hinges and other releases.

3.3.3 TWO-DIMENSIONAL PLANE STRAIN AND AXISYMMETRIC ELEMENTS

Quadrilateral Isoparametrlc elements will be used In the computer

program. For a gencral quadrilateral element, as shown In Figure 3-2, the

local and glob I coordinate systems are related by

4
X a 1: hi Xi

1-1

4
y =1: hi Y1

1=1

where the Interpolation functions are given by

h1 a 1/4 (l-s) (l-t)

h2 • 1/4 (l+s) (l-t)

h3 • 1/4 (l+s) (l+t)

h4 • 1/4 (l-s) (1+t)

(3-16)

I (3-17)

Th~ same Interpolation functions are used In the displacement
approxl matlon.

Ux (s,t) • 1: hi ux1 + hS a l + h6 a2 (3-18)
uy (s,t) a 1: hi Uy1 + hS °3 + h6 a4

where

h
S • 0_52)

h6 • (1- t2)

hS
and h6 are the incompatible Interpolation functions.

17
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18



R-7215-2299

For two-dimensional analysis the strain-displacement equations ar~

()-19)

Or Equation 3-19 can be written In matrix form as

~ • B U • [:J (3-20)

In this c se the three strains are related to the eight nodal point dlsplace­

ments and four coefficients of In~ompatlble displacement functions by a

3 x 12 matrix. The submatrices In Equation 3-20 are given by

H, • [h1 h2 h3 h4 h • h, ]- x .x .x .x ,x' S.x .x

H, • [h h2 h3 h4 ,hS ,h, ]-y l,Y ,y ,y ,y ,y ,y

The element stiffness matrix Is given by the following equation:

~ • Iv!T ~ B dv

19

(3-21)



where ~ I1 the stress-strain matrix. The Ibove eqult :on Is Integrlted

numerl cllly

(3-23)

Thll stIffness matr :x which Is 12 x 12 Is reduced to 8 x 8 by elimination of

the four Incol~atlble modes before assembling In the global stiffness matrix.

3.3.4 THtlEE-OIHWSIONAL ELEt1ENT

For an arbitrary eight-point brick el ment shown In Figure 3-3, the

appropriate displacement approxl~atlons are

8
Ux - t ux1 + hg 0xl + h10 0X2 + h11 °x3

1-1

8
uy - t uy1 + hg 0yl + h10 °y2 + hn °y3 ()-24)

1-1

8
Uz - t uz1 + hg °Zl + h10 0z2 + hn °z3

1- 1

20
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FIGURE 3a3. EIGHT-POINT THREE-DIMENSIONAL ELEMENT
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where

h1 • l/S (1 + 1;) (1 + '1) (1 + ~)

h2 • l/S (1 - 1;) (1 + '1) (1 + ~)

h3 • l/S (1 - C) Cl - '1) (1 + ~)

h4 & l/S (1 + C) (1 - '1) (1 + ~)

hS • l/S (1 + C) (1 + '1) (1 - ~)

h6 • l/S (1 - C) (1 + '1) (1 - ~)

h1 • l/S (1 - C) (1 - '1) (1 - ~)

hS • l/S (1 + 1;) (1 - '1) (1 - ~)

hg • (1 - 1;2)
2

h10 • (1 - '1 )
2

h11 • (1 - ~ )

R-7215-2299

()-25)

The first eight .re the st.ndard comp.tlble Interpol.tlon functions. The last
three .re Incomp.tlble .nd .re .ss~cl.ted with llne.r she.r .nd normal str.lns.

The nln Incamp.tlble modes .re ellmln.t d .t th element stiffness level by
st.tlc condens.tlon.

3.3.5 THICK S~ELL ELEHENTS

The thick shell el ment described here w.s Inltl.lly developed by
Wllson, et al., Reference 3-3.

This shell element Is • 16-nod curved solid element shown In

Figure 3-4. Each node h.s three unknown dlspl.cements. Therefore, If the

shen Is consld red as • two-dimensional surface there are six unknowns per

poInt. It Is .pparent th.t this type of formulation avoIds the problems
associated with the sixth degree of fr e~-the normal rotation Is set to

zero when cert.ln finite elements .re used In the Ide.llzatlon of shells.

22
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The locltlons of the nodes .re defined by the ortho9Dnll. right­

handed coordinate system (x, y, z) which Is r.ferred to IS • globa' system.

WIthin the .Iement I locII coordinate system (t. ~. t) hiS b••n chosen such

thlt et FI t t vary from -I to +1; CO, 0, 0) Is loCllted U the centrold of the

.11l1'li" t ,

The locII end global coordinate syst.~ .r. rel.ted through. set

of Interpolating functions :

16
X- t hi XI

I-I
16

Y - t hI YI (3-26)
I-I
16

Z - t hi zl
I-I

I
I
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wher

h1 • lIS (1 + t) (1 + n) (1 + t) (t + n - 1)

02 ~ lIS (1 - t) (1 + n) (1 + t)(-t + n - 1)

h3 • lIS (1 - t) (1 - n) (1 + t)(-t - n - 1)

h4 • lIS (1 + t) (1 - n) (1 + t) (t - n - 1)

hS • lIS (1 + t) (1 + n) (1 - t) (t + n - 1)

h6 • lIS (1 - t) (1 + n) (1 - t)(-t + n - 1)

h7 • lIS (1 - f,~ (1 - n) (1 - t)(-t - n - 1)

hS • lIS (1 + t) (1 - n) (1 - t) (t - n - 1)

h9 • 1/4 (1 - t2) (1 + n') (1 + t)

h10 • 1/4 (1 - t ) (1 - n2) (1 + t)

h11 • 1/4 (1 - t2
) (1 - n ) .(1 + t)

h12 • 1/4 (1 + t ) (1 - n2) (1 + t)

h13 • 1/4 (1 - t2
) (1 + n ) (1 - t)

h14 • 1/4 (1 - t ) (1 - n2
) (1 - t)

h1S • 1/4 (1 - t 2
) (1 - n ) (1 - t)

h16 - 1/4 (l j + t ) (1 - n2) (1 - t)

(3-27)

ing form:

The dlsplacements within the element are assumed to be of the follow-

16
:1 • t hi uxi + h17 ax1 + h18 ax2 + h19 ax3 + h20 Gx4 + h21 ax5
, i-l

16
11 • t hi uyi + h17 Gyl + h18 ay2 + h19 ay3 + h20 ay4 + h21 ay5 <3-28)

'{ i-=l

16
11 - r. hi uzi + h17 azl + h18 az2 + h19 az3 + h20 Gz4 + h21 ~z5

I i-l

25



R-7215-2299

where

..
h17 • t (1 - t' )

2
h18 =n (1 - n )

h19 = (l - 1,;2)

h20 • tn (1 - t2
)

h21 • nt (1 - n2
)

The motivation for addition of the Interpolation functions h
l 7

to

h21 Is to Increase the capability of ~he element In producing closer approxi­

mations to the exact dlsplacements under simple loadlngs, thereby Increasing

the convergence to exact solution. The Incompatible Interpolation functions

hl 7 to h21 have zero values at the nodes and produce Incompatibllltles In

dIsplacement field along the Interelement boundaries .

The joint element is Intended to represent the rock joints, faults,

Interfaces and similar discontlnuities in continuum systems. The joint

element has the capabll ity of representing "the, main charec terls t lcs of the

deformation behavior of the rock joints such as debonding and slip. The

term debondlng means the ability of separation of the two blocks of continuum

adjacent to the joint surface which were initially in .contact. Subsequent

contact can also develop by the movement of the two blocks towards each other.

The term slip means the .relative motion along the jol~ t surface or faul~ when

the shearing force exceeds the shear strength of the joint.

Previous attempts have been made to develop discrete elements to

. represent the joint behavior. Goodman, Taylor and Brekke (Reference 3-2)

developed a simple rectangular, two-dimensional element with ~Ight d~grees

of freedom. This element has no thickness, and therefore the adjacent blocks
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of continuum elements can penetrate into each other. Zlenkiewicz, et al ••

(Reference 3-4) advocate the use of continuum .Isopa ramet r ic elements with a

simple nonlinear material property for shear and normal stresses. assuming

uniform strain in the thickness directfon. Numerical difficulties may arise

from III conditioning of the stiffness matrix due to very large off-diagonal

terms or very small diagonal terms which are generated by these elements In

certain cases.

To avoid such numerical problems a new joint element Is developed

below. which uses relative dlsplacements as the independent degrees of freedom.

The displacement degrees of freedom of one side of the slip surface are

transformed into the relative displacements between the two sid~s of the sI ip

surface. The transformation relations are as follows:

T B + 6uu = uxl xl xl

T B + 6uu = uyi yl yi

T B 6uu = ux k +xj xj

T B 6uu = uy k +yj yj

The superscripts T and B refer to the top and bottom elements

with respect to the slip surface respectively. As shown In Figure 3-5. those

degrees of freedom of the upper element which are on the slip surface are

transformed but the degrees of freedom of the lower element are the original

displacement quantities.

2]
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FIGURE 3-5. GEOMETRY OF JOINT ELEMENT
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The Joint element Is assumed to have the relative displacements as

the degrees of freedom. For example, In a two-dimensional problem the joint

element wil I have four degrees of f reedom (Figure 3-6). The relative normal

and tangential displacements, 6u and 6u , are assumed to vary linearly alongn s
the element as follows

6u a h
16U.

+ h.6u .
n n I J nJ

(3-30)

6u •s h.6u . + hj6U .
I SI sJ

where the h. and h. are the linear interpo lation functions
I J

(3-31)

and 6u., 6u j' 6u. and 6u . are the nodal point values of the relativenIns I SJ
displacemp.nts. The joint element is assumed to have only two strain com-

ponents; £n· normal strain, and £s ~ shear strain. These two strain

components are related to the relative displacements through the fo llowing

reI at ions.

1e • - 6un t n
(3-32)

1
£s III - 6ut s
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FIGURE 3-6. COORDINATE SYSTEMS FOR JOINT ELEMENT
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The substitution of Equations 3-30 and 3-31 Into Equation 3-32 results

In the strain-displacement relation for the element

(3- 33)
(1 + E;)

o

o

(1 - E;)

- E;)

a ~u

• L~l
2t l 0

•

{::l

The stresses and the strains are related through the following

material property matrix £.

{:"} . [:"" :".]
s sn ss

(3-34)

In general the above stress/strain relationship for rock joints is

nonl inear, the details of which are given in Section ~.

The stiffness matrix for the Joint element is formed In n-s

coordinate system;

k • Iv aTc a dv-ns (3-35)
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k • (3-36)

where ! 15 the ~ransformation matrix containing the direction cosines.

where

2(A
J

- 28,) 2(A
3

+ 8
2)

l 2 (A2 + 28,)

k • bt
Symmetric

(A, - 28,)

(A
3

+ 8
2)

2(A, - 28,)

(A
3

+ 8
2)

(A2 + 28,)

2(A
3

+ 8
2)

2(A
2

+ 28
2)

(3- 37)

?
b2

A, • C a- + C 81 • r. abss nn ns

A
2

C b2 + C a2
8" C (a 2

- b2
)• •ss nn ns

A
3 • (C - C ) abnn ss

1a • r (Xj - XI)

b • ~ (Y j - YI)
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SECTlOU 4

REPRESEIITATlOU OF PROPERTIES OF ROCK, INCLUDIUG AN ISOTROPY ,
IUELASTlCITY, RATE EFFECTS AIID
PROPERTIES OF FAULTS OR JOIIITS

The first part of this section describes horoogeneous prop erti es of

rock which are available In the AA coeouter program. As used here, 'lhomogeMous"

refers to properties whl~h can reasonab ly be averaged over several feet, which

Is a typical dimension of a finite element In applications to mining engineer­

Ing. Inhoroogeneous properties of rock masses, such as those caused by faulting .

arc treated by a separate procedure which Is described in the second part.

The topics which are cove red below include t he follo\'1 ing:

a. Inelasti city

1. Variabl e modulus

2. Variable modulus wi th perfect plasticity

3. Variable modul us wi th perfectly plastic fracture

criteri on and strain hard ening cap

b. ~nlsotropy

1• Variable ~dulus wit h anlsotro~lc fracture criterion

based on the hypothesis of Jaege r (plane geometry only)

2. Var i., bl e modulus \-,i t h ani sotropi c yield c r i t e r ion based

on the hypo thes Is of tl" I

c. Rate Eff ec t s (Isotropi c Only)

1. Creep (series of I ~e l v l n elements )

2. Vlscoplastlclty (based on work of Perzynt)



d. Joint Properties

1. Oi latant

2. 1I0ndi II tant

R-7215-2299

It.l t10,tQGElIEOUS PROPEr-TIES

T~,ese models, which are also summarized In Table It-I, afford some

materlal descrlptlons w~lch probably cannot be u~'ectlvely used at present

owlng to the lack of cxp~rlmental data on rock fro~ partlcular ~Incs. As

~.lysls lncreases ln effectl\~ness, lt Is expecte, that more data wlll be

routlnely obtalned, thus enabllng more sophlstlcated material models to be

used. Advantages and disadvantages of these models are summarized In

Table 1t-2. Typical laboratory properties for rocks are shown In Figure 1t-1.

TABLE It-1. SUMMARY OF AVAILABLE MATERIAL PROPERTIES

Haterlal Character 1st Ics

,~
,~ ,~

....~ ~'Cw 'Cw
,'b..~ ."Type of Hodel

'Cw!
,'II ;; ,,~0'Cw

"I' ~o ~
,,0 ," ," ,~.... 't'~ ~,

~

Cons tan t e 1as tic modu II X 0 X 0

Variable moduli X 0 X,O

Elastlc/plastlc ('lxed
statlc yleld surface)

Constant moduli X 0 X 0

Varlable modull X 0 X 0

Cap moal X X_.

X options or 0 optlons may be used slmultaneou~!y, but
X and 0 optlons may not be mixed, except ~hcre noted.
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TABLE ~-2 . ADVANTAGES AND DISADVANTAGES OF EACH HODEL

Advantag s DIsadvantages

A. ElastIc-Ideally Plastic

SImple to fit to data
ApproxImates most features of data
G • Const. G • G(p ) and assocIatedmflow rule theoretIcally correct

Hay not fit all available data
Cannot match trlaxlal test
Other treatments of G can I ad

to possIble paths of energy
generatIon

For nonassoclated fla~ rule no
general uniqueness theorem

8. VarIable Hodull

Best fIt of data
Only model wIth repeated hysteresIs

wIthIn faIlure envelope
Ideal for fInIte element
Computatlonally sl~ple

RelatIvely easy to fIt

C.

RestrIcted to near-proportional
loadIng (In shear)

For nonproportlonal loadIng paths
no unIqueness theorem

AddItIonal qu ntlty must b stored
at each grId poInt

Cap Hode I

SatIsfIes all rigorous theoretIcal
requ Iremen ts

Reasonably good fIt of data
Effective control of dllatancy

D.

SImple to fIt to data
ApproxImates features

of data for some rocks

E.

Appro~1 ates so features of
data IncludIng sh ar strength,
stIck-slIp phenomenon

IndI rec t app roach ne ded to fIt
data

RelatIvely complIcated
AddItional quantity, the strain

hardenIng parameter, must be
stored at each grId poInt

Vlsceelastlc

RequIres sophIstIcated testIng
to defIne vIscous coeffIcIents
for multI-axIal loadIng.

Does not account for deterIoratIon In
strength wIth tIme

Vlscoplastlc

RequIres sophIstIcated testIng
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The progr nrnlng of the material property subroutines Is arranged to

provide maximum flexibility and ease In changing properties. This Is done by

performing each separate function In the material propertlas description by a

separate subroutine. Thus : : ~ . ,a ra te s ub rout lnes are provided for the following

purposf's :

Computing variable modul i

Computing derivatives of the yl Id functions with respect

to Its arguments.

Testing for yielding or fractur

Adjusting stresses for vlscoelastlc relaxation.

Adjusting stresses for vlscoplastlc relaxation.

Transforming strain Incr ments to principal axes of orthotrophy

and transformi ng th matrix of stress/strain coefficients to

the global IX s.

The re Is considerable interd pendence between the Inelastic nd anisotropic

capabilities. \lherever possible this Interdependenc Is used to economize on

progra . Ing. Log ic dlagra~s for e ch subroutine In the homagen ous material

property package, are 9ive n In App ndlx A.

It. I. I IUELASTlCITY FOn ISOTROPIC HATERIALS--VARIABLE HODULUS

Inelasticity In Isotropic mat rlals Is represented through variable

bulk and shear moduli nd throl'~h plasticity th orv , The bul~ modulus B

Is assu d to depend on the curr~"t value of elastic volumetric strain u and

Its previous maximum value umax'

FOR LOADING (0 > u ~ U~X)

(1t-1 )
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FOR UNLOADING OR RELOADING (O < ~ < ~..x)

wh re

B • B +u {B - B )(L)
m u ~2

(Jt-2)

B • theu

lB + {B - B )(~max)1 0 m 0 ~

lesser of ~Bm

FOR LOADING OR U'LOADING/RELOADING 'U TENSION (~ < 0)

Application of this model to a gr.nltlc rock Is Illustr.ted In
Figure 4-2. Specific parAmeters for this rock are

~ • 7.6 x 10
6 psim

Bo • 1.205 x 106 psi

~1 • 0.0275

~2 • 0.05

The she.r modulus G

FOR LOADING (0 ~ ~m.x ~ ~)

Is also assumed to depend on ~ and ~max

G • G - (G - ~ ) exp (:p_)
m m 0 ~3

39
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(a) MODEL BULK MODULUS FOR LOADING
AND UNLOADING

0.04 0.05 0.06 . 0.01 0.08
V

" ," I O ~ 1

(b) MODEL HYDROSTAT FOR LOADING
AND. UNLOADING

I •

"
"
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1
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(d) MODEL HUGONIOT AND HYDROSTAT
COMPARED WITH DATA

)).00

10.00

~.OO

...
""2500 -.... .
a:
:;)
VI
VI
~ 20.00
ll.

'.
•0.4

• I
oL.L.-l-.-J,-_I_~1
o o.2 0.4 O. 6 0.8 1.0
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(c) LOW PRESSURE BULK MODULUS COMPARED
WITH DATA (REFERENCE 4-1)

FIGURE 4-2. MODEL BULK MODULUS. HYDROSTAT AND YIELD POINT IN UNIAXIAL
STRAIN COMPARED WITH DATA
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~ \, .

FOR UNLOADING/RELOADING (0 < lJ < 11 )- "max

G • Maximum previous value of G

FOR LOADING 6R' UNLOADING/RELOADING IN TENSION (lJ < 0)

"' R-721S-2299

(4-5)

(4-6)G • Gt
, ~"\/

·Appl ication of this model to cracked a'nd:uncracked granitic "rocks ',
is " ll l us trated in Figure 4-3. Specific parameters for these rocks are:

'i

Gm • 4.3S"x

G ' = 0
0

" lJ3 • 0.005

r, The incremental stress dO'i . is re 1ated to the incremen t fl : com-
e r , J

portent of el5lstic 5 tra i·r( de .. b~\ the fo 11 owing expression:, ' I J "

~ r
~',

f G)de .. " (B e
2G (de:: .) :(4..i)= de:kk ,Oij +

IJ
,

", IJ '\

.... ..
where

0 .. = 0 if , j ; • if :: j
IJ

Theoretical guidance on the appro~riate functions for Band G

is provided by Walsh (References 4-7,4-8), who postulates that the effective

modulus differs from the intrinsic modulus due to cracks and pores. As 'these "'

are closed by increasing pressure. the effective modu l us tends toward the

consolidated value. Walsh's work contains parameters which are not retained
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in the following empirical expressions for the effective bulk modulus. How­

ever. the basic concept is retained. Also. the present model for the effective

shear n~dulus merely follows Walsh1s concept. The idea of coupling the shear

stiffness to volumetric strain is ~roposed in Reference 4-9 and carries the

danger that energy might be extracted from th e mode l by hydrostatic com­

pression. followed by shearing. followed by releasing the pressure and finally

by releasing the shear. This danger is avoided by assuming that friction

prevents cracks from reopening during unloading so that the largest value of

G reached on loading is retained during subsequent unloading/reloading.

Under these conditions a material may dissipate energy in shear during

loading and unloading cycles but can never produce additional energy.

4.1.2 INELASTICITY FOR ISOTROPIC HATERIALS--VARIABLE MODULI WITH PLASTICITY

The present adaptation of plasticity theory is based on work of

References 4-9 through 4-13. The model consists of a yield criterion

f(a. Of L) :: 0
I J

where L Is a function of plastic strain,

and a plastic flow rule in which f is regarded as a potential function

(4-8)

pde ..
I J

.. (4-9)

The''incremental stress is related to the elastic component of incremental

strain by Equation 4-7. Defining
.'. ;,.

t .~ t,

e
de.. = de ..

I J I J

43
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Substituting EquaLions 4-9 and 4-10 into Equation 4-7 l eads to

do.... A(d£kk - A _aaf ) 0•• + 2G(d £" - A _al)f )
IJ oH IJ IJ 0ij

where

(4-11 )

A .. u - 1. G
3

If the yield criterion is satisfied. the stress state must I ie on the surface

defined by f in Equation 4-8. The mathematical statement of this constraint

is

df .. af d + !f. dL-a 0 •• "L0.. IJ 11
IJ

• o (4-12)

Substituting Equation 4-11 into 4-12 permits solutions for A

A •
A(dckk) f~~ + 2G dCiJf jj
Afkkf~~ + 2G fijf jj + R

(4-13)

where R Is a strain-hardening function to be defined below.

Substitution of Equation 4-13 into 4-11 expresses the stress Increment In

terms of the strain increment.
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Specific functional forms have been assumed for f. These contain

empirical constants whose values can be selected to m.tch data for a specific

material. The forms are

Po 1y"om Iall In 0 IJ

f 1(0 .. ) •
IJ

I .1"jT _ a
I. '-2 5

• 0

• 0

(it-lit)

Polynomial 2 In 0 ••
IJ

~- 1"1[1- (1 -~n+ "2 J· 0 J 1 > b

f 1(0 ij) • (1t-15)
I

'~- (a 1 + a2) • Q J 1
< b-

Cap (to be used with PolYllomia!....lL

f 2 • (J 1 - V)
2

+ p2 (J2- Q) • 0

in which

and

(1t-16)

(1t-17)

(1t-18)

.
f
A11 - (1 - ~)2] + C

X(L)

A + C

L S 8

L > 0



I:: (1 - ~) L < B

XI (L) •
L :- B

The hardening parameter, L, is

where

[ VJf rg • \I 1 2
VIr - f 1

.p
(cr)2 + (&~)2 + (,~/'2 •

The hardening parameter R Is

R • ((f 1
2 ) r2f+(~f+(~)2f l 3f2
VJf)2 (ar) 30 1 302 3° 3

where

R-]215-2299

(4-19b)

(4-20)

(4-21)

(4-22)

(4-23)

°1, °2, 03 are prlr:1pal stresses

and

R • 0 if f • f 1,

T~e ~ap parameters and stress/strain relations produced by the cap

model are shown in Figures 4-4 through "-6. Data (\" strength for granite

containing various degrees of cracking are shown In Figure 4-7, which Illus­

trate the adequacy of the assumed fracture criter ia,



FIGURE 4-4. CAP MODEL

2

R-72 1S-2299



R-72 15- 2299

250

3.753.00

XIAL STRAI~

UNIAXIAL STRAIN TEST

"HYDROSTATI C TEST

RADIAL STRESS, KSI

100 1 050

0.75 1.~0 2.25
VOLUHETRIC STRAIN, PER CENT

RADIAL STRESS
UNIAX'AL STRAI
TEST

100

300

250

~ 200
~

FIGURE 4-5. HYDROSTATIC AND UHIAXIAL STRAIN BEHAVIOR CAP MODEL FIT tOR
GRANITIC MATERIAL



R-7215-2299
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The Incr menta l st res s/ s t ra in equat ions .rc expr ssed In matrix for m

cl S follows :

{do} • [C)(d c}

where de Is th tot I Increment of str~ln. The C matri x thus contains

9 neral Ized tangent moduli and can be used In forming the e l ment stiffness

~ t rlces. For the mode ls descr ib d above, the C matrix Is as follows :

51 ,
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The C matrix Is cl .rly compospd of elastic .nd Inelastic parts

C • Ce - cP (4-26)

The Ce and cP matrices are computed separately. The reason for this Is

efflcl ncy In tr atlng Isotropic and .nlsotroplc materials with the same

Fortr.n stat ments.

In weakly nonlinear probl ms It Is possible to avoid time-consuming

reformulation of the stlfCness matrix by Introducing nonllnearlty through

the load vector. Th method is an extension of the qulllbrlum equations

given In Reference 4-29. In the following equation, time Is used as a

parameter. Number of load step could be used Inste.d.

At time t , 'h~ total change In compllm ntary strair energy Is

equal to the ch.nge In cnmp l Irnentary work done by nodal poin t f~rces.

where

<u>
r

{dP}
T

(It-27)

<: >, {do} • Element strain and stress Incr ent

<u>, {dP } • :Jodal d splacem nt and force vector

v

T

• Volume of fInIte element

• Arbitrary Instant of time

The straln/dlspl.cement ~elatlon Is

{t} • [8] (u)

or et> • <u> [8) T

53
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The stress Increment In an elastic/plastic material may be expressed by

rewriting Equation 4-24 as follows.

e
where now C • C

{do} - [C]{ de} - { do }
p

elastic correction

(4-29)

Substituting Equations 2-28 and 2-29 Into Equation 2-27,

<u>
T

[B]T{[C][B]{dU} - {do} }dV •
T P ,

,=t
E,=0

<u>
t

{dP}
T

(4- 30)

Noting that <u> may be eliminated from both sides and that
T

{ [B]T[C][B]dV - [K]Jvol
(4- 31 )

where [K] Is the elastic stiffness matrix, Equation 2-30 may be rewritten as

+ [K]{du}6t - {Jvol

T-t
~ {P},-0 T

(4-32)

where {du}A , {do I equal change in u and 0p during the Interval
u t p 6t

t - 6 t to t .

Performing the indicated summation, assuming stress to be constant

throughout the element and defining

E ­t

T

~ [K] (du)
,-0 T

(4-33)
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we have

(4-34)

For small increments of stress and time in a step-by-step integration, the

second term on the left hand side Is neglected.

The expression which is used for {E} in the computer program Is

derived as follows. The recoverable work done on an element is equated to

the elastic strain energy stored in the element by the fo l lowl nq equation.

1 1
-2 <u>{E} = -<E>[C]{E}V

2 .

or

Thus Equation 4-34 may be rewritten

Following Equation 4-29

do.. .. (AdEkkO .. + 2G de ••) - '. (A _aaf 0•• + 2G aaf.) A
IJ IJ IJ 0 kk I J , ' 0 iJ

.',

or

do, ... AdEkko'lJ' + 2G dE., - do~.IJ ' IJ IJ

55

(4-35)

(4-36)
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(4-38)

I
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I
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where
af 2G d-: . . af

p ( af 2G .lL) Ade: kk ao
U

+
I J dO ••

do .. = Aa-a .. + I J if f Cl< 0
I J O' kk I J dO •• af 2L+ d f d f

I J A ?GaOkk ao U ao .. ac .. (4- 40)I J I J

= 0 if f < 0

After each integration step, tl u .
I

is given; de: ..
I J

is found.

Based on de: .. and stress at previous time, f is checked
I J

and do .. is calculated according to whether material is
I J

elastic or plastic by adding contribution for e 1as tic pa r t

to contribution from plastic part.

Stiffness is always based on elastic, parameters, i.e., A, G.

Plasticity is introduced through updating of stress increment.

Hence, there is need to update stiffness matrix.

4.1.3 INELASTICITY FOR ANISOTROPIC MATERIALS--THEORY OF JAEGER

The fracture of anisotropic rocks is the subject of several failure

theories. The Walsh-Brace theory (Reference 4-14) assumes that failure is

tensile in nature and that it is influenced by the presence of preexisting

cracks. Some of the cracks are assumed to be small and randomly oriented

while others are long and have preferred directions. Extension of the cracks

is po~tulated to occur when the Griffith criterion (Reference 4-15), as

modified by McClintcck and Walsh (Reference 4-16) to account for friction on

the crack faces, is satisfied .

In contrast, Jaeger (Reference 4-17) assumes the material to fail in

shear either along a single plane of weakness or within the matrix material

according to a Mohr-Coulomb type of failure criterion of the form

r = a - oa
o 1
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where

L = Shear stress on plane of fracture

a a Normal stress on plane of f rac t ure

ao' a l = Cohesion, angle of friction

The theory is expressed in terms of principal stresses by an axis rotation

as follows

=
2ao - 2a l a

3

al - ,a~ + 1

(4-39)

Improved agreement with experiment is obtained lf ao
is assumed to vary

where

(4-40)

e = Counterclockwise angle from the direction of the major prin­
cipal stress (a l ) to the direction of the bedding planes

~ = The orientation of a at which
assumed to be equal to 30 deg

ao
is minimum. Usually

The angle a is shown in Figure 4-8 along with angles relating it to global

directions in the finite element formulation. McLamore and Grey (Refer­

ence 4-18) have obtained satisfactory agreement between experimental

data on strengths of slates and shales using a modlflcatlon of Equation 4-25

as follows:

= for

(4-41)

for

Some of their results and those of Brace and Walsh are Illustrated in

Figure 4-9.
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x - y - Z = GLOBAL AXES

1 - 2 - 3 = PRINCIPAL STRESS AXES

'-----+---~------. y

FIGURE 4-8. ORIENTATION OF PLANES OF WEAKNESS DEFINING ANISOTROPIC BEHAVIOR
ACCORDING TO JAEGER
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FIGURE 4-9. COMPARISON BETWEEN FAILURE THEORIES AND EXPERIMENTAL DATA
FOR ANISOTROPIC ROCK (REFERENCE 2-18)
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The present application of the hypotheses In Reference 4-18 Is

limited to plane geometry. It does not take Into account the effect of the

intermediate principal stress which is sha~n In Reference 4-19 to play an

important role in fracture of some types of rocks. More work is needed to

remove these restrictions.

The first step is to determine the magnitude of the principal

stresses a1 , O2 and their direction as specified by 0 , the counter­

clockwise angle from the +X global axis.

a + (J ~exx - a r 2xx yy :t yY +a 1 2 = a, 2 2 xy

1 C2a

)
0 = '2 Arctan xy

o - ay x

(4-42)

(4-43 )

Bilinear stress/strain relations are specified by the user in terms

of Young's moduli and Poisson's ratio in directions parallel and perpendicular

to the bedding planes (oriellled at et relative to global axes). Thus,

experimental data is required from specimens cut orthogonal to bedding plane
oand at angles other than 90. The computer program transforms the various

E and v to the principal directions of stress and modifies them to account

for fracture. These parameters, El' ')12 ' ')13 ' E2, \121 , \123 ' e tc , , are

assembled Into a matrix relating incremental stress and strain in principal

stress axes. The relationship between incremental stress and incremental

strain expressed in the principal axes of anisotropy (principal stress axes)

is shown in Equation 2-24 where C is given by Equation 4-44. The matrix is

then transformed through the angle 0 into global coordinates for inclusion

in the element stiffness matrix. An illustration of the bilinear Young's

modulus approach is superposed on data in Figure 4-10.
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50..-------------------
-o-DATA
--PRESENT HODEL

PERCENT STRAIN (EACH UNIT • 1% STRAIN)

FIGURE 4-10. STRESS-STRAIN CURVES FOR GREEN RIVER SHAlE-2 FOR VARIOUS
CONFINING PRESSURES, B • 10 DEG (REFERENCE 2-18)
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[c ]

wher e

1
= 0 (4- 44)

I) I

o 1)

o •

4. I. it INELI,STICITY FOR AUISOTROPIC ROCK--THEORY OF HILL

Hill (Reference 4-9) has proposed a yield criterion for anisotrop ic

materials whose form is compatible with the isotropic plasticity theory

described above. I f the stress components are expressed in the pr incipal

axes of anlsotropy (not necessarily principal stress axes) , the yield criterion

can be expressed by

(4- 45)

whe re

(,2
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In which It Is assumed that t he ~ , n, t axis system coincIdes with the prIncIpal

direction of anisotropy. f may be used as the potential function described

above. Adaptation of this theory to rock Is described In Reference 4-20.

The elastic behavior of the material may be prescribed to be e ither

Isotropic or anlsotropl '. If it is Isotropic, the quantities 8 and G may

be used. If i " Is anisotropic, Young1s modul I and Polsson ratios El' v12,
v
13

, etc. are specified in the principal directions of anisotropy. The C

matrix (Equation 4-2~) which relates Incremental stress t~ Incremental strain

is thus InitIally expressed In the principal axes of anlsotropy and is sub­

sequently transformed to global directions of the finite element mesh.

4.1.5 RATE EFFECTS--VISCOPLASTICITY

This method of incorporating rate sensitivity equations is based on

Perzyna's elastic-viscoplastic modul (Reference 4-21) which Is a generaliza­

tion of an earlier model proposed by Hohenemser and Prager (Reference 4-22).

An adaptation of the cap model described above for viscoplastlcity Is described

In Reference 4-23. The pre sent model Is taken from Reference 4-24.

A linear elastic, rate Independent region Is bounded by a static

yield criter ion

(4-46)

within which Hooke1s Law appl ies. If the static yield criterion is satisfied

or exceeded

(4-47)

A vlscoplastic strain rate is assumed to develop accord ing to the following

flow rule.

.p
E ••

I J
= y41(f) aFaa:-:-

IJ
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where

~(f) - A function of the static yield criterion f

F - Assumed potential function. Presently, a nonasso~iated

flow rule is used In which F - J 2 and differentiation
Is performed with respect to the stress deviators G 1j

y • Empirical vlscoplastlc parameter

It is assumed In the present work tha t

~
- 1- J 1

> b4
E n-1a J 1n-1 n

~(f) • (4-49)

VIr
- 1- J 1

s; b
as

for

4 n-1
~- E a J 1 ::: 0 J 1 > bn

n""l

f - (4-50)

> 0 J 1 ~ b-

If f < 0, elastic Invlscld stress/strain relations apply.

Making use of Houke's law

and expressing the elastic devlatorlc strain rate by

(4- 51)

=
• I • pI

E •• - E ••
I J I J
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f ~ O. the stress rate may be expressed by the following

).£kk6 Ij + 2G • y( ~ -1 ~E: Ij - J 1 > b,4 vrf1: n-1a J
n-1 n I

• (4"S3)a IJ -
).tkk6lj + 2G ~. ov(fI. ~~] J 1 < b

IJ as ~

If time is considered the Integration parameter and the time step is 6t.

the Incremental stress is

The absence of plastic volume strain Is due to choosing a nonassoclated flow

rule In which J 1 does not appear In the plastic potential.

Some example calculations. which are summarized in Tables 4-3 and 4-4.

are shown in Figures 4.. 11 through 4-13. Comparison with some data for a

tonalite is shown in Figure 4-14. The comparison illustrates the abil ity of

the model to represent increase ir strength with strain rate and its inability.
to represent nonl inear behavior prior to yielding. It can be shown that the

effects of viscoplasticity can be accounted for entirely by a correction to the

load vector (Reference 4-24). The technique is similar to that described 'above

for rate-Independent plasticity and to that described below for viscoelasticity.

An Important consequence of this Is that time-consuming reformulation of the

stiffness matrix Is avoided.
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TABLE It-). SUMMARY OF EXAMPLE CALCuU\'IIONS
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I Stress Ratio.
I Stra in Rate. ;':

I
,

Case I Type of Loading OJ'°l , in.fin.-sEc
I .

1 I Proport iona I loading 0.293 200.00

2 Proportional loading 0.293 2.00

3 Proport iona I loading 0.293
I

0.20I

4 Proport iona I loading 0.293 O.O?

5 Proport iona I loading 0.200 0.20

6 Proport iona I loading 0.100 0.20

7 Uniaxial s t ra in 0.293 0.02

6 Uniaxial s t ra in 0.293 0.20

9 Uniaxial s t ra in 0.293 2.00

10 i Uniaxial strain 0.293 200.00

·':For proportional loading. these are elastic strain rates.

TABLE 4-It. PROPERTIES USED IN PRESENT EXAMPLES

Properties

Bulk modulus B 6 psi• 1.5 x 10

Shear modulus G • 106 psi

Cohes ion a • 1450
0

Angle of friction a l = -0.1

Viscoplastic coefficient y .. 1.0
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4.1.6 RATE EFFECTS--VISCOELASTICITY

The total strain is defined to be the sum of instantaneous elastic

and vlscoelastlc parts. The strain is further divided Into shear and volumetric

components, which are treated separately as follows:

(4-5Sa)

(4-SSb)

In the computer program the user may choose to have either elastic or vi sco­

elastic shear deformation and to have either elastic or viscoelastic volumetric

deformation.

Kelvin, Haxwell and three-parameter fluid models are available as

shown In Figure 4-15. To simplify the following discussion, no distinction is

made between volumetric and shear components. The creep rate and creep strain

at t + ~t may be expressed as follows:

KELVIN

:::
(4-S6a)

:: (4-S6b)

E
where a • - and1 n
respect ive1v ,

HAXWELL

E and n are the spring and dashpot constants

(4-57a)

(4-57b)

where al·
1E and
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FIGURE 4-15. VISCOUS MODELS AVAILABLE IN THE
PRESENT COMPUTER PROGRAM
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THREE-PARAMETER FLUID

The creep strain of the three-parameter fluid is divided into two
1 c d 2 c
£ an £ which represent the creep strain in a Ke lvin modelcomponents

and dashpot

c 1 c 2 ce = c + c

1 c 1 c exp(-a 16t) +
a2

- exp(-a1 6t))£t = £t a - (1+M t a1

2 c 2 c
+ ~ at£t = £t+M +LH a2

(4-58a)

(4-58b)

(4-58c)

These models are illustrated in Figure 4-15. Various aspects of their proper­

ties are discussed in Reference 4-35. Equations 4-56a, - 57a , and -58a are in

suitable form for application to a time-marching Integration procedure.

Typica l creep and creep recovery data for several rocks are shown in

Figure 4-16. Appl ication of a Kelvin model to one of the rocks Is shown in

Figure 4-17. By suitably varying the parameters a1 and a
2

, a range of

behavior can be reproduced. To assist the inexperienced user in selective

coefficients for these models, the following guidelines are offered.

The finite element adaptation of these models uses the in itial

stra in approach to writing the equilibrium equations based en the change in

internal energy.

(4-59)

The stress/strain relations are in terms of a matrix C of elastic stress/

strain coefficients

(4-60)
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(b) CREEP UNDER CONSTANT STRESS AND RECOVERY CURVES--REFERENCE 4-30
(AFTER REFERENCE 4-31)

FIGURE 4-16. EXPERIMENTAL DATA ON VISCOELASTIC PROPERTIES OF SEVERAL ROCKS
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FIGURE 4-17. COMPARISON BETWEEN PRESENT CREEP MODEL AND EXPERIMENTAL DATA
(REFERENCES 4-30, 4-31)
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where

{a t } ~ Stress at t

{e: } = Total strain (including creep) at t = t
0 0

{de;} = St ra in increment (including creep) during lit = t - t
0

{e:~} = Accumulated creep to t = t
0

An error is committed in Equation 4-60 in that de: contains both elastic and

viscous components, whereas it is treated as if it were entirely elastic .

Defining the strain/displacement transformation matrix B as

{e;} = [B]{u}

The strain energy for an element is

Defining

(4-61 )

(4-62)

(4-63)

wher e K is t he element stiffness matrix and perform ing a var iation with

respect to the generalized displacements u results in

kdu = P - F (4-64)e

where

p = J pTdS
s

F = LOI (e:o - e:J T CBdVe
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It is significant that the element stiffness' matrix consists entirely of

linear elastic terms. Thus, the assemblage stiffness matrix needs to be

formulated only once, resulting in great economy of computing. It is neces­

sary to store the components of the creep strain at t for use in the next
o

step.

This approach has been adapted to finite element for rock and

concrete (Reference !1-26). Some experimental work which has been performed

on rock is compareu in Reference 4-27 with a series of Kelvin models.

Reference 4-28 discusses methods of accounting separately for volumetric and

deviatoric creep stra ins.

4.2 MATERIAL PROPERTIES OF JOINTS

This section describes the properties which may be assigned to joints.

These properties consist of the shearing and normal stiffnesses of the joints.

They correspond physically to the stiffness and strength of fault gouge. to

the roughness of the joints and to the angles of s l ip surfaces relative to the

principal plane of the joint. They are classed as dilatant if shearing pro­

duces joint expansion or contract ion or nondilatant if shearing and normal

displacement are uncoupled. The properties are specified by the user in

natural coordinates which may be directions parallel and perpendicular either

to slip surfaces or to the principal plane of the joint. In either case,

transformation to global direction r, is automaticrlly performed by the program.

As in the case of homogeneous material properties, the joint prop­

erties are controlled by subroutines CONECT and ELPL through modular subroutines.

Presently. these contain built-in joint properties. As more data become

available on properties of joints and the present joint material properties

become obsolete. the present model may easily be modified without disturbing

the main program or any of thF other material properties.
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4.2 .1 NONDI LATANT JOIUTS

This class of Joints is the simplest to model mathematically since

there is no volume change due to shearing strains, and therefore the shear

and the normal components of de formation are uncoupled and the stress-strain

relations are as follows:

However, C and Care non linear functions.nn ss

(4-65)

In s tres s -deformation relationship in normal direction, three

distinct stages can be recognized (see Figure 4- 18);

a. Separation, C :: C :: 0 when £ ~ 0nn ss n

b. Crushing of the surface irregularities or the compression of

the materia l in the fau lt or 'J o int , if any C :: E
nn c

(cc < £ < 0). For smooth surfaces this case does not ex i·s t,n n
therefore c O.£ ::

n

c. Contact, C :: E (£ < £c)nn f' n n

It Is important to note that very high va lues can be assigned to Ef without

any numerical problems with the special joint e l ement described in Section 3.

The tangential stress-strain relationship is assumed to be elastic­

perfectly plastic using a Mohr-Coulomb yield criterion:

C :: G 0 < C + 0 tan </lss s n (4-66)
C :: 0 0 :: C. + 0 tan <p

ss s n

where c and </l are the cohesion or the angle of fr ict ion.
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FIGURE 4-18. NORMAL STRESS-STRAIN RELATION FOR JOiNTS
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4.2.2 DILATANT JOiNTS

Dilatancy of rock joints and faults are very complex to model

mathematically; however, to include a measure of dilatancy, the procedu\'e

developed by Goodman, Dubois, and Brekke (Reference 4-36) is used here.

Further data are available from Reference 4~37.

It is assumed that the deformation

in Figure 4-19 is nondilatant. The angle y

in p-q coordinate system shown

between the p direction and the

joint surface is, therefore, defined to be a material property of the joint.

The stress-strain relation in n-s coordinate is:

{::}
(Cqq C2 + C S2)

pp

(C - C ) SCqq pp

where

C = cos y

S = Sin y

4.2.3 DEMONSTRATION OF JOiNT ELEMENT

(C - C ) SCqq pp

(C S2 + C C2)
qq pp

(4-67)

The example problem in Figure 4-20 demonstrates the behavior of the

present joint element. The problem consists of a plane system of three solid

blocks and three joint planes. The system is restrained at the bottom and is

subjected to lateral pressure P and vertical pressure 2P. The joints are

assumed to be filled with nondilatent material having the properties shown in

Figure 4-20. The blocks are assumed to have the isotropic elastic properties

shown in Figure 4-20. The material in the joints is represented by joint

elements which are shown as their shaded strips. Ambiguity with respect to

nodal displacements would arise at the point of the wedge-shaped block if the

joint elements were to extend to the point. Ambiguity is avoided by stopping

the elements short of the point. This is a good approximation to a physical
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10-. ", x

FIGURE 4-19. DILATANT JOINT
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FIGURE 4-20. GEOMETRY OF EXAMPLE PROBLEM USING PLANE SLIP ELE~'ENT
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system If the Joint elements extend Infinitesimally clos e to the point. In the

present example, the gap Is made large to Illustrate how the difficulty Is

avoided. The blocks are represented by plane strain elements.

Results of the present example are shown In Figures 4-21 and 4-22.

Figure 4-21 shows how the vertical displacement varies as a function of hori­

zontal distance from the centerllne. Each curve In Figure 4-21 corresponds

to a different distance below the top surface. Figure 4-22 shows the wedge In

Its final position.
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FIGURE 4-21. VERTICAL DISPLACEMENTS FOR EXAMPLE WEDGE PROBLEM
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FIGURE 4-22. FINITE ELEMENT MESH IN THE DISPLACED CONFIGURATION FOR
WEDGE PROBLEM IN FINAL EQUILIBRIUM STATE
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SECTION 5

DESCRIPTIO~ OF THE COMPUTER PROGRAM

This section describes the computer program in terms of features

which are apparent to the user, such as automatic mesh generat ion, and In

terms of Its logical structure. The first part of the section describes the

steps which the user takes in orde r to prepare the input data. The mesh

generator, bandwidth reduc~r and plotting capability are described. The

motive and l ogic diagrams for element renumbering are a lso described.

The second part of this section describes the execution part of the

computer program In terms of logic diagrams. Subroutines are described which

control the computation, form the global stiffness matrix and compute the load

vector, fo rm element stiffnesses and other operations. Also described is the

technique of multlbuffering whereby data Is transferred between core and per­

ipheral storage units at the same time that computations are being performed

in cor~. This technique greatly Improves the efficiency of the program for

problems where large blocks of data are stored on peripheral memory units.

5.1 PROCESSING OF INPUT DATA

Tne sequence in wh ich input data are processed is shown in Figure 5-1.

There are three basic phases. The first consists of generating continuum

(two- or three-dimensional) and joint elements and plotting the results. The

second phase consists of adding other elements (beam, thick shell, bar, etc.)

manual ly, reducing the bandwidth, shuffling the element numbers so that they

appear In the o~der of contribution to the global stlffne~s matrix, and

plotting the final mesh . The third phase consists of reading additional data

such as materia l properties and loads.

MESH GWERATOR

The automatic mesh generation scheme Incor~orated in the program

req uIres t he user to provide a coarse mesh which the program refines by

subdivision under the control of the user. The ma in goal is to minimize the
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FIGURE 5-1. OPERATIONS OF THE INPUT PORTION OF THE PRESENi COMPUTER PROGRAM
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the input preparation on the part of the user. The method uses the key

diagram concept described in Reference 5-1; the remainder of the present

mesh generation scheme is new and original work.

The subdivision of the given, coar~e mesh to obta in the final, fine

mesh is carried out by subdividing each one of the mesh units, as "zones ,It

within the coarse mesh in the following manner. Consider the simple case

of a general, two-dimensiona l mesh, in which the basic mesh unit or zone is

a parabolic quadrilateral as shown in Figure 5-2. Assume that the x and y

coordinates of the four corner mesh points, 1,2,3, and 4, as well as those

of the four midpoints, 5, 6, 7, and 8, are known. The x and y coordinates

of an arbitrary point P within this zone can then be expressed convenient ly

in terms of the coordinates of the eight points through the use of the loca l ,

curvilinear coordinates, ~ and n, whose va lues range from -1 to +1 on

opposite sides as indicated in Figure 5-2. Thus, one r,an write

8
x - r; t~ •x.

i-l I I

(5-1 )
8

y :::I E N.y.
i.. l I I

in whlch N.'s are the so-called "isoparametric shape functions" express ib le
I

in terms of the curvilinear coordinates as follows:

1 - ~ )( 1 - 71 ) (~ 1)N1
.. - 1t (1 + n +

1 - ~)( 1 + n)(~ - 1)N2 • - 1t ( 1 n +

N3 • tU + ~) (1 + n)(~ + n - 1)

N4 • t (1 + ~) (1 - n)(~ - n - 1)
(5-2)

N
5

• 1. (1 - ~)( 1 - n2)
2
1

- ~)( 1 - n2)N6 • "2 (1

N7 • 1. (1 _ ~2) (1 + n)2

Ne • 1. (1 _ ~2) (1 + n)2
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+0.5

FIGURE 5-2. QUADRILATERAL ZONE, WHJSE SHAPE AND COORDINATES ARE
EXPRESSED BY PARABOLIC SHAPE FUNCTIONS
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Thus, for a certain set of values of the curvll inear coordinates, or IInat ura l

coordinates," the corresponding Cartesian coordinates can be easily found

from Equations 5-2. Consequently, to subdivide the zone into a 4 x 4 mesh,

for example, and establ ish the Cartesian coordinates of the twenty-one new

mesh points, one merely substitutes into Equations 5-1 twenty-one times,

each time with a different combination of values of £ and n which are

Incremented successively by 0.5 .

This technique can be used to treat each one of the zones in a

given, coarse mesh of any configuration. The only restriction that has to be

observed is that the number of subdivisions between any two adjoining zones

must match. This Is to satisfy the fundamental connectiv ity requir~~~nt of

the finite element method. To satisfy this continuity requirement and to

facil itate the preparation of the input that def ines the bas ic coarse mesh,

it Is convenient to introduce the so-called "key diagram. 11

A key diagram, in ge~eral, Is a rectangular grid resembling a

checker-board. I t has no physical dimens ions. I ts purpose is to present,

or define, the connectivity of the zones in the coarse m~s h and to facilitate

defining the position of a mesh point In the form of row and column numbers

in the coarse mesh. Another purpose of the key diagram Is to help define the

extent of subdivision of a zone, for, to satisfy the aforementioned connec­

tivity, a newly Introduced mesh line has to extend across all the zones

located In the same row or column In the key diagram.

Figure 5-3 Illustrates the generation of a simple finite element

mesh representing a dam and ~art of Its foundation. The domain has been

blocked Into three zones which are connected as shown In the accompanying

key diagram. The final mesh is the result of subdividing the first and the

last zone into two subdivisions and the second Into three subdivisions In

the vertical direction, and all three zones Into three subdivisions in the

horizontal direction.
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KEY DIJ\GRAM

FIGURE 5-3. KEY DIAGRAM AND RESULTING FINITE ELEMENT MESH FOR A
DAM AND FOUNDATION
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The Input to the program for this particular example would consist

of the following:

a. A statement that the key diagram, or the original coarse mesh,

is 3 by 1.

b. The rectangular coordinates of the given, eight mesh points

and those of the single midpoint that define the lower boundary

on a curve.

c. Three material numbers to associate the first two zones with

concrete and the third with the soil medium.

d. The three numbers, 2, 3 and 2, that specify the number of sub­

divisions in the vertical direction, and the number 2 for

the horizontal direction.

The computer program would assign the material number for a zone to all of

the elements that are created in the zone, and number the nodal points and

elements in the final mesh column-wise, from the top to the bottom, from the

left toward the right by referring to the key diagram. The curved mesh 1ines

in the third ,one are meant only to emphasize the fact that nodal points are

generated on a second degree curve because of the nature of the shape func­

tion; the actual mesh 1ine is always a straight lIne between two neighbori~g

mesh points.

In the previous example, if the user is not satisfied with the

refinemenr. of the fInal mesh or with that in anyone of the zones, he can

quickly rerun the problem by modifying the four integers mentioned In Item d

without havIng to change any of the data mentIoned In the first three Items

whIch define the given, coarse mesh. This Is perhaps the most Important

feature of this partIcular mesh generation scheme.
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Aside from being used to define an edge of a zone on a curve. a

midpoint can also be used to Imply a mesh grading. The mesh shown in

- Figure 5-4 Is the result of specifying the three midpoints. Mt. M2. and M
3•

purposely off-centered and toward the edge of the circular hole. Midpoints

Mt and M2 are there merely to form the edge of the hole on a curve. In

this particular example. number of subdivisions of 5 and 5 In the vertical

direction (In the key diagram) and of 16 in the horlzont~l direction were

specified.

Another feature that makes the scheme versatile and powerful' is

the provision for the user to prescribe a zone as void merely by assigning

zero for the material number of that zone. With this provision. one can

easily generate a mesh around a notch or a cutout. · The mesh around a tunnel

shown in Figure 5-5 is such an example.

The final feature to be mentioned here Is the program's ability to

join any two edges In the key diagram. This makes it possible to produce the

meshes shown in Figures 5-6 and 5-7. The us~r may prefer the type of mesh

shown in Figure 5-7 over that shown in Figure 5-5 for the radiating pattern

of the mesh lines which , makes it easier to make a finer mesh around the

edge of the tunnel.

The same scheme can be used to generate a thrce -d lmens iona Lmesh ,

The necessary changes are to replace the two-dimensional sha~e function and

key diagram by their three-dimensional counterparts. and to .int roduce the

third Cartesian coordinate. The basic "zone" 'o r "b lock" in this case is a

general. six-sided body with parabol ic edges. It has eight corner nodes and

twelve midpoints as shown in Figure 5-0. and the Cartesian coordinates at an

arbitrary point P within the block having the natural coordinates ~. n

and ~ . are expressible in terms of the Cartesian coordinates of the twenty

controlling points as fol lows:

.. '
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FIGURE 5-5. KEY DIAGRAM AND RESULTING FINITE ELEMENT MESH FOR A TUNNEL
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(5-3)

where, for corner points,

u. - .Jr (I + 1;1 1;)(1 + n. n)( 1 + t; .t; )( 1; 11; + n. n + t; .t; - 2)
I 0 I I I I

and for midpoints,

1 ( I 2
+ t; 1c) for points wi thU. • - I; )(1 + n . n)( 1 1; 1 - 0

I 7j I

t (I + 1; 11; ) (I
2

+ c.c) for \oIi thN. - - n ) (1 pt)lnts rl l - 0
I I

t (1 + l;il; )( 1 + ., . n) (1 2 for pr.dnts wi thN. - - c ) t;. - 0
I I I

As before, zero can be used as material number to imply void or cavity, and

a midpoint can be so specified as tJ imply a curved edge as well as a mesh

grading along the edge. Instead of j oining two edges, one can now join any

two interfaces as long as the meshes on them are compatible. Some three­

dimensional meshes automatically generated in this manner are illustrated

in Figures 5-9 and 5-10.
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BANDWIDTH REDUCER

The computer time lequl red to perform a computation Is app roxir~tely

proportional to the square of the bandwidth. Thus It is Important to a l~

for a minimum bandwidth when numbering nodal points. However, when the finite

element mesh Is generated automati cally by the technique d~5crlbed above,

no attention whatever Is paid to minimizing bandwidth. The user can Influence

the bandwidth to some extent by judicious choice of key diagram. Neverthe­

less, it Is very likely that the bandwidth so generated will not be optimum.

The sltuat lon will often be made worse when elements are added manually.

To help alleviate this difficulty and thus encourage th~ user to use the

automatic mesh generator, a bandwidth reducer Is Included In the present

computer program.

The function of the bandwidth reducer Is shown In Figure 5-11. The

INPUT NODAL POINT configuration Is typical of the mesh which would be gen­

erated automatically for which the ~xlmum differ nce In nodal point nu~~~rs

for any element Is 31. This configuration w s submitted to the bandwldt:'

reducer. The result, after 2 sec of computation time by the bandwidth

reducer is t~e REDUCED NODAL POINr configuration, for which the maxi mum

difference In node numbers Is 6. That this configuration Is not opti mum Is

shown by the IDEAL configuration for whlct. the maxi mum difference is 5. Thus,

the technique Is not uptlmum because It does not always converge to the

minimum bandwidth In the computer tlm which the user has selected . Also,

the tech~ique operates on nodal point numbers rather than on degree of

fre dcm numbers. Thus, when several types of elements are mixed, the con­

flguriltlon corresponding to minimum dlff rence In node numbers does not

necessarily correspond to minimum blndwldth.

Logic diagrams for the bandwidth reducer are shown In Figures 5-12

and 5-1).

ELlHEHT NUHBERING

In addition to renumbering

the global stiffness matrix, lh el

contribution to the global stiffness

nodal points to reduce the bandwidth of

nts are numbered In the order ~ f thei r

matrix. In this way, the stra in/
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INPUT NODAL PO:~T CONFIGURATION

MAXIMUM NODAL POINT DIFFERENCE • 31

REDUCED NODAL POINT CONFICURATION

KAXIMUH NODAL POINT DIFFERENCE • 6

SOLUTION TIHE • 2 SECONDS

IDEAL CONFICURATION
1....- .... '7

KAXIHU" HODAL POINT DIFFERENCE • 5

AA~81

FIGURE 5-11 . EXAMPLE OF BANDWIDTH REDUCER
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1

FIGURE 5-12. PROCEDURE USED IN BANDWIDTH REDUCER (F.EFERENCE 5-2)
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DETERMINE THE MAXIMUM BANDWIDTH AND THE TWO
NODES CAUSING THE MAXIMUM BANDWIDTH

NO FURTHER INTERCHANGES ARE 'OSSIBLE
EXIT

'ERFDPH THE INDICATED NODE INTERCHANCE

MODI FV TIlE "I SOl TABLE TO REFLECT THE CURRENT
INTE"CH"'4GE

YES

YES

YES

YES

AA46S9

FIGURE 5-1). PROCEDURE USED IN BANDWIDTH REDUCER (REFERENCE 5-3)
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stiffness matrixes can be retrieved from peripheral storage in the least

time. Since the element data are used In the basic operatlon~ of forming

the global stiffness matrix and effective load vector. the efficiency gained

by performing these complicated operations Is essential.

The element numbers a~signed by the mesh generator and the user

are revised 'such that

\
\

min(LH(I)) for the nth element

mln(LH( I)) for the n + 1th element

where

LH(I) • Array of degree of freedom members for the element

Element data arc stored sequentlally on peripheral storage units such that

the data for Element 1 is at the head of the unit. Jnd then in sequence

... '.

where

Element Number • < ••• n , n + 1 ••• < NUHEL

NUHEL • Total number of elements

In order to modify the effective load vector F. to obtain the

matrix C of stress/strain coefficients and to obtain element stresses and

strains. an array containing the previous loads F. the dlsplacements u and

the Increme~tal dlsplacements du is brought Into core as shown In Figure 5-15.

Also required are data stored on the element data tape such as the strain/

displacement transformation matrixes and LH arrays for the elements of

Interest. As shown In Figure 5-14. all degrees of freedom to which Element n

contributes are found In a sequence of F. u. du array one bandwidth (HBAND)

long. Thus It Is possible to process to F. u. du ~rray by reading the

el ment data tape only once.
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t he global s.t l f f nes s .mat r lx , Whl ch. ) s stored

I,~'~o core as 'shown in Figure .5';; 1'.5:;: :::At the

n : is made available from thae lement .da t 'a tape.

Ele,me~\ n fits entirely into B'Iockvnn; Elements ' ~ , nn + , ~1, et c , ~re
processed:~o long as

..

'.' OF,E l ~ OFK2
and

OFE 2 s OFK2

\
In this event, element st i ffness is directly added to the approp r ia te rows and

" ' . , " .~' .

""~) n or der to ass~ble
-,

j'h blocks, :BI~ck nn .l s brought

's ame '~ ',.t; i me , data from EI~m~nt

columns of Block nn. If ,
, ,

>

and

,+.

':

it signifies that Element n contributes to Block nn and to Block nn + L

In this event, those contributions which can be made to . Block n~ are made,

and the stiffnesses and lM nrrays of those elements which contribute also

to Block nn + 1 are written t~mporarily on storage unit Tl for subsequent

insertion into Block nn + 1. Elements are processed a~d their stiffnesses
"are added to Block nn and or accumulated on Tl until.

~. '

i.

,;.

"

This signifies that 810ck nn,of the global ~iiffness matrix is prepared except

for data stored on unit TO, which contains element data overlapping

Blocks nn - 1 and nn. This data is read into core and that part for which
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is added to Block nn. Now Block nn is completely prepared and is moved out

of core while Block nn + 1 is brought into core. Block nn + 1 is filled in

the sal~e way as Blocks nn - 1 and nn, which Is by passing sequentlally through

the element data array. When all direct contributions to Block nn + 1 have

been made and all data which contributes to Block nn + 2 has been 5tored on

unit T2, the data stored on unit T1 is read into core and added to

Block nn + 1. This block is now completely prepared and is transferred to

peripheral storage.

SIMULATION OF THE CONSTRUCTIO~ AND EXCAVATION SEQUENCE

The construction and excavation sequence will be represented by

modification of the material properties of the elements involved. Initially

elements will be assigned to the regions to be constructed or excavated later.

A flag will indicate the time of the addition or subtraction of each element.

In case of excavation, the elements of that region will have the appropriate

ma te r ia l prope rties and will contribute to the global stiffness of the system

up to the indicated time, beyond which the contribution of these elements to

the global stiffness of the system will be zero. The reverse of this procedure

will be applied to the elements of the regions to be constructed later. All

these operations will be performed in the element package.

SELF-LOADING

The initial state of the system will be assumed to be stress free.

Then the dead load, if any, wil I be appl ied in a specified number of increments

prior to the application of the external load. It is necessary to apply the

self-loading incrementally due to the fac t that the system is, in general,

nonl inear.

,:. !
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5.2 EXECUTION PHASE OF PROG R~M

The execution phase of the program is summarized in Figures 5-16

through 5-21. The control ling program is BMCALC, Figure 5-16. The first

main operation is to form the effective load vector and global stiffness

matrix, which is perform~d by Subroutine KFORM, Figure 5-17. The assembly

of the global stiffness from the element stiffnesses is performed by Sub­

routine BSTIF, Figure 5-18. Subroutine~ F~RT, TDRUM and FILLFU transfer dat a

from peripheral storage to cu re.

5.2.1 MULTI BUFFERING TECHNIQUE

Multibufferlng is u technique whereby central processor wait time

for all binary Read/Write ope rations involving the peripheral storage of dat~

is minimized. (Formatted I/O operations such as card reading, punching, und

printing are not included in this d is cuss ion. ) The reason for usin g mul t i buf ­

fering techniques Is that data moves faster between core locations than between

peripheral storage and corc.

The problem which mu l t i buf fe r ing overcomes i s the standard I/O

feature of higher level progr <1mming languages, suc h as FORTRAN, whi ch re qlli res

that when an I/O operation (READ or WRITE) is initi~ted, computation cea ~p.s

until the I/O operation is compl e t ed . This feature assures the user that da t a

he may wish to use is i n c.n r ~ before he tries to use it. The amou~ t of ti me

the program must wait for completion of I/O operati ons depends on (1 ) the

access time and (2) the data transfer time. These t imes depend on th e type

of peripheral device being used and the amount of data to be transf flrr eci.

Thus, as the amount of peripheral storage increases, the time spent wa i ti ng

for completion of I/O operati ons increases and for large volumes of da ta

the I/O time may control overall run ti mes. Multibuffering min imizes the

wait time of these I/O operations by allowing computations to proceed at the

same time data transfer f r om peripheral storage is occurring. This require s

standard FORTRAN I/O operations to be replaced. This is possible on most

large scale scientific computers by the use of special machine-dependent
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CALL ALLOC TO
ALLOCATE CORE
Aim SET UP FI LES

SET DECOMP FLAGS
FOR INCORE/OUT­
OF-CORE SOLUTION

SET FLAG IF
GLOIlAL [K] IS
TO In:: COMPUTED
AT THIS STEP

CALL KFO RM Tu
PREPARE LOAD
VECTOR AND [K]

IF (K] WAS RlFORMED.
SET DECOHP FLAG TO
DI::CO/·\POSE. ELSE
BACK-SUd OI~LY

GI::NERA TE RESTART
TAPE IF REQUIREU

YES

CALL RESTRT TO
SI::T UP CORI:: AND
FI LES TO RESUME

AAlt66g

FIGURE 5-16. PROGRAH BHCAlC--CONTROlS HAIN OPERATIONS OF THE
COHPUTATION SECTION
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RUIIIIO FlL U COIlTA IIIIII'
[UNtIlT DATA . 'LOIAL
(It) . IIIl[AllAL r OR([
'1[CTOR

' .uc. LOAO If I.
01S'LACl"lIl T lul,
IIICR["[IIUL 01S'LAClII( IIT
(dui. O~ 'AAT ,"[u or
IIITO OR

oP[1I lUlI(lIT OATA r 1L1l
RlS l RV~ AAAA' rOA 'A[ VIOUS
SUUSU ; RUU Vl ARAA'
rOR CUU[IIT STRUSU

yts

\/Il1l[ STAlSS " ISTOR,

SO~-----"'t------------,

IOOr---- ----..t

FIGURE 5-17. SUBROUTINE KFORH--CALLS SUBROUTINES TO COMPUTE THE LOAD
VECTOR AND GLOBAL STIFFNESS
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AA""S

CALL ELLDVC
LOAD VECTOR
CORRECTION

CALL C.ONECT
FOR STRESSES

C.\LL DLOAD
ADDS DEAD LOADS
TO LOAD VEtTO:.

WRITE NEW
STRESS HISTORY

CALL ELSTRH
FOR IHtREft£NTAL
STRAINS
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FIGURE 5-'1. (CONTINUED)

CALL MT TO ftOVE
COMPLETED PART OF
LOAD VECTOR TO
OUTPUT
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ENTRY

I£AM ELEMENTS
(k) IS WITH ELtKENT DATA

CALL ItOV[WD TO ItOVE (k)
TO STlffNlSS ARRAY

THICK SK[LL ELEh ZMTS
lk) IS ON ELE~NT DATA
fiLE (S RE CO~DS)

CALL f lLIN TO R!AO
"LOCKS Of lk)

tALL ItOVEWO TO ItOVl lk)
TO STlfFNlSS AAAAY

CALL 'DOTOK TO ADD ELt"lNT
(k) INfO GLOIAL (k)

1-0, 2-0, AND ) -0 ELEM€NTS

CALL ELSTlf TO GENERATE
ELtKENT I ~J . CALL STATCO

ClLL ItOVlWO TO SET UP
st 'ffN£SS AARAY

WRITE (k) TO
TEf'PORARY f ILE

~~i{'lllIOl fOR RUT Of THICK­
S~£LL ELE~NT (k)

•
FIGURE 5-18. SU ROUTINE ISTIF--COMPUTER ELEKEHT STIFFNESS [k) AND ADDS

TO GLOIAL [k)
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COHPUTE NUH~ER OF
WORDS WH ICtl CAN E
HOVED

HOVE WORDS FROH
FWORK TO F, u OUTPUT
BUFFER AND RESET
POINTERS

NO

PACK REKAIHING LOAD
VECTOR TO START 'OF
fWORK

COpy IS TO OUTPUT
FILE. WRITE bUFFER
TO F, !l , du FILt: •
SET WRI TE FLAG.

FICURE 5-19. SUBROUTINE FWRT--HOVES DATA FROH LIVE LOAD VECTOR (fWORK)
TO F, u. du OUTPUT BUFFER AND TO u OUTPUT FILE

118



R-7215-22"

(NO-FILE NlW
TlMPOMRY ORU"

SWtV T[l4POItARY
OR", UNITS

RETURN

O'lN Tl",O\ARY FILl

RlAO Tl",OItARY FILl

CALL ADO TO KTO
ADO INTO CURRENT
(k) ....OCI(

IF OVlRFLOW, VRIT~ TO
NllT Tl"'ORARY OR~

FILE

""RK OLD
n",ORMY
IAVAILAlLE"

FIGURE 5-20. SUBROUTINE TORUH--ADDS IN ELEHENT [k] WHICH OVE~FLOWEO FROH
PREVIOUS BLOCK OF [k]
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ENTRY

COHPUTE NUH~ER OF WORDS
NEEDED TO FILL F~ORK

IF FWORK IS
FULL, RETURN

COHPUTE NUH~ER OF
WORDS REHAINING
IN r, u, du ~UFFER

HOVE WORDS FROH
tlUFFER INTO LOAD
VECTOR ~RRAY

(uOLD + du) .. uNEW
ADD LIVE LOADS,
IF ANY, TO LOAD
VECTOR (F)

ISSUE READS FOR NEW,
F, u, du BUFFER, AND
S~AP BUFFERS

FIGURE 5-21. SUBROUTINE FILLFU--ADDS LIVE LOADS TO LOAD VECTOR, UPDATES
DISPLACEHENTS, FILLS BUFFER AREA \11TH F, U, dll ARRAY
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statements or subroutines. These Interface routines are ~enerally different

on ~ach ~ochlne ~nd, unless care Is exercised, a program may become machine

dependent. Thl~ danger Is avoided In the present application of multlbuffer­

Ing by Isolating all I/O statements In one subroutine which may easily be

~dlfled when moving the program to a different mach ine.

A general multlbufferlng scheme to perform computations on a set of

data stored on peripheral devices 15 shown In Figure 5-22. This scheme.

which Is Incorporated In the present computer program, requires either the

amount of main storage used for buffers to be Increased or the size of each

buffer to be decreased relative to the buffer size that might be used with

standard FORTRAN I/O procedures. Since most of the main storage Is already

used In determining buffer sizes, the latter alternative Is employed. Extensive

testing and previous experience have shown that, although the number of I/O

operations Increases, multlbufferlng results In substantial overall reduction

In computer run time for a given problem. Savings Increase with the problem

size and thus the volume of data on peripheral storage increases.

5.2.2 BAND SOLVER

The solution of large structural systems requires the solution of

a set of linear simultaneous equations of the form

where

{F} • [K] {u}

{F} Is a vector of applied loads

(5-5)

{u} Is a vector of unknown dlsplacements or. as In the present

case, displacement Increments

{K} Is the global stiffness matrix. In the present case It Is

banded and positive definite

12~
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0° ~ > 3 0°INPUT COMPUTATION OCCURS IN
FROM 1 PAIR OF BUFFERS AS OUTPUT TO
PERIFERAL DATA TRANSFER OCCURS PERIFERAL
DEVICE IN OTHER BUFFERS DEVI CE

0° ~ > 4 0°
ItJPUT OUTPUT

CORE BUFFERS

a. Initiate read of data into (1)

b. Test for completion of Step a data transfer

c. Initiate read of data into (2)

d. Perform computation on data In (1) storing results of
computation In (3)

e. Initiate write of data in (3)

f. Test for completion of Step c data transfer; if incomplete,
stop computation until completed.

g. Initiate read of data Into (1)

h. Perform computat Ion on data in (2) storingresul ts in (4)

I. Test for completion of Step e data transfer

J. Initiate write of data in (4)

k. Test for completion of Step g data transfer

1. Loop to Step c until all data has been processed

m. Test for completion of final buffer operation

FIGURE 5-22. TYPICAL OPERATION OF MULTI BUFFERING TECHNIQUE
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-...

Many methods ,of obtaining a solution to Equation 5~5 .are avalJable. A

frequently used method Is the Choleskl ~ecomposltlon Method. Defining ~

where

[K] • [L] [0] [L] T (5-6)

[L] is a lower triangular matrix with one; ' on the diagonal terms

[0] is a diagonal matrix

then substituting Equation 5-6 into Equation 5-5
"

{F} - ru [0] [L]T {u}

and defining

{Z} - ' (0 ] [L]T {u}

Equation 5-7 becom~s

{F} - [L] {Z}

(5-8)

There are many algorithms for solving Equations 5-8 and 5-9. The
algorithms used in this code are (Reference 5-4).

> J (5-10)
-;

J..:.l
K.. - 2;
JJ m-1

o L~
m Jm (5-11)

Z.
I (5-12)

Z. n
UJ - ...J. - I: L mJ UmDj m-J+l
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where

n = Total number of equations

i ,j = Row and column indices

The use of Equations 5-10 and 5-11 to obtain the [L] and [D)

mat r ices In the most general case of a block-by-block solution i s illustrated

in Figures 5-23 through 5-25. Figure 5-23 shows a typical banded stiffness

matrix with the arrangement of the terms In each core block. Although shown

as a tW0-dimensional array, the actual 1 ~ca t i o n s of storage may be consecutive.

Figure 5-24 shows a method of assigning core storage to allow the double

bufferi ng scheme of Section 5.2.1 to be used. The indicated Scratch Core

area may be of any size (it must be at leest four words in length) and is

used as a buffer area to save columns of the reduced stiffness matrix needed for

for reduction, I.e., decomposItion of fu t : stiffness blocks. All r/o opera­

tions between the scratch area of core and peripheral devices use the technique

of Section 5.2.1. Thus storage and retrieval of intermediate da t a required for

the computation of [L] and [D) may In the optimum case be performed at

core speed. Only a single output buffer is shown In Figure 5-24. This presents

no contradiction t o the double buffering scheme. Figure 5-25 shows that

between initiation of the write and storage of new data in the output buffer

many calculations are performed. Tests have shown that this calculation time

Is greater than the data transfer time thus allowing a single output buffer

to be used. Figure 5-25 shows the sequence of operations in decomposing t he

stiffness matrix. The generation of {Z } (from Equation 5-12) may be per­

formed at the same ti me [L] and [D) are generated.

After completing decomposition of the stiffness matrix and generating

the {Z} matrix, the dfsplacements {u} are computed by Equation 5-13.

Figure 5-26 shows the sequence of operations In computing the {u} ma t r lx ,
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..

(UPPER BAND TERMS NOT STORED)

·•·•
.. . . .".. ··."·1 · ·· .. · .. · · · .. · · ·· ·· .

BLOCK 2

r-NEQBi

Kit It KSS K66
KSIt K

6S
K61t K

7S
K71t K

SS

O's (NOT STORED)

..

K11 K22 K
33

K21 K32
K31 Klt2 .
Kit 1 KS2
KS1 K62
K61 K72

KN1 KN2 KN3

I---NEQ'-----NEQB -----/

X
l­
Q

:a
Q
z
et
/Xl
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FIGURE 5-23. METHO D OF STORING STIFFNESS MATRIX USED IN PRESENT PROGRAM

BLOCK 1

X
l­
Q

r-NEQBi

r
:a
Q
Z
et
/Xl

1
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INPUT STIFFNESS BUFFER #1

1-----

INPUT STIFFNESS BUFFER #2

OUTPUT STIFFNESS (REDUCED)
BUFFER

SCRATCH CORE AREA

FIGURE 5-24. CORE BUFFERS FOR STIFFNESS MATRIX DECOMPOSITION
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INITIATE REAO OF FIRST
STIFFNESS BLOCK INTO
BUFFU 'I

~OIFY ALL TER"S OF
THE PRESENT STIFFNESS
BLOCK WH ICH THE
PRESENT COLUftN OF RE­
OUCEO STIFFNESS TER"S
APPLY

STORE PRESENT COLU""
OF REOUCEO STIFFNESS
IN SCRATCH CORE

INITIATE WRITE OF
REOUCEO STIFFNESS
BLOCK FRO" OUTPUT
BUFFER

YES

R-7215-2299

STORE PRESENT COLUMN
OF REOUCEO STIFFNESS
IN SCRATCH CORE

FIGURE 5-25. SCHEHATIC DIAGRAH OF STIFFNESS HATRIX DECOHPOSITION

127



WAIT FOR READ
TO COHPLETE

BACKSPACE INPUT TAPES

INITIATE READ OF LAST
BLOCK OF DATA

ISSUE WRITE OF
PRESENT BLOCK

BACKSPACE I~PUT TAPES------I" 2 RECORDS

INITIATE READ OF OATA
INTO ALTERNATE BUFFER

EVALUATE Jul FOR
CURRENT BLOCK

SAVE IN SCRATCH CORE
THOSE VALUES OF JUJ
NEEDED TO REDUCE
NEXT BLOCK
( s 1 BANDWI DTH)

FIGURE 5-26. SCHEMATIC DIAG~H OF SOLUTION VECTOR EVALUATION
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SECTlOt4 G

CO"PARISON WITH CLOSEO-FOR" ANALYTIC SOLUTIONS

T~ Investigate the numerical accuracy of the present comput r progra

and to determine the computer tl r qui red to solve probl ms of various size

and complexity, several example problems have b n formulated and their

numerical solutions co~ared with closed-form, analytic solut ions. One-, two-,

and three-dimensional linear elastic solutions are consider d as well as one­

and two-di nslonal lastlc/plastlc and two-dl nslonal vlsco-elastic solu­
tions. These are listed In Table 6- 1.

Probl '--Stress Around a Circular Hol

The g omet ry of Problem 140. I Is illustrated in rt gure 6-1. The

finite ele~nt mesh Is Illustrated In Figure 6-2. The solution Is shown In
Figure 6-3 in te~ ~f principal stresses at e . 5.7 and ~2.lo. It do s not

depend on the ~terial propertl S of the plate.

The g ometry of Probl m 110. 2 Is i Ilustrat d In ngure 6-~. The

finite el nt ~sh Is also shown. The solution Is shown In Figure 6-5 In

ter of radial and tangential stresse'.

The geo,.try of Proble . 110 . 3 Is the u . as that of Probl - No. 2
and Is shown In Figure 6-~. For this probl ~, an additional ~t rial property,

I

the ""., yield criterion, Is ,peclfied as foll~ :

f • q - a l s 0

The analytic solution is shown in Figure 6-6.
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TABLE G-1. PRO LEHS SOLVED BY FlU m ELEHEIlT
N'D CLOSED-FORK HETHODS

R-72IS-22gg

Closed-Fo rm
Uulllber Descript ion C ometry Huerl. l Prope rty Sol ut Ion

Stru s .round • Two- d l ns lon. l El.ul c R fer nee 6- 1
clrcul.r hol e (p I.nr )

2 Stress In • t hick On -dl ns Iona I El.stl c Refe rence 6-2
wAi led cyll nd r (Axl sy . . t rl c )
unde r Intern.l
pressure

) Stresl In • t hick One-dl nllon. l Llu tl c, per fectly R fe r nee 6- 2
w.ll d cy I Inde r (Axl sy . tr l c ) p l ast ic
und r In terna l
pressure

Strell In • rei n- One-dl nslon.l Vllcoelutl c Reference 6-)
forced t hl ck (Ax l sy trlc)
wAi led cyl i nde r

5 St re ss concentr.- Three- El u t l c Referef'ce 6-"
tlon around _ dl nllon. l
cylindrical ho'
In A I Iln f l nl t
body

1)1
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I
I

o • 1 'SI
I' • 1 IN. I
L» I' (MAUTI C SOLUT ION) I
L • '0 IN . (FINITE ELEH£NT SOLUTION

L . .-J
FI URE ,-,. 'RO'LE" '--STRESSES AROUND A IRCULAR HOLE
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SOUA!U PLAn« 20 I • X N. I
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FIGU~E 6-2. FINITE ELE~NT "ESH FO~ ST~ESS CONCENTRATION A~OUNO

CI~CULA~ HOLE
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FI UE 6-) . COMPARISON IETWEEN PRESENT FINITE ElE"ENT SOLUTION ANO ANALYTIC
SOLUTION FOR 'ROIl~ I, STRESSES AROUND A CIRCULAR HOLE
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FIGURE 6-~ . PROBLEM 2--INFINITELY LONG , THICK ELASTiC CYLINOER SUBJECT TO
INTERNAL PRESSURE
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G • 1 x 106 PSI
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j •
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AA4672

FIGURE 6-5. COMPARISON BETWEEN PRESENT FINITE ELEMENT SOLUTION AND ANALYTIC
SOLUTION FOR PROBLEM 2, THICK ELASTIC CYLINDER SUBJECT TO
INTERNAL PRESSURE
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Problem 4--Stress In a Vlsco-Elastic, Reinforced
Cylinder Under Internal Pressure

The geometry of Problem No. 4. shown in Figure 6-7. is similar to

that of Problems 2 and 3. The main difference is a steel reinforcing ring

around the outer circumfe rence. The material of the cylinder Is assumed to be

go~erned by a Haxwell-type law as follows:

where

cr.. • 2G(e::.) exp (-t/B)
I J I J

I
e: . . • Component of deviatoric strain tensor

I J

G = Elastic shear modulus

(6-2)

t • Time in units of B· n/G where n = viscoe las t ic parameter)

Volumetric deforma t lon of the cvl lnde r and all deformations of the reinforcing

ring are assumed to be linearly elastic invi sc id . The variation of radial and

circumferent ial stresses are shown as functions of radius and time in Figure 6-8.

Problem S--Three-Oimenslonal Stress Concentration Around a
Cylindrical Ho le In a Semi Infinite Elastic Body

The geometry of Problem No. 5 is illustrated in Figurp. 6-9. The

stress distribution around the hole near the stress free face ~(Xl - X2 plane)

is appropriate to plane stress, while in the interior there is ax ial stress

along the axis of the hole. The finite element mesh Is shown in Figure 6-10 .

Thp loading condition selected for this example is uniaxial stress parallel

to t he X2-axis. Thus the faces parallel to the X2- p plane are stress free as

Is one face parallel to the X2-X1 plane. The finite element solution is

compared with the anaiytic solution in Figure 6-11.
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FI GURE 6-0. PROBLEM 4--RE I NFORCED VI SCOELASTI C CYLI NDER SUBJ =:CTED TO IrlTERt~AL

PRESSURE (REFERENCE 6-4)
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FIGURE 6-10. PROBLEM 5--FINITE ELEMENT MESH (ONLY FIRST THREE LAYERS ARE
SHOWN FOR CLARITY. COMPLETE MESH CO,nAIfIS EIGHT LAYERS. )
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•

It • ,1.
(.) AXIAL DISPLACEMENT ON THE STRESS FREE HA"E Q • 0 (NOTICE THAT THE

FINITE ELEMENT SOLUTION WHICH ENCOMPASSES A FINITE DOMAIN DIVERGES
FROM THE ANALYTIC SOLUTION, WHICH CONSIDERS AN INFINITE DOMAIN, AS
THE FINITE BOUNDARY IS APPROACHED )

~.r.Ha
e

c I

(b) AXIAL STRESS AT EDGE OF THE HOLE
FIGURE 6·11. PROBLEM 5--THREE-DIMENSIONAL STRESS CONCENT~TION (REFERENCE 6·~)
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(c) TANGENTIAL STRESS AT EDGE OF HOLE (CROWN)

).1""---_---------.-----..-------------...

(d) TANGENTIAL STRESS AT EDGE OF HOLE (SPRING LINE)

FIGURE 6-11. (CONTINUED)



6.2 E RE QUIRE D FOR SOLUTION

The c putlng t l r~~~lr d to solve Probl 5 and I v ral s 11

probl s on Unlvac 1108 wi th 65.0 00 words of core I, shown In Tabl 6-2 .

Mo re data on t l to so lv v rl out 1 12 I of probl ~ will b g t h red dur ing

th second phas of the contr ct.



TABLE 6-2 . COMPUTING TIME ~EQUI ~ED fO~ SOLUTIONS

-

-
Number Ti Me t o

of Numbe r Fo nn
NL:mber Bl oc ks o f Plu-ber Cl oba l Tri . ngu· 8.lck· COI'Ipute

o f for Cloba l Equa t lonsl of St t rrne u . la d ze . s ub . St ress .
Equat ions Bandwi dth St i ffne ss Block Elel"'ent s 50e . « .« .rc

1 2~ 1 2 , :2 87 28 6~0 :;..0 2178 180 30

2' 21~~ 278 86 2S S60 2~OO -- • (.0 )0

3
t

~96 278 16 31 80 61 333 .- 3
~ ~ SS8 312 20 28 80 72 '6~ -- ~

st 168 ~2 1 168 21 17 3.7 .- 1. 1

6 I ~S '2 1~ 12 21 2 ~ 8 1 S.S

7 1Gb ~2 S6 2 21 j/ 20 3 3. 7

*G ' ob~ l st iffness matr ix t r iangul a r i zed as fo rmed ; fonward reduc t ion or Io.ld ve ctor
Included In backsubst itut lon.

t Tr iangul ar i za t lon i nc l u~es bac ksubst i tut ion t i me .
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APPENDIX A

LOGIC OIAGAAHS
FO" MATERIAL P"OPE"TIES

Logic Jlagra s for subroutines In the mat rlal property package

are shown below. Subroutine CONECT connects the package t? the m.ln progr • •
Subroutine ELPL controls 411 the othe r subroutines .
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START

CALL AIIISOT TO
CHANC[ FRO"
AN ISOnO,.C TO
GI.OIAL AilS

,..._.....I...._-,~

'---__-"J

Alln", U[ft[NT
IISIZ • ~

OIVIO[ STRAIII 1_~~t~IIT

AIIO CAlL [l'l FOR [ALft
OIVISIOII TO OITAIII
SOLUT I011 AT [110 OF ST['

)-0 [UMIIT
IISIZ • ,

CALL AMISOT TO
CHANC[ GLOlAl
VAlUn TO
A11IS0TRO'IC AilS

2-0 [UMIIT
IISIl • ~
R[ORO[R STR[SS AND
STRAI~ IIICR[~IIT

1-0 U[~IIT

IISIl • )
dC 2 • dc) • 0

FIGURE A·l. CONECT··SUBROUTINE CONECT LINKS HAIN LINE PROGRAM TO
MATERIAL PACKAGE ELPL

A-2



eAU IIIlISOT TO COIlVIRT TO
'l'lC"AL "lUS OlllCTlOIIS

/;'0

R-7215-2299

l

FIGURE A-2. SUBROUTINE ELPl CONTROLS MArERIAL PROPERTY SUBROUTINES, TRANSFERS
AXES FOR ANISOTROPIC MATERIALS, PERFORMS TESTS FOR STRAIN
SPLITTING AND ITERATION.
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FIGURE A-2 (CONTINUED)
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SPLITTING CHECK
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YES

ISOTROPIC MATERIAL

Cll • B + 4/3 G

C12 = B - 2/3 G

C13 • C12 = C21 = C31
C22 = C33 = ell
C23 = C32 • C12
C44 • G

ANISOTROPIC MATERIAL
D = 1 - E6E9

- E2ES
- E

3Ea - E2E6Ea - E
3ESE9

Cll = E1(1 - E6E 9)/D
C12 • E1(E2 + E3E9)/D. C21
C13 = E1(E3 + E2E6)/D = C31
C22 = E4(1 - E

3Ea)/D
C23 • E4(E6 + ESE 3)/D • C32
C33 • E7(1 - E2ES)/D
C44 • E10

FIGURE A-3. SUBROUTINE ELAST--ELAST FORMULATES C-MATRIX USING COEFFICIENTS FOR
EITHER ISOTROPIC OR ANISOTROPIC MATERIALS GENERATED BY ELFUN

A-5
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START

AT THiS STAGE, C CONTAINS
ELASTIC OR VARIABLE MODULI

NSIZ
FC. • E f.C' jJ • 1 1 1I-

NSIZ
D ... E f.FC.

j-1 1 J

NO

THIS MAY OCCUR ON
FIRST PLASTIC STEP

ajaj
Cij = (Cjj)orjg - D

WHERE Cj' IS C MATRIX
MODIFIEDJFOR PLASTICITY

FIGURE A-4. SUBROUTINE PLAST--THIS SUBROUTINE MODIFIES C MATRIX
GENERATED BY SUBROUTINE ELAST IN ORDER TO ACCOUNT FOR
PLASTICITY. THE BASIC QUANTITIES FOR THIS MODIFICATION
ARE DERIVATIVES OF THE YIELD FUNCTION WITH RESPECT TO
THEIR ARGUMENTS AND ARE COMPUTED IN YLDFUN.

A-6



FIGURE A-S.
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stAlT

sn I~EG • 0
I ~EG • 0 IIf'LllS IlATE~IAL

IS INITIALLY ASSUMlO HAstIC .
IF TlHDING OCCURS ON PLASTIC
SURFACE. I~EG IS SlT TO ..
Ir TlHOIN G OCCURS ON CAP .
I~EG IS sn TO 2.

CO","UTl SUlSS INYlll ANTS
CJl ANO cn
ICJI··1ST STUn INYARIANT:
(CJ2 )2 ··2NO INYlllANT OF stRESS
OEVlATOR : lCOF(1l TO lcorl,l··
COErFlCIENTS OEFININ' ORlENTA·
TION ANO OEGRH or ANISOUOPY .
THESl UE ALL EQUAL TO , FOR
IsonOPIC HllOH.)

SUBROUTINE TSTYLD--COMPARES CURRENT STATE OF STRESS WITH YIELD
CRITERIA TO DETERMINE WHETHER YIELDING OCCURS

A-7
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-.

RETURH

FIGURE A-6. SUBROUTINE YLDFUN--THIS SUBROUTINE CALCULATES THE DERIVATIVES
OF THE YIELD FUNCTION WITH RESPECT TO THE STRESS COMPONENTS.
THE YIELD FUNCTION WHOSE DERIVATIVES ARE COMPUTED IS DETERMINED
BY THE INDICES IREG (SET IN (TSTYLD) AND ITYPE (SET BY INPUT»

A-a
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1

START•
-1 .. ( GAUSS-JORDAN){d&}ei • [Ceil {do} ... REDUCTION

•
{d&}Pi • {d&}tot - {ddd

.-
I RETURN 1

FIGURE A-7. SUBROUTINE INCSTR--INCSTR COMPUTES ELASTIC AND PLASTIC
STRAIN INCREMENTS)
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FIGURE A-B. SUBROUTINE ELFUN--THIS SUBROUTINE CALCULATES VALUES OF VARIABLE ELASTIC MODULI (K, G FOR
ISOTROPIC MATERIAL, E, v FOR ANISOTROPIC MATERIAL). INPUT FOR ~ TROPIC MATERIAL IS
CURRENT AND PREVIOUS MAXIMUM VALUES OF ELASTIC VOLUME STRAIN. INPUT fOR ANISOTROPIC
MATERIAL IS CURRENT VALUE OF STRESSES.

;llJ
I­N

V1
I

N
N
~

~

GRO UP I STIFFNESS P~P[R T IES

(EL ASTI C) EXPRESSE D IN
PR INCIPAl STRESS Al ES
(N • D)

RETURN

GllOuP 2 S1IrFNESS PROPERT ItS
(UNELASTIC) UPR:SSED IN
PRI NC \PAl STRESS AXES
(N • ID)

CAlCULATE G CORRESPONDING
TO LOADING IN VOLUrlETRIC
STFJ.I N

CALCUlATE G CORRESPONDING
TO VOLUrlETR IC TENSILE
STRAIN

CALCUlATE G CORRESPC~OING

TO UNLOADING/RELOADING IN
,'OLUrlE).. IC STRAIN

CAlCULATE PRINCIPAl STRESS
SI. S2 AND CCII ANGLE e FRO"
GLDSAL I-AXIS TO "INDR
PRINCIPAL STRESS AXIS

Cf,LCULAU B. POS CCII ANGLE
FRDrI DIRECTIDNS DF PRINCIPA~

STRESS ( 5) TO BEDOING PLANES
b) 3 - :l - e

COrlPUTE ,LASTIC CDrlPDNENT DF
VDLUHE STRAIN

VEL - ( I + < ~ I ) ( I + &;2) (1 + <i J ) - I

o

»
I



RETURN

YtS

CALCULATE STATIC
MISES YIELO CRITERION
(SEE EQUATION 2-50)

R-7215-2299

START

ICHECK • 1

CALCULATE

Jl • ..JJi ANO
STRESS OEVIATORS

CALCULATE STATIC
YIELO CRITERION
FROH POLYNOMI AL
(SEE EQUATION 2-50)

AA4660

FIGURE A-9. SUBROUTINE VPLAST--THIS SUBROUTINE IS USED FOR A VISCOPLASTIC
~1.f\TERIAL. IT CALCULATES THE STATfC YIELD CRITERION, DETERMINES
WHETHER YIELDING OCCURS AND, IF YIELDING OCCURS, MODIFIES THE
STRESSES TO ACCOUNT FOR VISCOPLASTIC STRESS RELAXATION.

A-ll
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START

YtS

N

CALCULATE LATERAL STRAINS
dcZ' dCl FO~ UNIAXIAL
STRESS ~UMENTS

-=:::::I~"""M }. _ dCl[CZ2C23]-lfC21j
C32C33 tC31

CALCULATE LATERAL STR~IN

dC 3 FOR PLANE STRESS ELEMENT

dC 3 • (-Cl l cl - C32 dC2 - C31t dEIt)/C33

AAlt665

FIGURE A-10 . SUBROUTINE COHPUT--COMPUT CALCULATES STRESS INCREMENTS AND ADDS
THEM TO OLD STRESSES TO OBTAIN NEW STRESSES. STRAINS CORRESPONDING
TO ZERO STRESSES (PLANE STRESS, UNIAXIAL STRESS) ARE COMPUTED.
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